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Preface

(A) These notes provide an introduction to some topics in orbit equivalence
theory, a branch of ergodic theory. One of the main concerns of ergodic theory
is the structure and classification of measure preserving (or more generally
measure-class preserving) actions of groups. By contrast, in orbit equivalence
theory one focuses on the equivalence relation induced by such an action, i.e.,
the equivalence relation whose classes are the orbits of the action. This point of
view originated in the pioneering work of Dye in the late 1950’s, in connection
with the theory of operator algebras. Since that time orbit equivalence theory
has been a very active area of research in which a number of remarkable results
have been obtained.

Roughly speaking, two main and opposing phenomena have been discov-
ered, which we will refer to as elasticity (not a standard terminology) and
rigidity. To explain them, we will need to introduce first the basic concepts of
orbit equivalence theory.

In these notes we will only consider countable, discrete groups Γ . If such a
group Γ acts in a Borel way on a standard Borel space X , we denote by EX

Γ

the corresponding equivalence relation on X :

xEX
Γ y ⇔ ∃γ ∈ Γ (γ · x = y).

If µ is a probability (Borel) measure on X , the action preserves µ if µ(γ ·A) =
µ(A), for any Borel set A ⊆ X and γ ∈ Γ . The action (or the measure) is
ergodic if every Γ -invariant Borel set is null or conull.

Suppose now Γ acts in a Borel way on X with invariant probability mea-
sure µ and ∆ acts in a Borel way on Y with invariant probability measure ν.
Then these actions are orbit equivalent if there are conull invariant Borel sets
A ⊆ X , B ⊆ Y and a Borel isomorphism π : A→ B which sends µ to ν (i.e.,
π∗µ = ν) and for x, y ∈ A:

xEX
Γ y ⇔ π(x)EY

∆π(y).

We can now describe these two competing phenomena:
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(I) Elasticity: For amenable groups there is exactly one orbit equivalence
type of non-atomic probability measure preserving ergodic actions. More pre-
cisely, if Γ,∆ are amenable groups acting in a Borel way on X,Y with non-
atomic, invariant, ergodic probability measures µ, ν, respectively, then these
two actions are orbit equivalent. This follows from a combination of Dye’s
work with subsequent work of Ornstein-Weiss in the 1980’s. Thus the equiv-
alence relation induced by such an action of an amenable group does not
“encode” or “remember” anything about the group (beyond the fact that it
is amenable). For example, any two free, measure preserving ergodic actions
of the free abelian groups Zm,Zn (m �= n) are orbit equivalent.

(II) Rigidity: As originally discovered by Zimmer in the 1980’s, for many
non-amenable groups Γ we have the opposite situation: The equivalence re-
lation induced by a probability measure preserving action of Γ “encodes” or
“remembers” a lot about the group (and the inducing action). For example, a
recent result of Furman, strengthening an earlier theorem of Zimmer, asserts
that if the canonical action of SLn(Z) on Tn (n ≥ 3) is orbit equivalent to
a free, non-atomic probability measure preserving, ergodic action of a count-
able group Γ , then Γ is isomorphic to SLn(Z) and under this isomorphism
the actions are also Borel isomorphic (modulo null sets). Another recent re-
sult, due to Gaboriau, states that if the free groups Fm, Fn (1 ≤ m,n ≤ ℵ0)
have orbit equivalent free probability measure preserving Borel actions, then
m = n. (This should be contrasted with the result mentioned in (I) above
about Zm,Zn.)

(B) These notes are divided into three chapters. The first, very short,
chapter contains a quick introduction to some basic concepts of ergodic theory.

The second chapter is primarily an exposition of the “elasticity” phe-
nomenon described above. Some topics included here are: amenability of
groups, the concept of hyperfiniteness for equivalence relations, Dye’s The-
orem to the effect that hyperfinite equivalence relations with non-atomic, in-
variant ergodic probability measures are Borel isomorphic (modulo null sets),
quasi-invariant measures and amenable equivalence relations, and the Connes-
Feldman-Weiss Theorem that amenable equivalence relations are hyperfinite
a.e. We also include topics concerning amenability and hyperfiniteness in the
Borel and generic (Baire category) contexts, like the result that finitely gener-
ated groups of polynomial growth always give rise to hyperfinite equivalence
relations (without neglecting null sets), that generically (i.e., on a comea-
ger set) every countable Borel equivalence relation is hyperfinite, and finally
that, also generically, a countable Borel equivalence relation admits no invari-
ant Borel probability measure, and therefore all generically aperiodic, non-
smooth countable Borel equivalence relations are Borel isomorphic modulo
meager sets.

The third chapter contains an exposition of the theory of costs for equiv-
alence relations and groups, originated by Levitt, and mainly developed by
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Gaboriau, who used this theory to prove the rigidity results about free groups
mentioned in (II) above.

(C) In order to make it easier for readers who are familiar with the material
in Chapter II but would like to study the theory of costs, we have made
Chapter III largely independent of Chapter II. This explains why several basic
definitions and facts, introduced in Chapter II (or even in Chapter I), are again
repeated in Chapter III. We apologize for this redundancy to the reader who
starts from the beginning.

Chapter II grew out of a set of rough notes prepared by the first author in
connection with teaching a course on orbit equivalence at Caltech in the Fall of
2001. It underwent substantial modification and improvement under the input
of the second author, who prepared the current final version. Chapter III is
based on a set of lecture notes written-up by the first author for a series of
lectures at the joint Caltech-UCLA Logic Seminar during the Fall and Winter
terms of the academic year 2000-2001. Various revised forms of these notes
have been available on the web since that time.

(D) As the title of these notes indicates, this is by no means a comprehen-
sive treatment of orbit equivalence theory. Our choice of topics was primarily
dictated by the desire to keep these notes as elementary and self-contained as
possible. In fact, the prerequisites for reading these notes are rather minimal:
a basic understanding of measure theory, functional analysis, and classical
descriptive set theory. Also helpful, but not necessary, would be some fa-
miliarity with the theory of countable Borel equivalence relations (see, e.g.,
Feldman-Moore [FM], Dougherty-Jackson-Kechris [DJK], and Jackson-Kech-
ris-Louveau [JKL]).

Since this is basically a set of informal lecture notes, we have not attempted
to present a detailed picture of the historical development of the subject nor
a comprehensive list of references to the literature.

Acknowledgments. The authors would like to thank D. Gaboriau, G.
Hjorth, A. Louveau, J. Melleray, J. Pavelich, O. Raptis, S. Solecki, B. Velick-
ovic, and the anonymous referees, for many valuable comments and sugges-
tions or for allowing us to include their unpublished results. Work on this book
was partially supported by NSF Grant DMS-9987437 and by a Guggenheim
Fellowship.

Los Angeles Alexander S. Kechris
June 2004 Benjamin D. Miller
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I

Orbit Equivalence

1 Group Actions and Equivalence Relations

Suppose X is a standard Borel space and Γ is a countable (discrete) group.
A Borel action of Γ on X is a Borel map (γ, x) 
→ γ · x such that

1. ∀x ∈ X (1 · x = x), and
2. ∀x ∈ X∀γ1, γ2 ∈ Γ (γ1 · (γ2 · x) = (γ1γ2) · x).

We also say that X is a Borel Γ -space. Given x ∈ X , the orbit of x is

Γ · x = {γ · x : γ ∈ Γ},

and the stabilizer of x is given by

Γx = {γ ∈ Γ : γ · x = x}.

We say that the action of Γ on X is free if

∀x ∈ X (Γx = {1}) ,

that is, if γ · x �= x whenever γ �= 1. The equivalence relation induced by the
action of Γ is given by

xEX
Γ y ⇔ ∃γ ∈ Γ (γ · x = y) ,

and the quotient space associated with the action of Γ is

X/Γ = X/EX
Γ = {Γ · x : x ∈ X}.

Example 1.1. The (left) shift action of Γ on XΓ is given by

γ · p(δ) = p(γ−1δ).

For example, when Γ = Z and X = 2 = {0, 1}, we have

A.S. Kechris and B.D. Miller: LNM 1852, pp. 1–6, 2004.
c© Springer-Verlag Berlin Heidelberg 2004



2 Orbit Equivalence

m · p(n) = p(n−m),

so that
pE2Z

Z q ⇔ ∃m ∈ Z∀k ∈ Z (p(k) = q(m+ k)) .

Similarly, the right shift of Γ on XΓ is given by

γ · p(δ) = p(δγ),

and the conjugation action of Γ on XΓ is given by

γ · p(δ) = p(γ−1δγ).

Example 1.2. If X = G is a standard Borel group and Γ ⊆ G, then Γ acts
on G by left translation, that is,

γ · g = γg.

Here the orbit of g ∈ G is the right coset Γg, so that

gEG
Γ h⇔ Γg = Γh

and the quotient space G/Γ coincides with the space of right cosets of Γ .
For example, take G = SO(3), the compact metrizable group of 3-dimensional
rotations, and Γ the copy of F2 (the free group on 2 generators) sitting inside
of SO(3), whose two generators are given by rotation by cos−1(1/3) around k
and rotation by cos−1(1/3) around i. Then the left translation action gives a
Borel action of F2 on SO(3). Also, F2 acts on S2, the unit sphere in R3 (this
action is related to the geometrical paradoxes of Hausdorff-Banach-Tarski; see
[W]).

An equivalence relation E on X is (finite) countable if its equivalence
classes are (finite) countable. We use [E] to denote the group of Borel au-
tomorphisms of X whose graphs are contained in E. We use [[E]] to denote
the set of partial Borel automorphisms of X whose graphs are contained in
E. (A partial Borel automorphism is a Borel bijection φ : A → B, where
A = dom(φ), B = rng(φ) are Borel subsets of X . As usual the graph of a
function is the set graph(f) = {(x, y) : f(x) = y}.)

Theorem 1.3 (Feldman-Moore [FM]). Let E be a countable Borel equiv-
alence relation on X. Then there is a countable group Γ and a Borel action
of Γ on X such that E = EX

Γ . Moreover, Γ and the action can be chosen so
that

xEy ⇔ ∃g ∈ Γ (g2 = 1 & g · x = y).

Proof. As E ⊆ X2 has countable sections, it follows from Theorem 18.10
of [K] that

E =
⋃

n∈N

Fn,
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for some sequence {Fn}n∈N
of Borel graphs. We can assume that Fn∩Fm = ∅

if n �= m. Let Fn,m = Fn ∩ F−1
m , where for F ⊆ X2,

F−1 = {(y, x) : (x, y) ∈ F}.

Since X is Borel isomorphic to a subset of R, it follows that X2 \∆X , where
∆X = {(x, x) : x ∈ X}, is of the form

X2 \∆X =
⋃

p∈N

(Ap ×Bp),

where Ap, Bp are disjoint Borel subsets of X . It follows that Fn,m,p = Fn,m ∩
(Ap ×Bp) is of the form

Fn,m,p = graph(fn,m,p),

for some Borel bijection fn,m,p : Dn,m,p → Rn,m,p, where

Dn,m,p ∩Rn,m,p = ∅.

Now define a sequence {gn,m,p} of Borel automorphisms of X by

gn,m,p(x) =






fn,m,p(x) if x ∈ Dn,m,p,
f−1

n,m,p(x) if x ∈ Rn,m,p,
x otherwise.

Note that gn,m,p is an involution and

E =
⋃

graph(gn,m,p),

thus the induced action of Γ = 〈gn,m,p〉 on X is as desired. �

2 Invariant Measures

By a measure on a standard Borel space X we mean a non-zero σ-finite Borel
measure on X . If µ(X) < ∞ we call µ finite, and if µ(X) = 1 we call µ a
probability measure. Given a countable Borel equivalence relation E on X , we
say that µ is E-invariant if

∀f ∈ [E] (f∗µ = µ) ,

where f∗µ(A) = µ(f−1(A)).

Proposition 2.1. The following are equivalent:

(a) µ is E-invariant,
(b) µ is Γ -invariant, whenever Γ is a countable group acting in a Borel

fashion on X such that E = EX
Γ ,

(c) µ is Γ -invariant for some countable group Γ acting in a Borel fashion
on X such that E = EX

Γ , and
(d) ∀φ ∈ [[E]] (µ(dom(φ)) = µ(rng(φ))).
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Proof. The proof of (d) ⇒ (a) ⇒ (b) ⇒ (c) is straightforward. To see
(c) ⇒ (d), simply observe that, if dom(φ) = A, rng(φ) = B, there is a Borel
partition A =

⋃
An and a sequence {γn} ⊆ Γ such that for x ∈ An, φ(x) =

γn · x, so that B =
⋃
γn ·An. �

3 Ergodicity

A measure µ is E-ergodic if every E-invariant Borel set is null or conull. A
measure µ is ergodic with respect to an action of a group Γ if it is ergodic for
the induced equivalence relation.

Example 3.1. Let µ be the product measure on X = 2Γ , where Γ is a count-
ably infinite group, and 2 has the (1/2, 1/2)-measure. For each finite S ⊆ Γ
and s : S → 2, put

Ns = {f : f |dom(s) = s},
noting that the Ns’s form a clopen basis for 2Γ and µ(Ns) = 2−|dom(s)|, where
|A| = card(A). As

γ · Ns = Nγ·s,

it follows that µ is shift-invariant. To see that µ is ergodic with respect to the
shift, we will actually show the stronger fact that it is mixing, that is,

lim
γ→∞

µ(γ ·A ∩B) = µ(A)µ(B),

for A,B ⊆ X Borel. (That mixing implies ergodicity follows from the fact that,
when A = B is invariant, mixing implies µ(A) = µ(A)2, thus µ(A) ∈ {0, 1}.)
Given A,B ⊆ X and ε > 0, we can find A′, B′, each a finite union of basic
clopen sets, such that

µ(A∆A′), µ(B∆B′) < ε,

where ∆ denotes symmetric difference. Thus, it suffices to show the mixing
condition when A,B are finite unions of basic clopen sets. Say A is supported
by S and B by T , where S, T ⊆ Γ are finite. Then off a finite set of γ’s,
γ · S ∩ T = ∅, thus γ · A, B are independent and

µ(γ · A ∩B) = µ(γ · A)µ(B)
= µ(A)µ(B).

Example 3.2. Suppose G is an infinite compact metrizable group, ∆ ≤ G
is a dense subgroup, and µ is Haar measure on G. For example, we could
take G = ZN

2 and ∆ = Z<N

2 . Then ∆ acts by left-translation and µ is clearly
invariant. To see that µ is ergodic, consider L1(G) and its dual L∞(G). G acts
on L1(G) via left shift, i.e.,

g · p(h) = p(g−1h).
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This is a continuous action, i.e., if gn → g in G and pn → p in L1(G), then
gn · pn → g · p in L1(G). So, by duality, it induces a continuous action of G
on the unit ball of L∞(G), with the weak∗-topology, given by

g · Λ(p) = Λ(g−1 · p).

Now, if A ⊆ G is ∆-invariant, let χA = Λ ∈ L∞(G), so that

∀δ ∈ ∆ (δ · Λ = Λ) .

But since ∆ is dense in G and the action is continuous, this means that

∀g ∈ G (g · Λ = Λ) ,

or equivalently, that

∀g∀∗µh
(
χA(g−1h) = χA(h)

)
,

where “∀∗µ” means “for µ-almost all.” It follows from Fubini’s Theorem that

∀∗µh∀∗µg
(
g−1h ∈ A⇔ h ∈ A

)
,

so if µ(A) > 0 we can find h ∈ A such that

∀∗µg
(
g−1h ∈ A⇔ h ∈ A

)
,

thus µ(A) = 1.
It should be noted, however, that translation is not mixing! To see this,

fix δn ∈ ∆ with δn → g �= 1, and let N be a sufficiently small compact
neighborhood of 1 such that N ∩ gN = ∅. Then

µ(N ∩ δn ·N) → 0,

while µ(N)µ(δn ·N) = µ(N)2 > 0.

For each countable Borel equivalence relation E on X , let IE be the set
of invariant probability measures for E, and let EIE be the set of ergodic,
invariant probability measures for E. Then we have:

Theorem 3.3. (Ergodic Decomposition – Farrell [F], Varadarajan
[V]) Let E be a countable Borel equivalence relation on X. Then IE , EIE

are Borel sets in the standard Borel space P (X) of probability measures on
X.

Now suppose IE �= ∅. Then EIE �= ∅, and there is a Borel surjection
π : X → EIE such that

1. π is E-invariant,
2. if Xe = {x : π(x) = e}, then e(Xe) = 1 and E|Xe has a unique invariant

measure, namely e, and
3. if µ ∈ IE, then µ =

∫
π(x) dµ(x).

Moreover, π is uniquely determined in the sense that, if π′ is another such
map, then {x : π(x) �= π′(x)} is null with respect to all measures in IE.
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4 Isomorphism and Orbit Equivalence

We say that (X,E), (Y, F ) are (Borel) isomorphic (E ∼=B F ) if there is a
Borel bijection π : X → Y such that

∀x, y ∈ X (xEy ⇔ π(x)Fπ(y)) .

We say that (X,E, µ), (Y, F, ν) are (Borel almost everywhere) isomorphic if
there are conull Borel invariant sets A ⊆ X , B ⊆ Y and a Borel isomorphism π
of (A,E|A) with (B,F |B) such that π∗µ = ν. Note that ergodicity is preserved
under isomorphism. If Γ acts in a Borel fashion on X,Y , then the actions are
(Borel) isomorphic if there is a Borel bijection π : X → Y such that

∀x ∈ X∀γ ∈ Γ (π(γ · x) = γ · π(x)) .

Finally, if Γ acts in a measure preserving fashion on (X,µ), (Y, ν), then the
actions are (Borel almost everywhere) isomorphic or conjugate if there are
conull Borel invariant sets A ⊆ X , B ⊆ Y and a Borel isomorphism π of the
actions of Γ on A,B such that π∗µ = ν. It is a classical problem of ergodic
theory to classify (e.g., when Γ = Z) the probability measure preserving,
ergodic actions up to conjugacy. (Recall here the results of Ornstein and oth-
ers.) Actions of Γ,∆ on X , Y , respectively, are orbit equivalent if EX

Γ
∼=B EY

∆ .
Similarly measure preserving actions of Γ,∆ on (X,µ), (Y, ν), respectively, are
orbit equivalent if there are conull Borel invariant sets A ⊆ X , B ⊆ Y and a
Borel isomorphism π of EA

Γ , EB
∆ with π∗µ = ν.



II

Amenability and Hyperfiniteness

5 Amenable Groups

Suppose X is a set. A finitely additive probability measure (f.a.p.m.) on X is
a map

µ : Power(X) → [0, 1],

where Power(X) = {A : A ⊆ X}, such that µ(X) = 1 and µ(A ∪ B) =
µ(A) + µ(B), if A ∩ B = ∅. A f.a.p.m. µ on a countable group Γ is left-
invariant if

∀γ ∈ Γ∀A ⊆ Γ (µ(γA) = µ(A)) ,

and a countable group Γ is amenable if it admits a left-invariant f.a.p.m.

Example 5.1. Suppose Γ is finite. Then

µ(A) = |A|/|Γ |

defines a left-invariant f.a.p.m. on Γ , thus Γ is amenable.

Example 5.2. The group Γ = Z is amenable. Let U be a non-atomic ultra-
filter on N. Then

µ(A) = lim
n→U

|A ∩ {−n, . . . , n}|
2n+ 1

defines a left-invariant f.a.p.m. on Γ . Here limn→U an, where {an} is a bounded
sequence of reals, denotes the unique real a such that for each neighborhood
N of a the set {n : an ∈ N} is in U .

A mean on Γ is a linear functional m : l∞(Γ ) → C such that

(i) m is positive, i.e., f ≥ 0 ⇒ m(f) ≥ 0, and
(ii) m(1) = 1, where 1 denotes the constant function with value 1.

Proposition 5.3. If m is a mean, then ||m|| = 1.

A.S. Kechris and B.D. Miller: LNM 1852, pp. 7–53, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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Proof. For f ∈ l∞(Γ ), find α ∈ T such that αm(f) = |m(f)|. Then

|m(f)| = αm(f)
= m(αf)
= Re m(αf)
= m(Re αf)
≤ ||Re αf ||∞
≤ ||αf ||∞
≤ ||f ||∞,

and the claim follows. �

There is a canonical correspondence between means and f.a.p.m.’s, given
by associating to each mean m the f.a.p.m. defined by

µ(A) = m(1A),

where 1A = the characteristic function of A, and by associating to each
f.a.p.m. µ the mean defined by

m(f) =
∫
f dµ.

A mean m is left-invariant if

∀γ ∈ Γ (m(γ · f) = m(f)),

where γ · f(δ) = f(γ−1δ). Thus

Proposition 5.4. Γ is amenable ⇔ Γ admits a left-invariant mean.

By considering γ 
→ γ−1, it is easy to see that left-invariance can be
replaced with right-invariance in the definition of amenability. In fact,

Proposition 5.5. Γ is amenable ⇔ Γ admits a 2-sided invariant f.a.p.m.

Proof. Let µl be a left-invariant f.a.p.m. on Γ , define µr(A) = µl(A−1),
and observe that

µ(A) =
∫
µl(Aγ−1) dµr(γ)

gives the desired 2-sided invariant f.a.p.m. �

Next we turn to closure properties of amenability.

Proposition 5.6. Suppose Γ is a countable group.

(i) If Γ is amenable and ∆ ≤ Γ , then ∆ is amenable.
(ii) If N � Γ , then Γ is amenable ⇔ N,Γ/N are amenable. In particular,

it follows that the amenable groups are closed under epimorphic images
and finite products.

(iii) Γ is amenable ⇔ every finitely generated subgroup of Γ is amenable.
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Proof. To see (i), let µ be a left-invariant f.a.p.m. on Γ , let T ⊆ Γ consist
of one point from every right coset ∆γ, γ ∈ Γ , and note that

ν(A) = µ(AT )

is a left-invariant f.a.p.m. on ∆.
To see (⇒) of (ii), it remains to check that if Γ is amenable, then Γ/N is

amenable. But if µ is a left-invariant f.a.p.m. for Γ , then

ν(A) = µ
(⋃

A
)

defines a left-invariant f.a.p.m. on Γ/N .
To see (⇐) of (ii), let µ be a left-invariant f.a.p.m. on N . Then µ induces

a f.a.p.m. µC on each C ∈ Γ/N , given by

µC(A) = µ(γ−1A),

where γ ∈ C. As µ is left-invariant, µC is independent of the choice of γ. Now
let ν be a left-invariant f.a.p.m. on Γ/N , and observe that

λ(A) =
∫

Γ/N

µC(A ∩C) dν(C)

defines a left-invariant f.a.p.m. on Γ .
To see (iii), suppose that {Γn}n∈N is an increasing, exhaustive (i.e., whose

union is Γ ) sequence of amenable subgroups of Γ , let µn be a left-invariant
f.a.p.m. on Γn, fix a non-atomic ultrafilter U on N, and observe that

µ(A) = lim
n→U

µn(A ∩ Γn)

defines a left-invariant f.a.p.m. on Γ . �

Corollary 5.7. Solvable groups are amenable.

Proof. First, we note that abelian groups are amenable. By Proposition
5.6, it suffices to show that finitely generated abelian groups are amenable.
But all such groups are direct products of finite groups with copies of Z, and
are therefore amenable by Proposition 5.6 and Examples 5.1 and 5.2.

Now suppose G is solvable. Then we can find

{1} = H0 �H1 � · · · �Hn = G

such that Hi+1/Hi is abelian, for all i < n, and the corollary now follows from
repeated applications of Proposition 5.6. �

Given two sets X,Y ⊆ Γ , we write X ∼ Y if there are partitions
X1, . . . , Xn of X and Y1, . . . , Yn of Y and group elements γ1, . . . , γn ∈ Γ
such that γiXi = Yi, for all 1 ≤ i ≤ n. A group Γ is paradoxical if there are
disjoint sets A,B ⊆ Γ such that A ∼ B ∼ Γ .
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Proposition 5.8. If Γ is paradoxical, then Γ is not amenable.

Proof. Suppose that µ is a left-invariant mean on Γ , fix disjoint sets
A,B ⊆ Γ such that A ∼ B ∼ Γ , and note that

µ(Γ ) ≥ µ(A ∪B)
= µ(A) + µ(B)
= 2µ(Γ ),

contradicting the fact that µ(Γ ) = 1. �

In fact, we have (see, e.g., [W]):

Theorem 5.9 (Tarski). Γ is not amenable ⇔ Γ is paradoxical.

In particular, to see that F2 is not amenable it suffices to observe

Proposition 5.10. F2 is paradoxical.

Proof. Let a, b be the generators of F2. For each x ∈ {a±1, b±1}, let S(x)
denote the set of reduced words which begin with x. Clearly F2 is the disjoint
union of these sets with {1}. Noting that

a · S(a−1) = F2 \ S(a),

it follows that S(a) ∪ S(a−1) ∼ F2, and similarly, S(b) ∪ S(b−1) ∼ F2. �

It follows that no group which contains an isomorphic copy of F2 can
be amenable. Day conjectured that this is the only way that a group can
fail to be amenable (this became known as the Von Neumann Conjecture).
Although Tits showed that this conjecture is true for linear groups (subgroups
of GLn(F ), where F is a field), Olshanskii showed that the conjecture itself
is false (see [W]).

A countable group Γ satisfies the Reiter condition if

∀ε > 0∀γ1, . . . , γn ∈ Γ∃f ∈ l1(Γ ) (f ≥ 0, ||f ||1 = 1, and
∀1 ≤ i ≤ n (||f − γi · f ||1 < ε),

or equivalently, if there is a sequence {fn}n∈N
of elements of l1(Γ ) such that

∀n ∈ N(fn ≥ 0 and ||fn||1 = 1), and

∀γ ∈ Γ (||fn − γ · fn||1 → 0).

A countable group Γ satisfies the Følner condition if

∀ε > 0∀γ1, . . . , γn∃F ⊆ Γ finite∀1 ≤ i ≤ n

(
|γiF∆F |

|F | < ε

)
,

or equivalently, if there is a sequence {Fn}n∈N
of finite subsets of Γ such that
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∀γ ∈ Γ

(
|γFn∆Fn|

|Fn|
→ 0

)
.

Such a sequence {Fn}n∈N
is called a Følner sequence.

Remark 5.11. We could similarly say {Fn}n∈N
is a right Følner sequence if

∀γ ∈ Γ

(
|Fnγ∆Fn|

|Fn|
→ 0

)
.

There is a canonical correspondence between Følner sequences and right
Følner sequences, given by {Fn}n∈N 
→ {F−1

n }n∈N. In particular, a group
Γ admits a Følner sequence if and only if it admits a right Følner sequence.

Remark 5.12. If Γ = 〈γ1, . . . , γn〉 and

∀ε > 0∃F ⊆ Γ finite∀1 ≤ i ≤ n∀δ ∈ {±1}
(
|γδ

i F∆F |
|F | < ε

)
,

then Γ satisfies the Følner condition. For if γ = γδ1
k1

· · ·γδm

km
and

∀1 ≤ i ≤ n∀δ ∈ {±1}
(
|γδ

i F∆F |
|F | < ε/m

)
,

then

|γF∆F |
|F | =

|γδ1
k1

· · · γδm

km
F∆F |

|F |

≤
∑

i<m |γδ1
k1

· · · γδi+1
ki+1

F∆γδ1
k1

· · · γδi

ki
F |

|F |

=

∑
i<m |γδi+1

ki+1
F∆F |

|F |
< ε.

Example 5.13. A Følner sequence for G = Zk is given by Fn = [−n, n]k.

Theorem 5.14. Suppose Γ is a countable group. Then the following are equiv-
alent:

(i) Γ is amenable.
(ii) (Day) Γ satisfies the Reiter condition.
(iii) (Følner) Γ satisfies the Følner condition.

Proof. To see (iii) ⇒ (i), let {Fn}n∈N
be a Følner sequence, let U be a

non-atomic ultrafilter on N, and observe that
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µ(A) = lim
n→U

|A ∩ Fn|
|Fn|

defines a f.a.p.m. on Γ . Noting that

|µ(γA) − µ(A)| = lim
n→U

∣∣|γA ∩ Fn| − |A ∩ Fn|
∣∣

|Fn|

= lim
n→U

∣∣|A ∩ γ−1Fn| − |A ∩ Fn|
∣∣

|Fn|

≤ lim
n→U

|γ−1Fn∆Fn|
|Fn|

= 0,

it follows that µ is left-invariant.
To see (i) ⇒ (ii), we will use

Theorem 5.15 (Mazur). In a Banach space, the weak closure of a convex
set is the same as its norm closure.

Proof. If A is convex and x �∈ A, then it follows from the Hahn-Banach
Theorem that we can find x∗ such that

Re x∗(x) < inf
a∈A

Re x∗(a),

which implies that x �∈ A
w
. �

Set K = {f ∈ l1(Γ ) : ||f ||1 = 1, f ≥ 0}, and fix a mean m ∈ l∞(Γ )∗.
Clearly m is in the unit ball of l∞(Γ )∗.

Claim 5.16. m is in the weak∗-closure of K.

Proof. Suppose not. As K
w∗

is compact convex, it follows from the Hahn-
Banach Theorem that there exists φ0 ∈ l∞(Γ ) separating m from K, i.e., such
that

∀f ∈ K (Re 〈φ0, f〉 ≤ Re 〈φ0,m〉 − ε) ,

for some ε > 0. By replacing φ0 with Re φ0, we may assume that φ0 is real-
valued. Let a0 = sup(φ0). Then a0 ≥ φ0(γ0) ≥ a0 − ε/2, for some γ0 ∈ Γ . If
f = 1{γ0}, then

a0 ≥ m(φ0)
= 〈φ0,m〉
≥ 〈φ0, f〉 + ε

= φ0(γ0) + ε ≥ a0 − ε/2 + ε

= a0 + ε/2,
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a contradiction. �

It follows that there is a net fi →w∗
m (i.e., 〈fi, φ〉 → m(φ) for all φ ∈

l∞(Γ )), with fi ∈ K.
Next we observe that γ · fi →w∗

γ ·m = m, where γ ·m(φ) = m(γ−1 · φ).
To see this, note that

∑

δ∈Γ

γ · fi(δ)φ(δ) =
∑

δ∈Γ

fi(γ−1δ)φ(δ)

=
∑

δ∈Γ

fi(δ)φ(γδ)

=
∑

δ∈Γ

fi(δ)γ−1 · φ(δ)

=
〈
fi, γ

−1 · φ
〉

→ m(γ−1 · φ)
= γ ·m(φ).

So fi − γ · fi →w∗
0, hence fi − γ · fi →w 0, as the subspace topology on l1(Γ )

(when viewed as a subspace of (l∞)∗ with the weak-∗ topology) is the same
as the weak topology.

Fix now ε > 0, γ1, . . . , γn ∈ Γ . Note that

{{f − γi · f}1≤i≤n : f ∈ K}

is convex in (l1(Γ ))n. (Note that whenX is a Banach space, the weak topology
on Xn in the n-fold product of the weak topology on X .) Then 0 ∈ (l1(Γ ))n

is in the weak closure of

{{f − γi · f}1≤i≤n : f ∈ K}.

So by Mazur’s Theorem it is in the strong closure, so there is an f ∈ K such
that ∑

1≤i≤n

||f − γi · f ||1 < ε,

which completes the proof of (i) ⇒ (ii).
To see (ii) ⇒ (iii), fix ε > 0 and γ1, . . . , γn ∈ Γ . We will find a finite set

F ⊆ Γ such that

∀1 ≤ i ≤ n

(
|F∆γiF |

|F | < ε

)
.

Fix f ∈ l1(Γ ) such that f ≥ 0, ||f ||1 = 1, and

∀1 ≤ i ≤ n (||f − γi · f ||1 < (ε/n)||f ||1 = ε/n) .

Consider the truncation function
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Ea(t) =
{

1 if t ≥ a,
0 if t < a.

Note that
∫∞
0
Ea(t) da = t, for t ≥ 0, and also

∀t, t′ ≥ 0
(
|t− t′| =

∫ ∞

0

|Ea(t) − Ea(t′)| da
)
.

Setting

fa(γ) = Ea ◦ f(γ)

=
{

1 if f(γ) ≥ a,
0 if f(γ) < a

= 1{γ∈Γ :f(γ)≥a},

it follows that
∫ ∞

0

∑

γ∈Γ

|fa(γ) − γi · fa(γ)| da =
∑

γ∈Γ

∫ ∞

0

|fa(γ) − γi · fa(γ)| da

=
∑

γ∈Γ

|f(γ) − γi · f(γ)|

= ||f − γi · f ||1
< (ε/n)||f ||1
= (ε/n)

∑

γ∈Γ

f(γ)

= (ε/n)
∑

γ∈Γ

∫ ∞

0

fa(γ) da

= (ε/n)
∫ ∞

0

∑

γ∈Γ

fa(γ) da

= (ε/n)
∫ ∞

0

||fa||1 da,

thus for some a > 0 we must have

∀1 ≤ i ≤ n(||fa − γi · fa||1 < ε||fa||1).

Setting F = {γ : fa(γ) = 1} = {γ : f(γ) ≥ a}, it follows that F is a non-
empty, finite subset of Γ , and

|F∆γiF | = ||fa − γi · fa||1 < ε||fa||1 = ε|F |,

which completes the proof of Theorem 5.14. �

Proposition 5.17. Every countable amenable group Γ admits an increasing,
exhaustive Følner sequence.
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Proof. Clearly we may assume that Γ is infinite. Let {F ′
n}n∈N

be a Følner
sequence for Γ . We begin by noting that |F ′

n| → ∞. To see this, fix k ∈ N, let
γ1, . . . , γk be distinct elements of Γ , and choose N ∈ N sufficiently large that

∀n ≥ N∀1 ≤ i ≤ k (|γiF
′
n∆F

′
n|/|F ′

n| ≤ 1/k) .

Given n ≥ N , it follows that if any of the above ratios is non-zero, then
|F ′

n| ≥ k. But if all of the ratios are zero, then γ1γ, . . . , γkγ are distinct
elements of F ′

n, for any γ ∈ F ′
n, so again |F ′

n| ≥ k.
Thus, by passing to a subsequence, we may assume that for all n > 0,

|F ′
n| > 2n

(
n+ 1 +

∑

i<n

|F ′
i |
)
.

Let {γn}n∈N be an enumeration of Γ , and define

Fn = {γ0, . . . , γn} ∪ (F ′
0 ∪ · · · ∪ F ′

n).

Noting that for all γ ∈ Γ ,

|γFn∆Fn|
|Fn|

≤
2(n+ 1) +

∑
i≤n |γF ′

i∆F
′
i |

|F ′
n|

≤
2
(
n+ 1 +

∑
i<n |F ′

i |
)

|F ′
n|

+
|γF ′

n∆F
′
n|

|F ′
n|

<
1
n

+
|γF ′

n∆F
′
n|

|F ′
n|

→ 0,

it follows that {Fn}n∈N is an increasing, exhaustive Følner sequence. �

A graph G with vertex set X is a set G ⊆ X2 such that (x, x) �∈ G and
(x, y) ∈ G⇔ (y, x) ∈ G, for all x, y ∈ X . The boundary of F ⊆ X with respect
to G is

∂GF = ∂F = {x ∈ F : ∃y �∈ F ((x, y) ∈ G)}.
The graph G is amenable if for all ε > 0, there is a non-empty finite set F ⊆ X
such that

|∂F |/|F | < ε,

or equivalently, if there is a sequence {Fn}n∈N
of non-empty, finite subsets of

X such that |∂Fn|/|Fn| → 0. Such a sequence is called a Følner sequence for
the graph.

Proposition 5.18. Every countable amenable graph with no finite connected
components admits an increasing, exhaustive Følner sequence.
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Proof. Suppose G is such a graph, let {F ′
n}n∈N

be a Følner sequence for
G, and note that |F ′

n| → ∞, since G has no finite connected components.
Thus, by passing to a subsequence, we may assume that for all n > 0,

|F ′
n| > n

(
n+ 1 +

∑

i<n

|∂F ′
i |
)
,

for all n ∈ N. Let {xn}n∈N be an enumeration of X , and define

Fn = {x0, . . . , xn} ∪ (F ′
0 ∪ · · · ∪ F ′

n).

Noting that

|∂Fn|
|Fn|

≤
n+ 1 +

∑
i≤n |∂F ′

i |
|F ′

n|

≤
n+ 1 +

∑
i<n |∂F ′

i |
|F ′

n|
+

|∂F ′
n|

|F ′
n|

≤ 1
n

+
|∂F ′

n|
|F ′

n|
→ 0,

it follows that {Fn}n∈N
is an increasing, exhaustive Følner sequence. �

Given a countable group Γ and γ1, . . . , γn ∈ Γ , the Cayley graph induced
by γ1, . . . , γn is the graph, with vertex set 〈γ1, . . . , γn〉, given by

(γ, δ) ∈ Cγ1,...,γn ⇔ ∃1 ≤ i ≤ n(γγ±1
i = δ).

Proposition 5.19. The following are equivalent:

1. Γ is amenable.
2. For all γ1, . . . , γn ∈ Γ , Cγ1,...,γn is amenable.

Proof. By Proposition 5.6, it suffices to show that if Γ = 〈γ1, . . . , γn〉,
then

Γ is amenable ⇔ Cγ1,...,γn is amenable.

The main observation here is that

|∂F | ≤

∣∣∣∣∣∣

⋃

1≤i≤n,δ∈{±1}
Fγδ

i∆F

∣∣∣∣∣∣
≤ (2n+ 1)|∂F |.

To see this, simply observe that

∂F =
⋃

1≤i≤n,δ∈{±1}
F \ Fγδ

i
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by the definition of boundary, and
∣∣∣∣∣∣

⋃

1≤i≤n,δ∈{±1}
Fγδ

i \ F

∣∣∣∣∣∣
≤ 2n

∣∣∣∣∣∣

⋃

1≤i≤n,δ∈{±1}
F \ Fγδ

i

∣∣∣∣∣∣
,

as every vertex of Cγ1,...,γn is of degree ≤ 2n.
To see that if Γ is amenable, then Cγ1,...,γn is amenable, fix ε > 0, find a

finite set F ⊆ Γ such that

∀1 ≤ i ≤ n∀δ ∈ {±1}
(
|Fγδ

i∆F |/|F | < ε/2n
)
,

and observe that

|∂F |/|F | ≤
∑

1≤i≤n,δ∈{±1}
|Fγδ

i∆F |/|F | < ε.

To see that if Cγ1,...,γn is amenable, then Γ is amenable, fix ε > 0, find a
finite set F ⊆ Γ such that

|∂F |/|F | < ε/(2n+ 1),

and observe that

|Fγδ
i∆F |/|F | ≤ (2n+ 1)|∂F |/|F | < ε,

for all 1 ≤ i ≤ n and δ ∈ {±1}. Thus Γ is amenable by Remark 5.12. �

6 Hyperfiniteness

Our goal is to show that any two non-atomic probability measure preserving
ergodic actions of amenable groups are orbit equivalent. This will be done in
two steps:

1. (Dye) Any two non-atomic probability measure preserving ergodic ac-
tions of Z are orbit equivalent.

2. (Ornstein-Weiss) Any probability measure preserving action of an am-
enable group is orbit equivalent to a probability measure preserving ac-
tion of Z.

We will start with step 1, by studying, in some detail, the equivalence
relations induced by Z-actions.

A Borel equivalence relation E on X is smooth if it admits a Borel sepa-
rating family, i.e., a sequence {Bn}n∈N

of Borel subsets of X such that

∀x, y ∈ X (xEy ⇔ ∀n ∈ N(x ∈ Bn ⇔ y ∈ Bn)) .
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By considering the map x 
→ {1Bn(x)}n∈N, it is easy to see that E is smooth
if and only if there is a Borel function φ : X → Y , with Y standard Borel,
such that

∀x, y ∈ X (xEy ⇔ φ(x) = φ(y)) .

An invariant Borel set A ⊆ X is smooth (for E) if E|A is smooth.

Example 6.1. Every finite Borel equivalence relation E is smooth. To see
this, let < be a Borel linear ordering of X , and define φ : X → X by

φ(x) = the <-least element of [x]E .

Remark 6.2. Suppose E is countable and smooth, as witnessed by φ : X →
Y . As φ is countable-to-1, it follows from Exercise 18.14 of [K] that rng(φ) is
Borel. Thus, we may assume that φ is surjective.

Given any Borel equivalence relation E on X , we use X/E to denote the
set of equivalence classes of E, equipped with the quotient Borel structure
(i.e., A ⊆ X/E is in the quotient Borel structure iff

⋃
A is Borel in X).

Proposition 6.3. A countable Borel equivalence relation E is smooth if and
only if its quotient X/E is standard Borel.

Proof. To see (⇒), suppose that φ : X → Y is a surjection verifying the
smoothness of E and let φ̃ be the induced bijection from X/E to Y . It suffices
to check that φ̃ induces an isomorphism of the quotient Borel structure of
X/E with the standard Borel structure of Y . Noting that φ is countable-to-1,
it follows from Exercise 18.14 of [K] that φ sends Borel sets to Borel sets.
Thus, an E-invariant set B is Borel if and only if φ̃(B) = φ(B) is Borel.

To see (⇐), note that if the quotient Borel structure on X/E is standard
Borel, then in particular, we can find a countable family {Bn}n∈N of sets in
the quotient Borel structure on X/E which separates points. But any such
family clearly induces a Borel separating family for E. �

A complete section for E is a set B ⊆ X which intersects every class of E.
A transversal for E is a set B ⊆ X which intersects each class of E in exactly
one point. A selector for E is a function f : X → X , whose graph is contained
in E, and whose image is a transversal. Clearly a Borel equivalence relation
admits a Borel transversal iff it admits a Borel selector, and if it admits a
Borel transversal, then it is smooth (but not conversely, see [K], 18.D).

Proposition 6.4. If E is countable Borel and smooth, then E admits a Borel
selector. Moreover, if all of the classes of E are of size n ∈ N ∪ {∞}, then
there is a sequence {fi}i<n of Borel selectors for E, whose images partition
X.

Proof. Let φ : X → Y be a surjection witnessing that E is smooth, and
define R ⊆ Y ×X by
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(y, x) ∈ R ⇔ φ(x) = y.

As R is Borel and has countable sections, it follows from Theorem 18.10 of
[K] that there is a Borel uniformization f : Y → X of R. It follows that f ◦ φ
is the desired Borel selector.

Now suppose all of the classes of E are of size n ∈ N∪{∞}. Then it follows
from 18.15 of [K] that there is a sequence {fi}i<n of Borel uniformizations of
R with disjoint ranges whose union is X , thus {fi ◦ φ}i<n is a sequence of
Borel selectors whose images partition X . �

A countable Borel equivalence relation E on X is hyperfinite if there is an
increasing, exhaustive sequence {Fn}n∈N

of finite Borel subequivalence rela-
tions of E, i.e., if there exists a sequence of finite Borel equivalence relations
F0 ⊆ F1 ⊆ · · · with

⋃
n Fn = E.

Example 6.5. The equivalence relation E0, on 2N, given by

xE0y ⇔ ∃n ∈ N∀m ≥ n(xm = ym),

is hyperfinite, as witnessed by the equivalence relations

xFny ⇔ ∀m ≥ n(xm = ym).

But E0 is not smooth. To see this, notice that if ∆ = Z<N

2 , G = ZN
2 are

as in Example 3.2 and ∆ acts by translation on G, then the corresponding
equivalence relation is E0. It follows that µ (as in 3.2 again) is E0-ergodic,
which easily implies that there can be no Borel transversal T for E0, since
then the probability measure ν on T defined by ν(A) = µ([A]E0) would be
non-atomic and 2-valued, which is clearly impossible. (Here we use [A]E to
denote {x ∈ X : ∃y ∈ A(xEy)}, the E-saturation of A.)

Theorem 6.6 (Slaman-Steel [S2], Weiss [We]). Suppose E is a Borel
equivalence relation. The following are equivalent:

1. E is hyperfinite.
2. E is induced by a Borel Z-action.

Proof. To see (1) ⇒ (2), we begin with the case that E is smooth. By
breaking E into countably many invariant Borel pieces, we may assume that
every E-class is of cardinality n ∈ N∪{∞}. Suppose n ∈ N. Fix a Borel linear
ordering < of X . Letting x+ denote the successor of x in the restriction of <
to [x]E , it follows that

T (x) =
{

x+ if ∃y ∈ [x]E(x < y),
min<[x]E otherwise,

is as desired. If n = ∞, then we can partition X into Borel transversals
{Bn}n∈Z

of E. Put T (x) = y, whenever xEy, x ∈ Bn, and y ∈ Bn+1. Then T
is a Borel automorphism that induces E.
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Now suppose {Fn}n∈N
is an increasing, exhaustive sequence of finite Borel

subequivalence relations of E, with F0 = ∆X = equality on X . As X/Fn is
standard, we can find a Borel linear ordering <n of X/Fn. Given distinct xEy,
let n(x, y) denote the largest n ∈ N such that (x, y) �∈ Fn, and define

x < y ⇔ x �= y and xEy and [x]Fn(x,y) <n(x,y) [y]Fn(x,y) .

It is clear that < discretely orders the classes of E. The set of E-classes on
which < has a least or largest element clearly forms a Borel invariant set on
which E is smooth. So we may assume that < is a Z-ordering on each of the
classes of E. It follows that the successor function for < is the desired Borel
automorphism that induces E.

To prove (2) ⇒ (1), we first need some preliminaries. Given any Borel
equivalence relation E, a vanishing sequence of markers is a decreasing, van-
ishing (i.e., having empty intersection) sequence of Borel complete sections for
E. A countable Borel equivalence relation is aperiodic if its classes are infinite.
We now have:

Lemma 6.7 (Marker Lemma). Every aperiodic countable Borel equival-
ence relation admits a vanishing sequence of markers.

Proof. (Slaman-Steel) We can assume our equivalence relation E lives
on X = 2N. Let sn(x) denote the lexicographically least s ∈ 2n such that
|[x]E ∩ Ns| = ∞, and define

x ∈ An ⇔ x|n = sn(x).

It is clear that {An}n∈N
is a decreasing sequence of Borel sets, each of which

intersects every class of E in infinitely many points. Noting that

A =
⋂

n∈N

An

intersects each class of E in at most one point, it follows that Bn = An \A is
as desired. �

Now suppose, without loss of generality, that E is induced by an aperiodic
Borel automorphism T . Note that on any smooth for E invariant Borel set it is
easy to find an increasing, exhaustive sequence of finite Borel subequivalence
relations. In each E-class C we define the Z-ordering

x <C y ⇔ ∃n > 0(T n(x) = y).

Then we can assume that there is a vanishing sequence of markers {Bn}n∈N

such that for each such C, Bn∩C is unbounded in both directions in <C . This
is because, starting with a vanishing sequence of markers {An}n∈N for E, the
union of the set of all classes C in which An ∩C has a least or largest element
in <C , for some n ∈ N, is an invariant Borel set on which E is smooth.
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Let Fn be the finite subequivalence relation of E defined by

xFny ⇔ x = y or (xEy and if C = [x]E = [y]E , then [x, y] avoids Bn) ,

where [x, y] denotes the closed interval between x, y in <C . It is clear that
{Fn}n∈N is an increasing, exhaustive sequence of finite Borel subequivalence
relations of E. �

Remark 6.8. It follows that an aperiodic countable Borel equivalence rela-
tion is hyperfinite exactly when there is a Borel assignment of Z-orderings to
its classes. In fact, suppose that L ⊆ E is a Borel forest of lines, such that any
two E-related points x, y are connected via a path through L (so L arranges
the classes of E like Z-orderings, but there is no distinguished direction.) Then
the above proof shows that E is hyperfinite.

It should be noted, however, that not every such L is induced by a Borel
automorphism. (An example of this sort was first pointed out by S. Adams.)
That is, one can find L ⊆ E as above, such that for every Borel automorphism
T of the underlying space, there is some (x, y) ∈ L such that y �∈ {T±1(x)}.
To see this, let σ be the odometer on 2N, that is, the automorphism given by

σ(x) =
{

0n1y if x = 1n0y,
00 . . . if x = 11 . . . .

Intuitively, σ is “addition by 100 . . . with right carry”. Note that, off of the
eventually constant sequences, the equivalence relation induced by σ is E0.
Let i : 2N → 2N be the map which flips each digit of its input, and let F
be the equivalence relation induced by i. As i is an involution, F is smooth.
Set E = (Eσ ∨ F )/F (here Eσ ∨ F denotes the smallest equivalence relation
containing Eσ, F ), and define L ⊆ E by

([x]F , [y]F ) ∈ L ⇔ ∃m ∈ {0, 1}, n ∈ {±1}(x = im ◦ σn(y)).

It follows easily from the fact that i ◦ σ = σ−1 ◦ i that L is a Borel forest of
lines, and that any two E-related points are connected via a path through L.
Now suppose that T : 2N/F → 2N/F is a Borel automorphism, and let A1 be
the E-invariant set on which T induces L, i.e.,

u ∈ A1 ⇔ ∀(y, z) ∈ L ∩ ([u]E × [u]E)(y ∈ {T±1(z)}),

and let A ⊆ 2N be defined by

x ∈ A⇔ [x]F ∈ A1,

so that A is Borel and (Eσ ∨ F )-invariant. It is enough to show that if µ
is the usual product measure on 2N, then A is µ-null. Otherwise, since µ is
Eσ-ergodic, so (Eσ ∨ F )-ergodic, µ(A) = 1. Define B ⊆ A by

x ∈ B ⇔ σ(x) ∈ T ([x]F ).
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It is easily verified that B is Eσ-invariant and consists of exactly one Eσ-
class of every (Eσ ∨ F )|A-class, thus B ∩ i(B) = ∅ and B ∪ i(B) = A, so
µ(B) = 1/2. Since B is Eσ-invariant, this is a contradiction. See [M] for more
on Borel forests of lines.

Proposition 6.9. Below E and F are countable Borel equivalence relations
and B is a Borel set.

(i) If E ⊆ F and F is hyperfinite, then E is hyperfinite.
(ii) If E is hyperfinite, then E|B is hyperfinite. If B is a complete section

for E and E|B is hyperfinite, then E is hyperfinite.
(iii) If E and F are hyperfinite, then E × F is hyperfinite.

Proof. The proofs of (i), (iii), and the first part of (ii) are straightfor-
ward. To see the second part of (ii), let {Fn}n∈N

be an increasing, exhaustive
sequence of finite Borel subequivalence relations of E|B, let {fn}n∈N

be a se-
quence of Borel involutions whose graphs cover E, let n(x) be the least n ∈ N

such that fn(x) ∈ B, and set f(x) = fn(x)(x). Defining F ′
n ⊆ E by

xF ′
ny ⇔ x = y or (f(x)Fnf(y) and n(x), n(y) ≤ n),

it follows that {F ′
n}n∈N

is an increasing, exhaustive sequence of finite Borel
subequivalence relations of E, thus E is hyperfinite. �

Remark 6.10. If E is hyperfinite, then we can find an increasing, exhaustive
sequence {Fn}n∈N

of finite subequivalence relations of E such that |[x]Fn | ≤ n,
for all n ∈ N and x ∈ X . To see this assume, without loss of generality, that E
is aperiodic, let {F ′

n}n∈N
be an increasing, exhaustive sequence of finite Borel

subequivalence relations of E with F ′
0 = ∆X , and for each x ∈ X and n ∈ N,

define
kn(x) = max{k ∈ N : |[x]F ′

k
| ≤ n}.

Define Fn ⊆ E by
xFny ⇔ xF ′

kn(x)y.

Noting that xFny ⇒ kn(x) = kn(y), it follows that {Fn}n∈N is as desired.

Given (X,E, µ), we call E hyperfinite µ-a.e. if there is an invariant conull
Borel set A ⊆ X such that E|A is hyperfinite.

Theorem 6.11 (Dye [D], Krieger [Kr]). Suppose E is the union of an
increasing sequence of hyperfinite Borel equivalence relations and µ ∈ P (X).
Then E is hyperfinite µ-a.e.

Proof. The proof hinges on the following lemma.

Lemma 6.12. Suppose E is the union of an increasing sequence of hyperfinite
Borel equivalence relations, R ⊆ E is a Borel subrelation of E with finite
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sections (not necessarily an equivalence relation), µ ∈ P (X), and ε > 0. Then
there is a finite Borel subequivalence relation F ⊆ E such that

µ({x ∈ X : Rx ⊆ [x]F }) > 1 − ε,

where Rx = {y ∈ X : (x, y) ∈ R}.

Proof. Let {En}n∈N
be an increasing, exhaustive sequence of hyperfinite

subequivalence relations of E, and fix n ∈ N sufficiently large such that

µ({x ∈ X : Rx ⊆ [x]En}) > 1 − ε.

Now let {Fm}m∈N
be an increasing, exhaustive sequence of finite Borel sube-

quivalence relations of En, choose m ∈ N sufficiently large that

µ({x ∈ X : Rx ⊆ [x]Fm}) > 1 − ε,

and set F = Fm. �

By 1.3, we can find an increasing, exhaustive sequence {Rn}n∈N
of Borel

subrelations of E with finite sections. Set F0 = ∆X , and define {Fn}n∈N

recursively, as follows. Given a finite Borel subequivalence relation Fn ⊆ E, it
follows from Proposition 6.9 that E/Fn is the union of an increasing sequence
of hyperfinite subequivalence relations. By Lemma 6.12, we can find another
finite Borel subequivalence relation F of E/Fn, such that

µFn({[x]Fn ∈ X/Fn : ([Rn]Fn×Fn)[x]Fn
⊆ [[x]Fn ]F }) > 1 − 1/n,

where µFn is the measure, on X/Fn, induced by µ. Letting Fn+1 be the equiv-
alence relation on X induced by F , it follows that

{
x ∈ X : [x]E �⊆

⋃

n∈N

[x]Fn

}
=
⋃

n∈N

⋂

m>n

{x ∈ X : (Rm)x �⊆ [x]Fm+1},

and this latter set is clearly null. As {Fn}n∈N is clearly increasing, it follows
that E is hyperfinite a.e. �

Problem 6.13. Is the union of an increasing sequence of hyperfinite Borel
equivalence relations always hyperfinite?

7 Dye’s Theorem

In this section, we show

Theorem 7.1 (Dye [D]). All non-atomic probability measure preserving er-
godic actions of Z are orbit equivalent.



24 Amenability and Hyperfiniteness

Remark 7.2. In view of 6.6, this can be equivalently formulated as fol-
lows. Let (X,E, µ), (Y, F, ν) be almost everywhere aperiodic hyperfinite Borel
equivalence relations with invariant, ergodic probability measures. Then they
are isomorphic.

Note that in the presence of the other conditions, almost everywhere ape-
riodicity is equivalent to saying that µ, ν are non-atomic.

Before we present the proof of Theorem 7.1, we develop some preliminaries
which are also important in their own right. An fsr (finite partial subequiv-
alence relation) of a countable Borel equivalence relation E is a finite Borel
equivalence relation F , defined on a Borel set dom(F ) ⊆ X , such that F ⊆ E.
Let [X ]<∞ denote the standard Borel space of finite subsets of X , and let
[E]<∞ denote the Borel subset of [X ]<∞ of pairwise E-related finite subsets
of X . Given a set Φ ⊆ [E]<∞, we say that an fsr F ⊆ E is Φ-maximal if

1. ∀x ∈ dom(F )([x]F ∈ Φ) and
2. ∀S ∈ [X \ dom(F )]<∞(S �∈ Φ).

Lemma 7.3. Suppose E is a countable Borel equivalence relation and Φ ⊆
[E]<∞ is Borel. Then E admits a Φ-maximal fsr.

Proof. Define a graph G on [E]<∞ by

(S, T ) ∈ G⇔ S �= T and S ∩ T �= ∅.

We begin by noting that G admits a Borel ℵ0-coloring, i.e., a Borel map
c : [E]<∞ → I, with I a countable (discrete) set, such that

(S, T ) ∈ G⇒ c(S) �= c(T ).

Let {gn}n∈N be a sequence of Borel involutions whose graphs cover E, and
let < be a Borel linear ordering of X . Given S ∈ [E]<∞, let {xi}i<n be the
<-increasing enumeration of S, and let c(S) be the lexicographically least
sequence {kij}i,j<|S| of natural numbers such that

∀i, j < |S|
(
gkij · xi = xj

)
.

Now suppose, towards a contradiction, that c is not a coloring. Then we can
find (S, T ) ∈ G such that c(S) = c(T ). Clearly |S| = |T |, so let {xi}i<n,
{yi}i<n be the <-increasing enumerations of S, T , and fix i, j < n such that
xi = yj . Then

i < j ⇔ xi < xj

⇔ xi < gkij (xi)
⇔ yj < gkij (yj)
⇔ yj < yi

⇔ j < i,
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thus i = j, and xi = yi. It follows that for all l < n,

xl = gkil
(xi)

= gkil
(yi)

= yl,

thus S = T , contradicting our assumption that (S, T ) ∈ G.
We can of course assume that c : [E]<∞ → N. Now recursively define a

sequence {Fn}n∈N
of fsr’s by putting xFny if

∃S ∈ Φ

(
c(S) = n and x, y ∈ S and S ∩

⋃

m<n

dom(Fm) = ∅
)
.

Noting that dom(Fm) ∩ dom(Fn) = ∅ for m �= n, it follows that

F =
⋃

n∈N

Fn

is an fsr of E. It is also clear that [x]F ∈ Φ, for all x ∈ dom(F ). Now suppose
that S ∈ [E]<∞ and S ∈ Φ. Then c(S) = n for some n ∈ N, and it follows
that S intersects dom(Fm), for some m ≤ n, thus F is Φ-maximal. �

One useful corollary of this lemma is the following.

Proposition 7.4. Suppose n > 0 and E is an aperiodic countable Borel equiv-
alence relation. Then E contains a finite Borel subequivalence relation, all of
whose classes are of cardinality n.

Proof. Say E lives on X . By Proposition 7.3, we can find a maximal fsr
F whose classes are of cardinality n. Let

A = {x ∈ X : [x]E is the union of F -classes}.

It is clear that C \dom(F ) has at most n− 1 elements, for each E-class C. So
X \ A is a smooth set and we can easily define a finite Borel subequivalence
relation E′ ⊆ E|(X \ A), whose classes are of cardinality n. Then (F |A) ∪
E′|(X \A) is as desired. �

Theorem 7.5 (Rokhlin’s Lemma). Suppose T is an aperiodic Borel au-
tomorphism, µ ∈ P (X), n ≥ 1, and ε > 0. Then there is a Borel complete
section A ⊆ X such that

(i) T i(A) ∩ T j(A) = ∅, if 0 ≤ i < j < n,
(ii) µ(X \

⋃
i<n T

i(A)) < ε, and
(iii) µ(A) ≤ 1/n.
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Proof. Let {Am}m∈N
be a vanishing sequence of markers. As it is clear

how to proceed when ET , the equivalence relation induced by T , is smooth,
we may assume that each Am is doubly recurrent for T , i.e.,

∀x ∈ Am∃i < 0 < j(T i(x), T j(x) ∈ Am).

Given a doubly recurrent Borel complete section B ⊆ X , define

dl(x,B) = min{k ∈ N : T−k(x) ∈ B}, dr(x,B) = min{k ∈ N : T k(x) ∈ B}.

Now define
x ∈ Bm ⇔ dl(x,Am) < n or dr(x,Am) < n.

As the Am’s are vanishing, it follows that the Bm’s are vanishing as well. In
particular, we can find m ∈ N such that µ(Bm) < ε. For each k < n, put

x ∈ Ck ⇔ dl(x,Am) ∼= k(mod n) and dr(x,Am) ≥ n.

As these sets are pairwise disjoint, it follows that µ(Ck) ≤ 1/n, for some
k < n. It is clear that A = Ck satisfies (i), and (ii) follows from the fact that
X \Bm ⊆

⋃
i<n T

i(A). �

For Borel automorphisms S, T on X , µ ∈ P (X), let

dµ(S, T ) = µ({x ∈ X : S(x) �= T (x)}).

Corollary 7.6. Suppose T is an aperiodic Borel automorphism on X, µ is a
non-atomic probability measure on X, n ≥ 1, and ε > 0. Then there is a Borel
automorphism S in [ET ], of period exactly n, such that dµ(S, T ) ≤ 1/n+ ε.

Proof. Let A′ ⊆ X be the set obtained by applying Theorem 7.5 to T−1,
set A = T−(n−1)(A′), and observe that

(i) T i(A) ∩ T j(A) = ∅, if 0 ≤ i < j < n,
(ii) µ(X \B) < ε, where B =

⋃
i<n T

i(A), and
(iii) µ(T n−1(A)) ≤ 1/n.

Define T1 : B → B by

T1(x) =
{

T (x) if x /∈ T n−1(A),
T−(n−1)(x) otherwise.

As it is clear how to proceed when ET is smooth, we may assume that X \B
intersects every class of ET in infinitely many points. It follows from Propo-
sition 7.4 that we can find a Borel equivalence relation F ⊆ E|(X \B), all of
whose classes are of cardinality n. We can clearly find a Borel automorphism
T2 of period n which generates F . It follows that

T (x) =
{
T1(x) if x ∈ B,
T2(x) otherwise,

is as desired. �
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By using a little ergodic theory, we can strengthen Theorem 7.5. A Borel
set B ⊆ X is (ε, n)-Rokhlin if {T i(B)}i<n partitions a set of measure > 1− ε.

Proposition 7.7. Suppose T is an aperiodic Borel automorphism on X, µ is
a T -invariant probability measure, n ≥ 1, ε > 0, and µ(A) > 1 − ε. Then A
contains an (ε, n)-Rokhlin set.

Proof. By the Birkhoff Ergodic Theorem,

mA(x) = lim
k→∞

|A ∩ {T i(x)}i<k−n|
k

exists µ-a.e., is T -invariant, and

µ(A) =
∫
mA dµ.

Fix 0 < δ < (µ(A) − (1 − ε))/2 and for almost all x ∈ X , put

l(x) = min
{
l > n : ∀k ≥ l

∣∣∣∣mA(x) − |A ∩ {T i(x)}i<k−n|
k

∣∣∣∣ < δ

}
.

Choose l ∈ N sufficiently large that

A′ = {x ∈ X : l(x) ≤ l}

is of measure > 1− δ. By throwing away a null set, we can assume that A′ is
doubly recurrent for T .

� � � � �� �· · · · · · · · · · · ·

≥n
︷ ︸︸ ︷

≥n
︷ ︸︸ ︷

B

x∈A′′ Tk1(x)(x) Tk2(x)(x) Tki(x)(x) T l′′(x)(x)∈A′′

Let {A′
k}k∈N be a vanishing sequence of markers for ET |A′. Again, by

throwing away a null set we may assume that each A′
k is doubly recurrent

for T . For each k ∈ N and x ∈ A′
k, let l′k(x) be the least positive natural

number such that T l′k(x)(x) ∈ A′
k, choose k ∈ N sufficiently large that the

ET -saturation of
A′′ = {x ∈ A′

k : l′k(x) ≥ l}
is of measure > 1− δ, and let l′′(x) be the least positive natural number such
that T l′′(x)(x) ∈ A′′. Then l′′(x) ≥ l′k(x) ≥ l, for x ∈ A′′. Once more, we may
assume that A′′ is doubly recurrent, by throwing away a null set. For each
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x ∈ A′′, put k0(x) = −n and let ki+1(x) be the least natural number such
that T ki+1(x)(x) ∈ A and ki(x) + n ≤ ki+1(x) ≤ l′′(x) − n, if such a number
exists.

SetB = {T ki(x)(x) : i > 0 and ki(x) is defined}, and note that {T i(B)}i<n

is a pairwise disjoint family whose union contains

C = {T i(x) ∈ A : x ∈ A′′ and i < l′′(x) − n}.

For simplicity, put [A′′]T = [A′′]ET . For x ∈ [A′′]T , let φ(x) = T−i(x), where
i ∈ N is the least natural number such that T−i(x) ∈ A′′. Then

µ(C) =
∫

[A′′]T
1C(x) dµ(x)

=
∫

A′′
|C ∩ {T i(x)}i<l′′(x)| dµ(x)

=
∫

[A′′]T

|C ∩ {T i(φ(x))}i<l′′(φ(x))|
l′′(φ(x))

dµ(x)

=
∫

[A′′]T

|A ∩ {T i(φ(x))}i<l′′(φ(x))−n|
l′′(φ(x))

dµ(x)

≥
∫

[A′′]T
mA(φ(x)) dµ(x) − δ

=
∫

[A′′]T
mA(x) dµ(x) − δ

>

∫
mA(x) dµ(x) − 2δ

= µ(A) − 2δ
> 1 − ε,

thus B is an (ε, n)-Rokhlin set. �

Remark 7.8. In the statement of Proposition 7.7, the requirement that µ is
T -invariant can be dropped. First, it can be weakened to T -quasi-invariance
(see Section 8) by using the Hurewicz Ergodic Theorem in place of the Birkhoff
Ergodic Theorem. The general case then follows from the same trick as used
in the proof of Corollary 10.2.

Remark 7.9. As in Theorem 7.5, we can modify the above proof so as to
ensure that the (ε, n)-Rokhlin subset of A is of measure ≤ 1/n.

We need one more basic fact before we start the proof of Dye’s Theorem.

Lemma 7.10. Suppose E is a countable Borel equivalence relation on X and
µ ∈ P (X) is E-invariant and ergodic. The following are equivalent:
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(i) µ(A) = µ(B).
(ii) ∃φ ∈ [[E]] (dom(φ) ⊆ A, rng(φ) ⊆ B, and

µ(A \ dom(φ)) = µ(B \ rng(φ)) = 0).

Proof. It suffices to show (i) ⇒ (ii). Let Γ = {γn} be a countable sequence
of Borel involutions whose graphs cover E, and define pairwise disjoint Borel
sets An ⊆ A recursively by

An =

(
A \

⋃

m<n

Am

)
∩ γ−1

n

(
B \

⋃

m<n

γm(Am)

)
.

Set A′ =
⋃
An, let φ : A′ → B be the Borel injection which sends x ∈ An to

γn(x), and put B′ = rng(φ).
The main observation here is that for any x, either A ∩ [x]E ⊆ A′ or

B∩ [x]E ⊆ B′. To see this, suppose that y ∈ [x]E ∩A\A′, z ∈ [x]E ∩B\B′ and
find a natural number n such that γn(y) = z. Then y ∈ An, a contradiction.

It follows from ergodicity that, by neglecting an invariant null set and
reversing the roles of A and B if necessary, we may assume that A = A′. But
it then follows from invariance that µ(B \B′) = 0. �

One could show the preceding lemma using a simpler exhaustion argument.
The advantage of the argument presented above is that it produces a φ which
simultaneously works for every invariant, ergodic measure ν with the property
that ν(A) = ν(B).

We now describe the setup for the proof of Dye’s Theorem and prove some
basic technical lemmas.

Given a countable Borel equivalence relation E on a space X with a non-
atomic probability measure µ, which is E-invariant and ergodic, an array (see
[Kr] or [Su]) is a system

A = 〈A0, . . . , An−1, φ0, . . . , φn−1〉

of Borel sets and φi ∈ [[E]] such that

(i) {Ai}i<n is a partition of a conull subset of X , and
(ii) φi : A0 → Ai, φ0 = identity|A0.

Given an array A, we use
⋃
A to denote A0 ∪ · · · ∪ An−1, and φi,j to de-

note φj ◦ φ−1
i : Ai → Aj . It is useful to think of φi,j as a link between Ai,

Aj . The rank of A is given by rank(A) = n. A refinement of A of rank k
is a system B = 〈B0, . . . , Bk−1, ψ0, . . . , ψk−1〉, where {Bi} is a partition of a
conull subset of A0. This gives rise to a subarray AB of A defined by

AB =
〈
B〈i,j〉, φ〈i,j〉

〉
〈i,j〉<nk

,
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where 〈i, j〉 = ik+ j, φ〈i,j〉 = φi ◦ψj , B〈0,0〉 = B0, and B〈i,j〉 = φ〈i,j〉(B0), for
i < n, j < k. Note that

φ〈i,j〉,〈i′,j〉 = φi,i′ |B〈i,j〉,

i.e., the link of 〈i, j〉, 〈i′, j〉 is the same as the link of i, i′ (restricted to its
domain). For almost all x ∈ X , put

OrbitA(x) = {φi,j(x) : x ∈ Ai and 0 ≤ j ≤ n− 1}.

If {C0, . . . , Ck−1} are pairwise disjoint, δ > 0, then A ∈δ {C0, . . . , Ck−1}
means that there exists I ⊆ {0, . . . , k − 1} such that

µ

(
A∆

⋃

i∈I

Ci

)
< δ.

We use A ∈δ A to denote A ∈δ {A0, . . . , An−1}.

Lemma 7.11. Suppose A is an array, A ⊆ X is Borel, and δ > 0. Then for
all sufficiently large k, there is a refinement B of rank k, such that A ∈δ AB.

Proof. Set r = rank(A), let {S0, . . . , Sn−1} be the atoms of the Boolean
algebra generated by {φ−1

i (A ∩ Ai) : i < r}, and suppose k > n/δ. Choose
natural numbers p0, . . . , pn−1 such that

∀i < n(pi/kr ≤ µ(Si) < (pi + 1)/kr).

For each i < n, let {Sij : j < pi} be a pairwise disjoint collection of subsets
of Si, each of measure 1/kr. It follows from Lemma 7.10 that we can find a
refinement B of A of rank k which includes all of the Sij ’s. Now set

A′ =
⋃

{φm(Sij) : m < r, Si ⊆ φ−1
m (A ∩Am), j < pi}.

Clearly A′ ⊆ A and

µ(A \A′) ≤ µ




⋃

{φm(Si \
⋃

j<pi

Sij) : m < r, i < n}





≤ r
∑

i<n

1/kr

< δ,

thus A ∈δ AB. �

Now suppose T : X → X is a Borel automorphism which induces E.
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Lemma 7.12. Suppose A is an array and δ > 0. Then for all sufficiently
large k, there is a refinement B of rank 2k, such that

µ({x : T (x) �∈ OrbitAB(x)}) < δ.

Proof. Let T ′ : A0 → A0 be a Borel automorphism which induces E|A0.
We can assume that T ′ is aperiodic by throwing away a null set. Apply Corol-
lary 7.6 to obtain a sequence {Tn}n∈N of Borel automorphisms of A0, such
that Tn is of period exactly 2n and dµ0(T ′, Tn) < 1/2n−1, where µ0 is the
normalized restriction of µ to A0. Then

⋂

n∈N

⋃

m>n

{x ∈ A0 : Tm(x) �= T ′(x)}

is clearly null, so by neglecting an invariant null Borel set, we may assume
that for all x ∈ A0 there exists k such that

∀m ≥ k(Tm(x) = T ′(x)).

Let φ be the map which sends x ∈ Ai to φ−1
i (x) ∈ A0. Then for all x ∈

dom(φ) =
⋃

iAi, there exists k such that

∀m ≥ k(φ(x)ETmφ(T (x))).

Thus, by taking k sufficiently large, we can ensure that

µ({x ∈ X : φ(x)ETk
φ(T (x))}) > 1 − δ.

Letting B0 be a transversal of ETk
, it follows that

B =
〈
B0, Tk(B0), . . . , T 2k−1

k (B0), T 0
k , T

1
k , . . . , T

2k−1
k

〉
.

is the desired refinement. �

We are now ready to prove Dye’s Theorem.

Theorem 7.13 (Dye [D]). All non-atomic probability measure preserving
ergodic actions of Z are orbit equivalent.

Proof. For ni ≥ 2, ni ∈ N, let ni = {0, . . . , ni − 1} have the uniform
measure and

∏
ni have the product measure. Define E0,(ni) on

∏
ni by

xE0,(ni)y ⇔ ∃n∀m ≥ n(xm = ym),

so that E0 = E0,2, where 2 denotes the constant 2 sequence. Note that

(2N, E0, µ2),
(∏

2mi , E0,(2mi ), µ(2mi )

)
are isomorphic,
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for any mi ≥ 1. So it is enough to show that if T is an aperiodic Borel
automorphism on X , µ ∈ P (X) is T -invariant and ergodic, and T induces the
equivalence relation E, then there exist mi ≥ 1 such that

(X,E, µ),
(∏

2mi , E0,(2mi ), µ(2mi )

)
are isomorphic.

Fix a sequence {Xi}i∈N of Borel subsets of X which separate points, and
in which every Xi appears infinitely often. Find, by Lemmas 7.11 and 7.12,
indices mi ≥ 1 (i ≥ 0), and arrays Ai (i ≥ −1) such that

(1) A−1 = (X, identity),
(2) Ai+1 = AiBi+1, where Bi+1 is a refinement of rank 2mi+1 (i ≥ −1),
(3) Xi ∈2−i Ai, (i ≥ 0), and
(4) µ({x : T (x) ∈ OrbitAi(x)}) > 1 − 2−i−1 (i ≥ 0).

Write the elements of Ai as A〈a0,...,ai〉, where aj < 2mj , and denote by
φ〈a0,...,ai〉,〈a′

0,...,a′
i〉 the corresponding links. Then for any finite sequence s,

the link of 〈a0, . . . , ai〉�s, 〈a′0, . . . , a′i〉
�
s is the same as that of 〈a0, . . . , ai〉,

〈a′0, . . . , a′i〉 (restricted to its domain). Let

X1 =
⋂

i∈N

⋃
Ai,

noting that µ(X1) = 1. For x ∈ X1, let φ(x) ∈
∏

2mi be given by φ(x) =
〈a0, a1, . . .〉, where x ∈

⋂
iA〈a0,...,ai〉.

Claim 7.14. φ is injective a.e.

Proof. For each i ∈ N, fix X ′
i in the Boolean algebra generated by the

sets of Ai, such that µ(Xi∆X
′
i) < 2−i. Now set

N =
⋂

i∈N

⋃

j>i

(Xj∆X
′
j),

and observe that N is a null set off of which φ is injective. �

Also note that, because of (4),

µ({x : ∃i(T (x) ∈ OrbitAi(x))}) = 1.

So fix a conull invariant X0 ⊆ X1, such that φ is 1-1 on X0 and

∀x ∈ X0∃i(T (x) ∈ OrbitAi(x)).

Put Y0 = φ(X0) ⊆
∏

2mi , ν = φ∗µ. Then for any basic open set N〈a0,...,ak−1〉 ⊆∏
2mi ,

ν(N〈a0,...,ak−1〉) = µ(φ−1(A〈a0,...,ak−1〉 ∩X0))

= µ(φ−1(A〈a0,...,ak−1〉))

= 2−m0−···−mk−1 ,

thus ν = µ0,(2mi ). Also µ0,(2mi )(Y0) = 1.
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Claim 7.15. Y0 is E0,(2mi )-invariant.

Proof. Fix 〈a0, a1, . . .〉 ∈ Y0 and x ∈ X0 such that φ(x) = 〈a0, a1, . . .〉. If
〈b0, b1, . . .〉E0,(2mi ) 〈a0, a1, . . .〉, then ∀i ≥ k(ai = bi), for some k ∈ N. Put

φ〈a0,...,ak−1〉,〈b0,...,bk−1〉(x) = y,

so y ∈ A〈b0,...,bi−1〉, for all i ≥ k. Since yEx, we have that y ∈ X0, and since
φ(y) = 〈b0, b1, . . .〉, it follows that 〈b0, b1, . . .〉 ∈ Y0. �

It remains to show that for all x, y ∈ X0,

xEy ⇔ φ(x)E0,(2mi )φ(y).

To see (⇐), say φ(x) = 〈a0, a1, . . .〉 , φ(y) = 〈b0, b1, . . .〉, and ai = bi for all
i ≥ k. Setting

y′ = φ〈a0,...,ak−1〉,〈b0,...,bk−1〉(x),

it follows that y′ ∈ X0 and φ(y′) = 〈b0, b1, . . .〉 = φ(y), thus y = y′Ex.
To see (⇒), it suffices to show that φ(x)E0,(2mi )φ◦T (x). Since x ∈ X0, let i

be such that T (x) ∈ OrbitAi(x). If φ(x) = 〈a0, a1, . . .〉, φ ◦T (x) = 〈b0, b1, . . .〉,
then

φ〈a0,...,ai,ai+1,...,ak〉,〈b0,...,bi,ai+1,...,ak〉(x) = T (x),

for all k ≥ i, thus
φ ◦ T (x) = 〈b0, . . . , bi, ai+1, . . .〉 ,

so ∀k ≥ i+ 1(ak = bk), and φ(x)E0,(2mi )φ ◦ T (x). �

8 Quasi-invariant Measures

We will now embark on proving the second result mentioned in the beginning
of Section 6, i.e., that measure preserving actions of amenable groups are orbit
equivalent to Z-actions. We will actually consider a more general version of
this result in which invariance of the measure is not assumed and which also
applies to a wider class of equivalence relations.

Consider (X,E, µ), where E is a countable Borel equivalence relation and
µ is a probability measure. We say that µ is E-quasi-invariant if [A]E is
null whenever A is null. For measures µ, ν on X , µ � ν (µ is absolutely
continuous with respect to ν) means that every ν-null set is µ-null. Also, µ, ν
are equivalent, µ ∼ ν, if µ � ν and ν � µ. The next fact is easily proven as
in Proposition 2.1.
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Proposition 8.1. The following are equivalent:

(a) µ is E-quasi-invariant,
(b) µ is Γ -quasi-invariant (i.e., γ∗µ ∼ µ for all γ ∈ Γ ), whenever Γ is a

group acting in a Borel fashion on X such that E = EX
Γ ,

(c) µ is Γ -quasi-invariant for some countable group Γ acting in a Borel
fashion on X such that E = EX

Γ , and
(d) ∀φ ∈ [[E]] (µ(dom(φ)) = 0 ⇒ µ(rng(φ)) = 0).

Assume µ is E-quasi-invariant. We define two measures Mr,Ml on E as
follows:

Ml(A) =
∫

|Ax| dµ(x),

where A ⊆ E is Borel, Ax = {y ∈ X : (x, y) ∈ A}, and |B| = card(B).
Equivalently, for any nonnegative Borel f ,

∫
f(x, y) dMl(x, y) =

∫ ∑

y∈[x]E

f(x, y) dµ(x).

Let also
Mr(A) =

∫
|Ay | dµ(y),

where Ay = {x ∈ X : (x, y) ∈ A}. Note that for φ ∈ [[E]],

Ml(graph(φ)) = µ(dom(φ)),Mr(graph(φ)) = µ(rng(φ)),

thus Ml,Mr are σ-finite.

Proposition 8.2. Ml ∼Mr.

Proof. Let A ⊆ E be a Borel set such that Ml(A) = 0. By Theorem 18.10
of [K], we can find a sequence {φi} of Borel functions in [[E]] whose graphs
partition A. So

Ml(A) =
∑

i

Ml(graph(φi)) = 0,

therefore Ml(graph(φi)) = µ(dom(φi)) = 0, thus µ(rng(φi)) = 0 and it follows
that

Mr(A) =
∑

i

Mr(graph(φi))

=
∑

i

µ(rng(φi))

= 0.

Thus Mr �Ml, and Ml �Mr by the same argument. �

Similarly one can see that if µ is actually E-invariant, then Mr = Ml.



Quasi-invariant Measures 35

Consider the Radon-Nikodym derivative

Dµ(x, y) = D(x, y) = (dMl/dMr)(x, y),

for (x, y) ∈ E. D is a Borel map from E to R+, and for any Borel f : E → R+,
∫
f(x, y) dMl(x, y) =

∫
f(x, y)D(x, y) dMr(x, y),

so for Borel A ⊆ E:

Ml(A) =
∫

A

D(x, y) dMr(x, y),

and D is uniquely characterized Mr-a.e. by this last property. Also D−1 =
dMr/dMl, Ml-a.e. (equivalently, Mr-a.e.)

Using D we can define the measure | · |y on each [y]E by

|x|y = |{x}|y = D(x, y).

Then for Borel A ⊆ E:

Ml(A) =
∫

A

D(x, y) dMr(x, y)

=
∫ ∑

x∈[y]E

1A(x, y)D(x, y) dµ(y)

=
∫

|Ay|y dµ(y),

so Ml(A) =
∫
|Ax| dµ(x) =

∫
|Ay|y dµ(y).

In particular, for any φ ∈ [[E]] and Borel B ⊆ rng(φ), we have

µ(φ−1(B)) = Ml(graph(φ|φ−1(B)))

=
∫

B

D(φ−1(y), y) dµ(y).

So, if f ∈ [E], then (df∗µ/dµ)(y) = D(f−1(y), y), µ-a.e.
A map α : E → G, where G is a group, is called a cocycle if

α(x, z) = α(y, z)α(x, y),

for xEyEz. If this only happens on an E-invariant set A with µ(A) = 1, we
say that α is a cocycle a.e.

Proposition 8.3. D : E → R+ is a cocycle a.e.

Proof. We begin with a lemma.
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Lemma 8.4. If ρ, σ are probability measures on X, g is a Borel automorphism
of X and ρ� σ, then g∗ρ� g∗σ and d(g∗ρ)/d(g∗σ) = (dρ/dσ)◦g−1, g∗σ-a.e.

Proof. The first assertion is obvious. To prove the second, note that for
any Borel nonnegative h,

∫
h d(g∗ρ) =

∫
h ◦ g dρ

=
∫

(h ◦ g)(dρ/dσ) dσ

=
∫
h(g(x))(dρ/dσ)(x) dσ(x)

=
∫
h(g(x))(dρ/dσ) ◦ g−1 ◦ g(x) dσ(x)

=
∫
h(x)(dρ/dσ) ◦ g−1(x) d(g∗σ(x)),

so d(g∗ρ)/d(g∗σ) = (dρ/dσ) ◦ g−1, g∗σ-a.e. �

It follows that if f, g ∈ [E]:

d((fg)∗µ)/d(f∗µ) = d(f∗(g∗µ))/d(f∗µ)
= (d(g∗µ)/dµ) ◦ f−1, µ− a.e.,

so by the Chain Rule:

d((fg)∗µ)/dµ =
(
(d(g∗µ)/dµ) ◦ f−1

)
(d(f∗µ)/dµ) , µ− a.e.,

or
D(g−1f−1(y), y) = D(g−1f−1(y), f−1(y))D(f−1(y), y), µ− a.e.

It follows that there is an E-invariant Borel set A with µ(A) = 1, so that for
xEyEz in A we have D(x, z) = D(y, z)D(x, y). �

9 Amenable Equivalence Relations

We will now define a notion of amenability for equivalence relations, in the
presence of a measure, originally due to Zimmer. There are several equivalent
definitions of which we will consider one used in Kaimanovich [Ka], which is
the analog of the Reiter condition. See also [JKL] where an appropriate purely
Borel version was (independently) developed.

Let E be a countable Borel equivalence relation on X and µ ∈ P (X).
We say that (X,E, µ) is amenable, or E is µ-amenable, if there is a sequence
λn : E → R of non-negative Borel functions such that
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(i) λn
x ∈ l1([x]E), where λn

x(y) = λn(x, y), for xEy,
(ii) ||λn

x ||1 = 1, and
(iii) there is a Borel E-invariant set A ⊆ X with µ(A) = 1, such that

||λn
x − λn

y ||1 → 0 for all xEy with x, y ∈ A.

Remark 9.1. If µ is E-quasi-invariant, then (iii) is equivalent to ||λn
x −

λn
y ||1 → 0, Ml-a.e.

Proposition 9.2. Let Γ be a countable amenable group acting in a Borel way
on X and µ ∈ P (X). Then EX

Γ is µ-amenable.

Proof. By the (right) Reiter condition for Γ , we can find a sequence
{fn}n∈N with fn ∈ l1(Γ ), fn ≥ 0, ||fn||1 = 1 and ||fn − γ ∗ fn||1 → 0, ∀γ ∈ Γ ,
where γ ∗ f(δ) = f(δγ). It follows that

λn(x, y) =
∑

γ∈Γ,γ·x=y

fn(γ)

witnesses the amenability of EX
Γ . �

Proposition 9.3. If (X,E, µ) is amenable and Y ⊆ X is Borel with µ(Y ) >
0, then so is (Y,E|Y, µY ), where µY = (µ|Y )/µ(Y ).

Proof. Let {λn} witness the amenability of E. We can assume that Y is
a complete section, so let F : X → Y be Borel with F (x)Ex, and note that

σn(x, y) =
∑

z∈F−1({y})
λn(x, z)

witnesses the amenability of (Y,E|Y, µY ). �

Example 9.4. Suppose that Γ = F2 acts on X = 2F2 via the shift and µ is
the usual product measure. Then EX

Γ is not µ-amenable. To see this, suppose
that {λn} witnesses that EX

Γ is µ-amenable, and define

fn(γ) =
∫
λn

x(γ · x) dµ(x).

Then

||fn||1 =
∑

γ∈Γ

∫
λn

x(γ · x) dµ(x)

=
∫ ∑

γ∈Γ

λn
x(γ · x) dµ(x)

= 1,
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and, recalling that γ ∗ f(δ) = f(δγ),

||fn − γ ∗ fn||1 =
∑

δ∈Γ

∣∣∣∣
∫
λn

x(δ · x) dµ(x) −
∫
λn

x(δγ · x) dµ(x)
∣∣∣∣

=
∑

δ∈Γ

∣∣∣∣
∫
λn

x(δ · x) dµ(x) −
∫
λn

γ−1·x(δ · x) dµ(x)
∣∣∣∣

≤
∑

δ∈Γ

∫ ∣∣∣λn
x(δ · x) − λn

γ−1·x(δ · x)
∣∣∣ dµ(x)

=
∫

||λn
x − λn

γ−1·x||1 dµ(x)

→ 0,

contradicting the fact that F2 is not amenable.

We will consider below Borel graphs G ⊆ E, where E is a countable Borel
equivalence relation on X and µ is an E-quasi-invariant probability measure
on X . We will denote by G0 the set {x ∈ X : Gx �= ∅} (here Gx = {y : (x, y) ∈
G} is the set of all G-neighbors of x). We call G bounded if there is a constant
M > 0 such that

1/M ≤ D(x, y) ≤M,

for all (x, y) ∈ G, and the degree of each vertex in G is bounded by M . (Here
D is the Radon-Nikodym derivative as defined in Section 8.)

Recall that the boundary of A ⊆ X is defined by

∂GA = {x ∈ A : ∃y((x, y) ∈ G and y �∈ A)}.

We say that G satisfies the Følner condition if, for every E-class [x]E and any
ε > 0, there is a finite, non-empty set A ⊆ [x]E such that

|∂GA|x/|A|x < ε.

Here |·|x is the measure on [x]E defined in Section 8. Note that, neglecting null
sets, if we choose another point x′ ∈ [x]E , then as D(y, x′) = D(y, x)D(x, x′),
it follows that

|∂GA|x/|A|x = |∂GA|x′/|A|x′ .

Following [Ka], we say that (X,E, µ) satisfies the Følner condition if for every
bounded Borel graph G ⊆ E, there is an invariant Borel set Y with µ(Y ) = 1,
such that G|Y satisfies the Følner condition. For the next lemma, see [CFW],
Lemma 8 and [Ka], p. 1003.

Lemma 9.5. If (X,E, µ) is amenable, where µ is an E-quasi-invariant prob-
ability measure, then (X,E, µ) satisfies the Følner condition.
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Proof. Assume (X,E, µ) is amenable. Fix a bounded graph G ⊆ E and ε >
0. By a simple exhaustion argument, it is enough to show that for a positive
set of z’s, there is a non-empty finite set A ⊆ [z]E with |∂GA|z/|A|z ≤ 2ε. We
can also assume that µ(G0) > 0. Fix {λn}n∈N witnessing the amenability of
E.

Claim 9.6. There exists n ∈ N such that
∫

G
||λn

x − λn
y ||1 dMl(x, y) < ε

∫

G0

||λn
x ||1 dµ(x).

Proof. Note that Ml(G) < ∞ and ||λn
x − λn

y ||1 → 0, Ml-a.e., so by the
Lebesgue Dominated Convergence Theorem,

∫

G
||λn

x − λn
y ||1 dMl(x, y) → 0,

while ∫

G0

||λn
x ||1 dµ(x) =

∫

G0

dµ = µ(G0) > 0,

so if n is large enough,
∫

G
||λn

x − λn
y ||1 dMl(x, y) < ε

∫

G0

||λn
x ||1 dµ(x),

which completes the proof of the claim. �

Put Λ(x, y) = λn(x, y), with n as in the claim. Recall that

Ea(t) =
{

1 if t ≥ a,
0 if t < a.

For a ∈ [0,∞] and (x, y) ∈ E, put

Fa(x, y) = Ea(Λ(x, y)) =
{

1 if Λx(y) ≥ a,
0 if Λx(y) < a.

Noting that
∫ ∞

0

Ea(t) da = t,

∫ ∞

0

|Ea(t) − Ea(t′)| da = |t− t′|

for t, t′ ≥ 0, it follows that
∫∞
0
Fa(x, y) da = Λx(y) and

∫ ∞

0

|Fa(x, z) − Fa(y, z)| da = |Λx(z) − Λy(z)|.

If Πa = {(x, y) ∈ E : Fa(x, y) = 1} = {(x, y) ∈ E : Λx(y) ≥ a}, then notice
that |(Πa)x| <∞, for each a > 0, and
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∫

G

(∫ ∞

0

|(Πa)x∆(Πa)y| da
)
dMl(x, y) < ε

∫

G0

(∫ ∞

0

|(Πa)x| da
)
dµ(x).

To see this, notice that for (x, y) ∈ E:
∫ ∞

0

|(Πa)x∆(Πa)y| da =
∫ ∞

0

∑

z∈[x]E=[y]E

|Fa(x, z) − Fa(y, z)| da

=
∑

z∈[x]E=[y]E

∫ ∞

0

|Fa(x, z) − Fa(y, z)| da

=
∑

z∈[x]E=[y]E

|Λx(z) − Λy(z)|

= ||Λx − Λy||1,
and similarly for any x,

∫ ∞

0

|(Πa)x| da =
∫ ∞

0

∑

z∈[x]E

Fa(x, z) da

=
∑

z∈[x]E

∫ ∞

0

Fa(x, z) da

=
∑

z∈[x]E

Λx(z)

= ||Λx||1.
So, by Fubini,
∫ ∞

0

[
ε

∫

G0

|(Πa)x| dµ(x) −
∫

G
|(Πa)x∆(Πa)y| dMl(x, y)

]
da > 0,

thus there exists a > 0 such that, putting Π = Πa, we get
∫

G
|Πx∆Πy| dMl(x, y) < ε

∫

G0

|Πx| dµ(x) <∞.

Now note that∫

G
|Πx∆Πy | dMl(x, y) =

∫

G0

∑

y∈Gx

|Πx∆Πy| dµ(x)

=
∫

G0

∑

y∈Gx

∑

z∈[x]E

|1Π(x, z) − 1Π(y, z)| dµ(x)

=
∫

G0

∑

z∈[x]E

∑

y∈Gx

|1Π(x, z) − 1Π(y, z)| dµ(x)

=
∫

1G0(x)
∑

y∈Gx

|1Π(x, z) − 1Π(y, z)| dMl(x, z)

≥
∫

Π

|Gx \Πz| dMl(x, z),
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where the latter inequality holds since, if (x, z) ∈ Π and y ∈ Gx \ Πz, then
|1Π(x, z) − 1Π(y, z)| = 1 and y ∈ Gx, so

1Π(x, z) |Gx \Πz| ≤ 1G0(x)
∑

y∈Gx

|1Π(x, z) − 1Π(y, z)| .

If we let

(x, z) ∈ ∂GΠ ⇔ (x, z) ∈ Π and ∃y((x, y) ∈ G and y �∈ Πz),

so that (∂GΠ)z = ∂GΠ
z, we have

1∂GΠ(x, z) ≤ 1Π(x, z)|Gx \Πz|,

since if (x, z) ∈ ∂GΠ , then (x, z) ∈ Π and |Gx \Πz| �= ∅. So
∫

Π

|Gx \Πz| dMl(x, z) =
∫

1Π(x, z)|Gx \Πz| dMl(x, z)

≥
∫

1∂GΠ(x, z) dMl(x, z)

= Ml(∂GΠ)

=
∫

|(∂GΠ)z|z dµ(z).

To summarize,
∫

G
|Πx∆Πy| dMl(x, y) ≥

∫
|∂GΠz|z dµ(z).

Also
∫

G0

|Πx| dµ(x) = Ml(Π ∩ (G0 ×X))

=
∫

|(Π ∩ (G0 ×X))z|z dµ(z)

=
∫

|Πz ∩ G0|z dµ(z),

so ∫
|∂GΠz|z dµ(z) < ε

∫
|Πz ∩ G0|z dµ(z) <∞.

It follows that for a set of positive measure of z’s, we have

(i) 0 < |Πz ∩ G0|z <∞ and
(ii) ε|Πz ∩ G0|z > |∂GΠz|z = |∂G(Πz ∩ G0)|z .

Let B = Πz ∩ G0 ⊆ [z]E and choose a finite A ⊆ B with |B|z ≤ 1.5|A|z
and |B \ A|z ≤ (0.5ε|A|z)/M2, where 1/M ≤ D(u, v) ≤ M for (u, v) ∈ G
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and the G-degree of any x is ≤ M . Then, if u ∈ ∂GA, either u ∈ ∂GB or
all G-neighbors of u are in B and at least one is not in A, so there is a G-
neighbor of u in B \A, and, as every element has at most M neighbors, and
|u|z = D(u, v)|v|z ≤ M |v|z (since we can assume, throwing away a null set,
that D is a cocycle), when (u, v) ∈ G, (u, z) ∈ E, we have:

|∂GA|z ≤ |∂GB|z +M2|B \A|z
≤ ε|B|z + (M2 · 0.5 · ε|A|z)/M2

≤ 1.5ε|A|z + 0.5ε|A|z
= 2ε|A|z,

which completes the proof of Lemma 9.5. �

A graph G ⊆ E generates E if the connected components of G are the
E-classes, i.e., if any two E-related elements of X are connected by a path
through G. We note below that any countable Borel equivalence relation can
be generated by a graph with the Følner condition.

Proposition 9.7. Suppose E is a countable Borel equivalence relation on X
and µ is an E-quasi-invariant measure. Then, neglecting null sets, there is a
Borel graph G, satisfying the Følner condition, which generates E.

Proof. Neglecting null sets, we can assume that E is aperiodic and D =
Dµ is a cocycle. Let {An}n∈N be a vanishing sequence of markers withA0 = X ,
and set

Bn = An \An+1.

By neglecting an invariant Borel set on which E is smooth, we may assume
that each E|Bn is aperiodic. By Proposition 7.4, we can find finite Borel
equivalence relations Fn ⊆ E|Bn, such that each Fn-class is of cardinality n.
Let T be a Borel transversal of F =

⋃
n∈N

Fn with the property that

∀x ∈ T∀y ∈ [x]F (D(y, x) ≥ 1),

let G′ be a Borel graph that generates E|T , let G′′ = F \ ∆X , and put G =
G′∪G′′. It is clear that G generates E. Noting that for each E-class C there are
infinitely many n ∈ N such that dom(Fn) ∩ C �= ∅, it follows that G satisfies
the Følner condition. �

Remark 9.8. By the remarks at the end of Section 3.4 of [JKL], every count-
able Borel equivalence relation is generated by a locally finite Borel graph,
i.e., a graph in which every point has only finitely many neighbors. By using
such a graph for G′ above, we obtain a locally finite graph which satisfies the
Følner condition and generates E. An argument similar to that given in Sec-
tion 3.4 of [JKL] shows that if E is generated by a bounded Borel graph, then
so is the restriction of E to any Borel set. It follows from this and the proof
of Proposition 9.7 that, in the context of 9.7, if E is generated by a bounded
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Borel graph, then it is generated by a bounded Borel graph which satisfies the
Følner condition, neglecting null sets. As every countable Borel equivalence
relation is the union of an increasing sequence of bounded Borel graphs (by
Theorem 1.3), it similarly follows that, in the context of 9.7 again, we can
find an increasing, exhaustive sequence {Gn}n∈N of bounded Borel subgraphs
of E which satisfy the Følner condition.

10 Amenability vs. Hyperfiniteness

We will next prove the result of Connes-Feldman-Weiss [CFW], which identi-
fies amenability and hyperfiniteness in the measure theoretic context. It was
historically preceded by the result of Ornstein-Weiss [OW] that proves the
same conclusion when E is induced by a Borel action of an amenable group.

Theorem 10.1 (Connes-Feldman-Weiss [CFW]). Let E be a countable
Borel equivalence relation on X and µ an E-quasi-invariant probability mea-
sure. If E is µ-amenable, then E is hyperfinite µ-a.e.

Corollary 10.2. Let E be a countable Borel equivalence relation on X and
µ ∈ P (X). If E is µ-amenable, then E is hyperfinite µ-a.e.

Proof. Let G = {gn}n∈N be a countable group of Borel automorphisms
which generates E, and set

µ′ =
∑

n∈N

(gn)∗µ/2n+1,

so that µ � µ′, µ′ is E-quasi-invariant, and µ(A) = µ′(A) for any invariant
Borel set A. In particular, E is µ′-amenable. By Theorem 10.1, E is hyperfinite
µ′-a.e., and it follows that E is hyperfinite µ-a.e. �

Remark 10.3. Corollary 10.2 can be also proved by noticing that if µ ∈
P (X), then there is a Borel complete section A ⊆ X with µ(A) = 1 such that
µ|A is E|A-quasi-invariant (and using 9.3 and 6.9). This fact can be shown
as follows (by adapting an argument of Woodin from the Baire Category
context): We may assume, without loss of generality, that X = [0, 1] and
µ is Lebesgue measure. Let Un enumerate the rational intervals. Also, fix a
sequence of Borel automorphisms fn : X → X such that

E =
⋃

n∈N

graph(fn).

For each pair of natural numbers (m,n) for which it is possible, fix a Borel
set Bmn ⊆ Um such that µ(Bmn) ≥ µ(Um)/2 and µ(f−1

n (Bmn)) = 0. Define

B = X \
⋃

m,n

f−1
n (Bmn),
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and suppose, towards a contradiction, that there is a Borel null set B′ ⊆ B
such that [B′]E|B is non-null. Set Bn = B ∩ f−1

n (B), and note that

[B′]E|B =
⋃

n∈N

fn(B′ ∩Bn).

In particular, it follows that there exists n ∈ N such that

µ(fn(B′ ∩Bn)) > 0.

By the Lebesgue density theorem, there exists m ∈ N such that

µ(fn(B′ ∩Bn) ∩ Um) > µ(Um)/2.

It follows that Bmn exists, and since µ(Bmn) ≥ µ(Um)/2, we have that

fn(B′ ∩Bn) ∩Bmn �= ∅.

It then follows that B ∩ f−1
n (Bmn) �= ∅, a contradiction. Thus, the set

A = B ∪ (X \ [B]E)

is the desired complete section.

Let E be a countable Borel equivalence relation on X , suppose µ is an E-
quasi-invariant probability measure and D is the Radon-Nikodym derivative
as defined in Section 8. The proof of 10.1 is immediate from the following two
lemmas.

Lemma 10.4. The following are equivalent:

1. For any bounded Borel graph G ⊆ E and any ε > 0, there is finite Borel
equivalence relation F ⊆ E such that µ({x ∈ X : Gx �⊆ [x]F }) < ε.

2. E is hyperfinite µ-a.e.

Proof. The proof of (2) ⇒ (1) is straightforward. To see (1) ⇒ (2), let
{gn}n∈N be a sequence of Borel involutions whose graphs cover E, with g0 =
identity. For each m > 0 and n ∈ N, put

Xm,n = {x ∈ X : 1/m ≤ D(x, gn(x)) ≤ m}.

Let {kn}n∈N be a sequence of natural numbers in which every natural number
appears infinitely often, and define Gn ⊆ E by

(x, y) ∈ Gn ⇔ ∃m ≤ n(x, y ∈ Xm,km and y = gkm(x)).

It follows that {Gn}n∈N is an increasing, exhaustive sequence of bounded Borel
subgraphs of E. Now let {Fn}n∈N be a sequence of finite Borel subequivalence
relations of E such that, for all n ∈ N,
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µ({x ∈ X : (Gn)x �⊆ [x]Fn}) < 1/2n.

Setting En =
⋂

m>n Fm, so that E0 ⊆ E1 ⊆ · · · are finite Borel subequivalence
relations of F , it is clear that, for all n ∈ N,

µ({x ∈ X : (Gn)x �⊆ [x]En}) < 1/2n.

Thus
{
x ∈ X : [x]E �⊆

⋃

n∈N

[x]En

}
⊆
⋃

n∈N

⋂

m>n

{x ∈ X : (Gm)x �⊆ [x]Em},

and this latter set is clearly null. It follows that E is hyperfinite µ-a.e. �

Lemma 10.5. Suppose E is µ-amenable, G is a bounded Borel subgraph of
E, and ε > 0. Then there is a finite Borel subequivalence relation F ⊆ E such
that

µ({x ∈ X : Gx �⊆ [x]F }) ≤ ε.

Proof. Fix a natural number M − 1 witnessing that G is bounded, and
recursively define a sequence {Fn}n∈N of fsr’s of E by putting

Xn = X \
⋃

m<n

dom(Fm),

Gn = G ∩ (Xn ×Xn), and letting Fn be a maximal fsr of E|Xn such that

∀x ∈ dom(Fn) |∂Gn [x]Fn |x/|[x]Fn |x < ε/M3.

Noting that {dom(Fn)}n∈N is pairwise disjoint, it follows that

F∞ =
⋃

n∈N

Fn

is an fsr of E. Put X∞ = X \ dom(F∞) =
⋂

nXn and suppose, towards a
contradiction, that µ(X∞) > 0. Setting G∞ = G∩ (X∞×X∞), it follows from
9.3 and 9.5 that we can find x ∈ X∞ and a finite set S ⊆ [x]E ∩X∞ such that

|∂G∞S|x/|S|x < ε/M3.

As S is finite and G is locally finite, we can find n such that ∂GnS = ∂G∞S,
thus

|∂GnS|x/|S|x < ε/M3,

contradicting the maximality of Fn.
Thus, throwing away a null invariant Borel set, which is harmless as we

can define F to be equality in that set, we can assume that X = dom(F∞),
i.e., F = F∞ is a finite Borel subequivalence relation of E. We will show that
this F works.
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First note that if Gx �⊆ [x]F = [x]Fn , where x ∈ dom(Fn), then there is
y ∈ Gx with y �∈ [x]Fn . Say y ∈ dom(Fm). If m ≥ n, clearly y ∈ Xn, so
x ∈ ∂Gn [x]Fn . If m < n, then y ∈ ∂Gm [y]Fm . Thus

{x ∈ X : Gx �⊆ [x]F } ⊆
⋃

n∈N

{x ∈ X : ∃y ∈ {x} ∪ Gx(y ∈ ∂Gn [y]Fn)}.

We will now use the following.

Sublemma 10.6. (i) If B ⊆ X is Borel, then µ
(⋃

x∈B{x} ∪ Gx

)
≤M3µ(B).

(ii) If Ω is a Borel transversal for a Borel fsr R of E, then for any A ⊆
dom(R), µ(A) =

∫
Ω
|[x]R ∩A|x dµ(x).

Granting this, it follows that if

Bn = {y ∈ dom(Fn) : y ∈ ∂Gn [y]Fn},

then, using 10.6 (ii) for R = Fn, A = Bn, and A = dom(Fn), we have

µ(Bn) =
∫

Ω

|[x]Fn ∩Bn|x dµ(x)

=
∫

Ω

|∂Gn [x]Fn |x dµ(x)

≤ ε

M3

∫

Ω

|[x]Fn |x dµ(x)

=
ε

M3
µ(dom(Fn)).

Next, using 10.6 (i), we have that

µ({x ∈ X : ∃y ∈ {x} ∪ Gx(y ∈ ∂Gn [y]Fn)} = µ

(
⋃

x∈Bn

{x} ∪ Gx

)

≤ M3µ(Bn) ≤ εµ(dom(Fn)).

Therefore
µ({x ∈ X : Gx �⊆ [x]F }) ≤

∑

n

εµ(dom(Fn)) = ε

and the proof is complete, modulo the

Proof of Sublemma 10.6. (i) Applying 18.15 of [K], we can find a
sequence {fm}m<M of Borel functions with domains Borel subsets of B such
that for x ∈ B,

{x} ∪ Gx = {fm(x) : m < M and fm(x) is defined}.

Clearly each fm is at most M -to-1, so again by using 18.15 of [K], we can find
gm,n ∈ [[E]] (m < M,n < M) such that graph(fm) is the disjoint union of
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graph(g−1
m,n), n < M . Thus dom(gm,n) ⊆

⋃
x∈B{x} ∪ Gx, rng(gm,n) ⊆ B, and⋃

x∈B{x} ∪ Gx =
⋃

m,n dom(gm,n). Now, by Section 8,

µ(dom(gm,n)) =
∫

rng(gm,n)

D(g−1
m,n(y), y) dµ(y) ≤Mµ(B),

so µ
(⋃

x∈B{x} ∪ Gx

)
≤M2 ·Mµ(B) = M3µ(B).

(ii) Write Ω as a disjoint union of Borel sets Ω =
⋃

nΩn such that for
x ∈ Ωn, |[x]R∩A| = n. Let then φn

1 , . . . , φ
n
n ∈ [[E]] be such that dom(φn

i ) = Ωn

and [x]R ∩A = {φn
1 (x), . . . , φn

n(x)}, ∀x ∈ Ωn. Then, by Section 8,

µ(φn
i (C)) =

∫

C

D(φn
i (y), y) dµ(y),

for any Borel C ⊆ dom(φn
i ) = Ωn, and A is the disjoint union of φn

i (Ωn), so

µ(A) =
∑

n

n∑

i=1

∫

Ωn

D(φn
i (x), x) dµ(x)

=
∑

n

∫

Ωn

n∑

i=1

D(φn
i (x), x) dµ(x)

=
∑

n

∫

Ωn

|[x]R ∩A|x dµ(x)

=
∫

Ω

|[x]R ∩A|x dµ(x),

which completes the proof. �

By putting together the results of Sections 7 and 10, we now have

Theorem 10.7 (Dye [D], Ornstein-Weiss [OW]). Any two non-atomic,
probability measure preserving ergodic actions of amenable groups are orbit
equivalent.

Hjorth [H1] has recently proved the converse of this result, so that we
have that a (countable) group is amenable iff it has exactly one, up to orbit
equivalence, non-atomic probability measure preserving ergodic action.

11 Groups of Polynomial Growth

Weiss [We] raised the question of whether a Borel action of an amenable
group gives rise to a hyperfinite equivalence relation. (This is in the pure
Borel context; no measures are present.) Weiss (unpublished) proved this for
the group Zn and this was later extended to all finitely generated groups of
polynomial growth.
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Theorem 11.1 (Jackson-Kechris-Louveau [JKL]). Let Γ be a finitely
generated group of polynomial growth. Then for any Borel action of Γ on a
standard Borel space X, EX

Γ is hyperfinite.

Proof. We begin with a lemma.

Lemma 11.2. Let E, F be countable Borel equivalence relations on X with
E ⊆ F and [F : E] < ∞, i.e., every F -class contains only finitely many
E-classes. If E is hyperfinite, then so is F .

Proof. We can assume that for some k ≥ 1, each F -class contains ex-
actly k E-classes. Let {gn}n∈N be a sequence of Borel involutions whose
graphs cover F . Recursively define f1, . . . , fk : X → X by f1(x) = x and
fi+1(x) = gN (x), where is N is least such that (gN (x), fj(x)) /∈ E, for all
j ≤ i. Then f1(x), . . . , fk(x) belong to the different E-classes contained in
[x]F . Let {En}n∈N be an increasing, exhaustive sequence of finite Borel sube-
quivalence relations of E. Put

xFny ⇔ ∀i ≤ k(fπ(i)(x)Enfi(y)),

where π is the unique permutation of {1, . . . , k} such that fπ(i)(x)Efi(y),
∀i ≤ k. It follows that {Fn}n∈N is an increasing, exhaustive sequence of finite
Borel subequivalence relations of F . �

Let E be a countable Borel equivalence relation on X . A cascade is a
sequence of Borel complete sections X = S0 ⊇ S1 ⊇ · · · and Borel retractions
fn : Sn → Sn+1 (i.e., fn|Sn+1 = identity).

A cascade {Sn, fn} defines a sequence of equivalence relations En given by

xEny ⇔ fnfn−1 · · · f0(x) = fnfn−1 · · · f0(y).

Clearly {En}n∈N is an increasing sequence of smooth Borel subequivalence
relations of E, and if each fn is finite-to-1, then each En is finite. Thus E∞ =⋃

n∈N
En is hyperfinite.

Suppose now a locally finite Borel graph G ⊆ E generates E. A kernel for
G is a set B ⊆ X which is maximal with the property that no two points of
B are G-neighbors.

Claim 11.3. G admits a Borel kernel.

Proof. First note that G admits an ℵ0-coloring: Let {Xn}n∈N be a se-
quence of Borel sets such that for any distinct x, x1, . . . , xk ∈ X there is n
with x ∈ Xn, x1, . . . , xk �∈ Xn, and define c : X → N by c(x) = least n with
x ∈ Xn and Gx ∩Xn = ∅. Clearly c is a Borel coloring. Put Cn = c−1({n}),
and define inductively B0 = C0,

Bn+1 = Bn ∪ (Cn+1 \ {x : ∃y((x, y) ∈ G and y ∈ Bn)}) .
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Then B =
⋃

nBn is a Borel kernel. �

Let Gn = {(x, y) : the distance from x to y in G is ≤ n}, and note that
for any Borel Y ⊆ X , there is a Borel kernel for Gn|Y . For any fixed sequence
0 ≤ k0 < k1 < · · · , we can therefore define a cascade {Sn, fn}, with Sn+1 a
Borel kernel for Gkn |Sn, and (x, fn(x)) ∈ Gkn , so that any two elements of
Sn+1 have distance > kn in G and fn(x) has distance ≤ kn from x. For any
x ∈ X , put

(x)n = fnfn−1 · · · f0(x) ∈ Sn+1.

We clearly have that the distance from x to (x)n is ≤ k0 + k1 + · · · kn.
Suppose we could choose {kn} so that there is a constant c, such that for

infinitely many n and any x ∈ X , if we consider the ball of radius k0 + k1 +
· · · kn−1+2kn around x in G, then there are no more than c elements in it, any
two of which have distance > kn from each other. Then it is easy to see that,
if {En} are the equivalence relations associated with {Sn, fn}, then there are
at most c elements in each E-class which are pairwise E∞-inequivalent. Thus
[E : E∞] <∞ and E is hyperfinite. Indeed, if x0, x1, . . . , xc are E-equivalent
but pairwise E∞-inequivalent elements, and the distance from x0 to each xi

is ≤M , choose n large enough so that the above condition holds and n ≥M .
Then (x0)n, . . . , (xc)n are distinct elements, any two of which are at distance
> kn apart, and they are in the ball of radius

M + k0 + k1 + · · · + kn ≤ k0 + k1 + · · · + kn−1 + 2kn

around x0, a contradiction.
Return now to (Γ,X,EX

Γ ). Fix a finite symmetric set A = {a1, . . . , am}
generating Γ such that

NA(n) = |{γ ∈ Γ : ∃γ1, . . . , γn ∈ A(γ1 · · · γn = γ)}|

grows polynomially, i.e., NA(n) ≤ knd, for some d, k ∈ N and all n ∈ N. We
will use BA(n) to denote

{γ ∈ Γ : ∃γ1, . . . , γn ∈ A(γ1 · · ·γn = γ)}.

Let G be the graph induced by A, i.e.,

(x, y) ∈ G ⇔ ∃a ∈ A(a · x = y).

Clearly G is locally finite and generates E = EX
Γ . Choose Sn, fn as above,

associated with this G and kn = 2n, so that

k0 + k1 + · · · + kn−1 + 2kn ≤ 2n+2.

We claim that there is a c such that, for infinitely many n, there are no more
than c elements in any ball of radius 2n+2 in G, any two of which are of
distance > 2n from each other. Indeed, if we have a sequence x1, . . . , xc of
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distinct such elements in the ball of radius 2n+2 around x, find γ1, . . . , γc in
BA(2n+2) with γi · x = xi. Then clearly

BA(2n−1)γ1, . . . , BA(2n−1)γc

are pairwise disjoint and contained in BA(2n+3), so NA(2n+3) ≥ cNA(2n−1).
Thus, if the claim fails, then for any c there is n0 such that NA(2n+3) ≥
cNA(2n−1) for n ≥ n0 + 1, so for all � ≥ 1,

NA(24�+n0) ≥ c�NA(2n0),

thus
(16d/c)� ≥ NA(2n0)/(k · 2n0d),

a contradiction if c > 16d. �

12 Generic Hyperfiniteness

In this and the next section we will see that countable Borel equivalence rela-
tions behave dramatically different with respect to Baire category compared
with measure. Generically, i.e., on a comeager invariant Borel set, they are
hyperfinite and admit no invariant probability measure.

Theorem 12.1 (Hjorth-Kechris [HK], Sullivan-Weiss-Wright [SW2],
Woodin). Let E be a countable Borel equivalence relation on a Polish space.
Then there is a comeager invariant Borel set C such that E|C is hyperfinite.

Proof. The proof below is a simplification (in particular, avoiding forcing
by using the Kuratowski-Ulam theorem) of an argument of Miri Segal.

Let {gn}n∈N be a sequence of Borel involutions whose graphs cover E, and
fix a Borel linear ordering < of X . For each Borel set S ⊆ X and each n,
define the equivalence relation on S:

xFS
n y ⇔ x = y or gn · x = y.

Each FS
n -class has at most 2 elements, so let Φn(S) be the subset of S con-

sisting of the smallest element of each class, and let fS
n : S → Φn(S) assign to

each x ∈ S the smallest element of its FS
n -class. So fS

n is a Borel retraction.
Notice that if S is a complete section, so is Φn(S).

Associate to each α ∈ NN the cascade {Sα
n , f

α
n } defined by Sα

0 = X ,
Sα

n+1 = Φα(n)(Sα
n ), and fα

n = f
Sα

n
αn . Let {Eα

n}n∈N be the associated equivalence
relations, and put Eα

∞ =
⋃

n∈N
Eα

n . We will show that there is an α and a
comeager invariant Borel set C with Eα

∞|C = E|C. This follows immediately
from the following claim, where “∀∗” means “for comeager many.”



Generic Compressibility 51

Claim 12.2. ∀∗α ∈ NN∀∗x ∈ X([x]E = [x]Eα∞).

Indeed, by the claim, we can find α ∈ NN such that C = {x ∈ X :
[x]E = [x]Eα∞} is comeager. Clearly C is a comeager E-invariant Borel set
with Eα

∞|C = E|C.
To prove the claim, note that, by the Kuratowski-Ulam theorem (the ana-

log of Fubini for category), it is enough to show that for all x ∈ X ,

∀∗α ∈ NN([x]E = [x]Eα∞).

As the intersection of countably many comeager sets is comeager, it is enough
to show that for any fixed y ∈ [x]E ,

∀∗α ∈ NN(y ∈ [x]Eα∞).

Clearly A = {α ∈ NN : y ∈ [x]Eα∞ =
⋃

n[x]Eα
n
} is open, so it is enough to show

it is dense. So fix a basic neighborhood Ns = {α ∈ NN : s ⊆ α} of NN, where
s ∈ Nn+1. Consider the finite cascade S0, f0, S1, . . . , Sn, fn, Sn+1 associated
(in the obvious way) to s. Then x′ = fnfn−1 · · · f0(x)Efnfn−1 · · · f0(y) = y′,
so find k with gk(x′) = y′. Fix α0 ⊇ s with α0(n+1) = k. Then clearly α0 ∈ A
(as (x, y) ∈ Eα0

n+1), so A ∩Ns �= ∅. �

13 Generic Compressibility

Let E be a countable Borel equivalence relation on X , and let D : E → R+

be a Borel cocycle. E is D-aperiodic if |[x]E |x is infinite, for all x ∈ X , where
| · |x is defined as in Section 8. The following extends a result of Wright [Wr].

Theorem 13.1 (Kechris-Miller). Let E be a countable Borel equivalence
relation on a Polish space X and let D : E → R+ be a Borel cocycle. Suppose
E is D-aperiodic. Then there is an invariant comeager Borel set C such that
for any E-quasi-invariant probability measure µ whose induced cocycle is D
µ-a.e., we have µ(C) = 0.

Proof. We first note that if F is a smooth D-aperiodic Borel equivalence
relation on a Borel set A ⊆ X , F ⊆ E, and µ is an E-quasi-invariant proba-
bility measure whose induced cocycle is D µ-a.e., then µ(A) = 0. To see this,
let A0 ⊆ A be a Borel transversal for F and let {φn} ⊆ [[F ]] be such that
dom(φn) = A0, {rng(φn)} is a partition of A, and φ0 = identity on A0. Then,
by Section 8, µ(rng(φn)) =

∫
A0
D(φn(y), y) dµ(y), so

µ(A) =
∑

n

µ(dom(φn)) =
∫

A0

|[y]F |y dµ(y).

It follows that µ(A0) = 0, and thus µ(A) = 0.
Next fix a Borel ℵ0-coloring c : [E]<∞ → N for the graph
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(S, T ) ∈ G ⇔ S �= T and S ∩ T �= ∅

(see the proof of 7.3). For each n ∈ N and S ∈ [E]<∞, S �= ∅, note that there
is at most one T ∈ [E]<∞, T ⊇ S with c(T ) = n; denote it by Φn(S), if it
exists.

Let now {An}n∈N be a vanishing sequence of markers for E. Set k0(x) = 0
and

kn+1(x) = min{k ∈ N : Akn(x) ∩ [x]E �⊆ Ak},
and define Bn ⊆ X by

x ∈ Bn ⇔ x ∈ Akn(x) \Akn+1(x).

Then {Bn}n∈N is a partition of X into Borel complete sections for E. If
|[x]E ∩Bn|x <∞, then {y ∈ [x]E ∩Bn : D(y, x) ≥ D(y′, x), ∀y′ ∈ [x]E ∩Bn}
is finite, non-empty and independent of x in its E-class (since D is a cocycle).
It follows that there is a smooth invariant Borel set X0 ⊆ X such that for
x ∈ X1 = X \X0 and each n, |Bn ∩ [x]E |x = ∞.

For each α ∈ NN we will define next an increasing sequence of fsr’s {Fα
n }n∈N

of E|X1, so that B0∩X1 is a transversal for each Fα
n and for each b ∈ B0∩X1,

[b]F α
n
⊆ B0 ∪ · · · ∪Bn. We start with

Fα
0 = equality on B0,

Assume Fα
n is given, in order to construct Fα

n+1. For each b ∈ B0, we define

[b]F α
n+1

= Φα(n)([b]F α
n
),

if Φα(n)([b]F α
n
) is defined and is of the form [b]F α

n
∪ S, with S ⊆ Bn+1 ∩ [b]E .

Otherwise, [b]F α
n+1

= [b]F α
n
. It is easy to check that this makes sense, i.e., if

b1 �= b2 ∈ B0, then [b1]F α
n+1

∩ [b2]F α
n+1

= ∅.
For α ∈ NN, put Fα

∞ =
⋃

n F
α
n .

Claim 13.2. ∀∗α∀∗x[x ∈ X0 or (x ∈ X1 and ∀b ∈ B0 ∩ [x]E(|[b]F α∞ |b = ∞))].

Granting this claim, it follows that we can find α ∈ NN such that

C = X0 ∪ {x ∈ X1 : ∀b ∈ B0 ∩ [x]E(|[b]F α∞ |b = ∞)}

is an invariant Borel comeager set. If now µ is an E-quasi-invariant probability
measure on X whose induced cocycle is D µ-a.e., then µ(C) = 0, by applying
the remarks at the beginning of this proof to A = C, F = E|X0 ∪ Fα

∞.
It remains to prove the claim. By Kuratowski-Ulam, it is enough to show

that for any x ∈ X1,

∀∗α∀b ∈ B0 ∩ [x]E(|[b]F α∞ |b = ∞).

Since the intersection of countably many comeager sets is comeager, it is
enough to show that for any x ∈ X1, b ∈ B0 ∩ [x]E ,
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∀∗α(|[b]F α∞ |b = ∞).

Now {α : |[b]F α∞ |b = ∞} =
⋂

n{α : |[b]F α∞ |b > n} and the latter sets are clearly
open, so it is enough to show that each

{α : |[b]F α∞ |b > n}

is dense. Fix then a basic open subset Ns of NN, with s ∈ Nn. Define F s
0 , . . . , F

s
n

by using the same recipe as before. Since |Bn+1 ∩ [b]E |b = ∞, we can find a
finite S ⊆ Bn+1 ∩ [b]E with |S|b > n. Let then α ⊇ s be such that α(n) =
c([b]F s

n
∪ S). Then clearly [b]F α

n+1
= [b]F s

n
∪ S, so |[b]F α

n+1
|b > n and thus

|[b]F α∞ |b > n, therefore α ∈ Ns ∩ {α : |[b]F α∞ |b > n}. �

For D ≡ 1, the above result says that there is an invariant comeager Borel
set C such that E|C admits no invariant probability measure. Nadkarni [N]
showed that an aperiodic countable Borel equivalence relation E admits no
invariant probability measure if and only if E is compressible, i.e., if there is
a map φ ∈ [[E]] such that dom(φ) = X and X \ rng(φ) is a complete section.
We therefore have

Corollary 13.3. Suppose E is an aperiodic countable Borel equivalence rela-
tion on a Polish space X. Then there is an invariant comeager Borel set C
such that E|C is compressible.

It should be noted that Nadkarni’s Theorem is unnecessary to derive this
as a corollary, as any countable Borel equivalence relation which contains an
aperiodic smooth equivalence relation defined on a complete Borel section is
clearly compressible.

Corollary 13.4. Suppose E,F are aperiodic countable Borel equivalence rela-
tions on Polish spaces X,Y , respectively, such that for any invariant comeager
Borel sets A ⊆ X,B ⊆ Y , E|A,F |B are not smooth. Then there exist invari-
ant comeager Borel sets C ⊆ X,D ⊆ Y with E|C ∼=B F |D.

Proof. By 12.1, 13.3, and Theorem 9.1 of [DJK]. �



III

Costs of Equivalence Relations and Groups

14 Preliminaries

We review here some standard terminology and notation.
A relation R on a set X is a set of ordered pairs from X,R ⊆ X2. If R is

a relation, we write interchangeably

xRy ⇔ (x, y) ∈ R.

We also let Rx = {y : (x, y) ∈ R}, Ry = {x : (x, y) ∈ R}. If R is a relation, its
inverse, R−1, is defined by R−1 = {(y, x) : (x, y) ∈ R}. Finally, if Y ⊆ X , the
restriction of R to Y , R|Y , is defined by R|Y = R ∩ Y 2.

If f is a function, we denote by dom(f) and rng(f) its domain and range
respectively, and by graph(f) = {(x, y) : f(x) = y} its graph.

A graph G with vertex set X is a non-reflexive (i.e. (x, x) �∈ G, ∀x ∈ X),
symmetric (i.e., G = G−1) relation on X . The neighbors of x ∈ X in the graph
G are the y ∈ X such that (x, y) ∈ G. The cardinality of the set of neighbors
of X is called the degree of x, in symbols dG(x). Denoting by |A| = card(A)
the cardinality of A, we thus have

dG(x) = |Gx|.

A graph G in which dG(x) <∞, for every x, is called locally finite. A G-path
from x to y is a finite sequence of vertices x = x0, x1, . . . , xn = y such that
(xi, xi+1) ∈ G, ∀i < n, and xi �= xj if i �= j, except possibly for i = 0, j = n.
Consider the equivalence relation on X given by

xEy ⇔ ∃ a G-path from x to y.

Its equivalence classes are the connected components of G. If there is only one
connected component, we call G connected.

A G-cycle is a G-path x = x0, x1, . . . , xn = x0, n ≥ 3, starting and ending
at the same point. A graph G is acyclic if it contains no G-cycles. An acyclic

A.S. Kechris and B.D. Miller: LNM 1852, pp. 55–128, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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connected graph is called a tree. Thus G is a tree if for any x �= y there is a
unique G-path x = x0, x1, . . . , xn = y. A rooted tree is a tree with a distin-
guished vertex x0, called its root. For any vertex x, let x0, x1, . . . , xn−1, xn = x
be the unique path from x0 to x. The neighbors of x different from xn−1 are
called the children of x.

15 Countable Borel Equivalence Relations

Let X be a standard Borel space. A Borel equivalence relation E on X is
countable if every equivalence class [x]E , x ∈ X , is countable.

If Γ is a countable group and (g, x) 
→ g · x is a Borel action of Γ on X ,
then the orbit equivalence relation

xEX
Γ y ⇔ ∃g ∈ Γ (g · x = y)

is countable. Conversely we have (see 1.3):

Theorem 15.1 (Feldman-Moore [FM]). If E is a countable Borel equiva-
lence relation on X, there is a countable group Γ and a Borel action of Γ on
X with EX

Γ = E. Moreover, Γ and the action can be chosen so that

xEy ⇔ ∃g ∈ Γ (g2 = 1 & g · x = y).

We call a countable equivalence relation E on X aperiodic if every equiv-
alence class [x]E is infinite. The following is a most useful fact (see 6.7).

Proposition 15.2 (Marker Lemma). Let E be an aperiodic countable Bo-
rel equivalence relation on X. Then there is a sequence {Sn} of Borel sets
Sn ⊆ X such that

(i) S0 ⊇ S1 ⊇ S2 ⊇ . . . ,
(ii)

⋂
n Sn = ∅,

(iii) Each Sn is a complete section for E, i.e., it meets every equivalence
class.

We refer to such a sequence {Sn} as a vanishing sequence of markers.
Finally, given Borel equivalence relations E,F on X,Y respectively, we

say that E is Borel reducible to F , in symbols

E ≤B F,

if there is a Borel map f : X → Y such that

xEy ⇔ f(x)Ff(y).
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16 More on Invariant Measures

A measure on a standard Borel space X is a non-zero σ-finite Borel measure
on X . If µ is a measure on X , then µ is finite if µ(X) < ∞ and a probability
measure if µ(X) = 1. If µ is a measure on X and A ⊆ X is a Borel set,
then µ|A is the measure on A defined by (µ|A)(B) = µ(B), for any Borel set
B ⊆ A.

Let now E be a countable Borel equivalence relation and µ a measure on
X . The following is easy to check.

Proposition 16.1. The following are equivalent:

(i) There is a countable group Γ and a Borel action of Γ on X with
EX

Γ = E such that µ is Γ -invariant.
(ii) For all countable groups Γ and Borel actions of Γ on X with EX

Γ = E,
µ is Γ -invariant.

(iii) For all Borel bijections f : A→ B, with A,B Borel subsets of X, such
that f(x)Ex, ∀x ∈ A, we have that µ(A) = µ(B).

(iv) For all Borel maps f : A → X, A a Borel subset of X, such that
f(x)Ex, ∀x ∈ A, we have µ(f(A)) ≤ µ(A).

If these equivalent conditions are satisfied, we say that µ is E-invariant.
We denote by [E] the set of all Borel automorphisms f of X with f(x)Ex,

for all x, and by [[E]] the set of all partial Borel automorphisms f : A → B,
A,B Borel subsets of X , with f(x)Ex, ∀x ∈ A. Thus µ is E-invariant iff µ is
f -invariant for all f ∈ [E] iff µ is f -invariant for all f ∈ [[E]].

Suppose now µ is E-invariant. We define a measure M on E as follows:

M(A) =
∫

|Ax| dµ(x),

for A ⊆ E Borel. Here |S| = card(S) (which is ∞ if S is infinite), and Ax =
{y : (x, y) ∈ A}. Of course we could also define M ′(A) =

∫
|Ay| dµ(y), where

Ay = {x : (x, y) ∈ A}, but the invariance of µ implies that M = M ′. To see
this, recall from 15.1 that E =

⋃
i∈N

graph(gi), with gi ∈ [E]. So if A ⊆ E is
Borel, A =

⋃
i∈N

[graph(gi)∩A] and graph(gi)∩A = graph(fi), with fi ∈ [[E]],
so we can write A as a countable disjoint union of graphs of f ∈ [[E]]. Thus
it is enough to show that M(graph(f)) = M ′(graph(f)), for f ∈ [[E]]. If
dom(f) = C, rng(f) = D, then M(graph(f)) = µ(C),M ′(graph(f)) = µ(D),
so we are done.

Now define an equivalence relation Ẽ on E as follows.

(x, y)Ẽ(z, w) ⇔ xEz (⇔ xEyEzEw).

This is clearly a countable Borel equivalence relation on E.
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Proposition 16.2. M is Ẽ-invariant.

Proof. Let Γ be a countable group acting in a Borel way on X so that
EX

Γ = E. Then if Γ 2 acts on E by (g, h) ·(x, y) = (g ·x, h ·y), clearly EE
Γ 2 = Ẽ.

So it is enough to show that this action preserves M . Now for A ⊆ E, A Borel,
we have

M((g, h) ·A) = M({(g · x, h · y) : (x, y) ∈ A})

=
∫

|Bx| dµ(x),

where B = {(g · x, h · y) : (x, y) ∈ A}. But

y ∈ Bx ⇔ (x, y) ∈ B ⇔ (g−1 · x, h−1 · y) ∈ A

⇔ h−1 · y ∈ Ag−1·x,

so Bx = h ·Ag−1·x, thus

M((g, h) ·A) =
∫

|Ag−1·x| dµ(x)

=
∫

|Ax| dµ(x) = M(A),

by the Γ -invariance of µ. �

Finally, when µ is also E-ergodic, i.e., every E-invariant Borel set is either
null or conull, we also have a converse to 16.1(iii), see 7.10.

Proposition 16.3. Let E be a countable Borel equivalence relation on X and
suppose a measure µ is E-invariant ergodic. If A,B ⊆ X are Borel sets with
µ(A) = µ(B), then there is f ∈ [[E]] with dom(f) = A′, rng(f) = B′, where
A′ ⊆ A, B′ ⊆ B and µ(A \A′) = µ(B \B′) = 0.

17 Graphings of Equivalence Relations

A (locally countable Borel) graph on a standard Borel space X is a graph G
on X , such that G ⊆ X2 is Borel, and every x ∈ X has at most countably
many neighbors. Let E be a countable Borel equivalence relation. A (Borel)
graphing of E is a graph G such that the connected components of G are
exactly the E-equivalence classes. We then say that G generates E.

It will be also convenient to consider another concept of graph, which for
distinction we will call an L-graph (L stands for Levitt). This is simply a
countable family Φ = {ϕi}i∈I of partial Borel isomorphisms, ϕi : Ai → Bi,
where Ai, Bi are Borel subsets of X . We call Φ finite if I is finite. Φ is an
L-graphing of E if Φ generates E, i.e., xEy ⇔ x = y or there is a sequence
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i1, . . . , ik ∈ I and ε1, . . . , εk ∈ {±1} such that x = ϕε1
i1
. . . ϕεk

ik
(y) (in particular

each ϕi is in [[E]], which we can abbreviate as Φ ⊆ [[E]]).
Note that for every L-graph Φ = {ϕi} one has an associated graph GΦ,

which generates the same equivalence relation, defined as follows: xGΦy iff
x �= y & ∃i[ϕi(x) = y or ϕi(y) = x]. Conversely, for every graph G we can
find an L-graph ΦG such that G = GΦG . To see this, fix a Borel ordering < on
X and find a countable family of partial Borel functions {fi}i∈N with disjoint
graphs such that ∀x ∈ X :

{(x, y) : xGy & x < y} =
⋃

i∈N

graph(fi).

Now fi is countable-to-one, therefore let {gi,j}j∈Ki be partial Borel auto-
morphisms with disjoint graphs such that graph(fi)−1 =

⋃
j graph(gi,j). Let

ΦG = {gi,j}.
If µ is E-invariant and G is a graphing of E|A for a conull E-invariant Borel

set A, then we call G a graphing of E a.e. Similarly we define an L-graphing
a.e.

We use the following notation concerning L-graphs. Let Φ = {ϕi}i∈I , Ψ =
{ψj}j∈J be L-graphs. By Φ � Ψ we denote the disjoint union of Φ, Ψ , defined
by replacing J by a copy J ′, via a bijection j 
→ j′, so that I ∩ J ′ = ∅,
and letting Φ � Ψ = {ϕi, ψj′}i∈I,j′∈J′ , where ψj′ = ψj . Similarly we define
Φ0 � Φ1 � Φ2 � . . . We write Φ ⊆ Ψ if I ⊆ J and ϕi = ψi, for i ∈ I. In this
case we also let Ψ \ Φ = {ψi}i∈J\I . If Φ0 ⊆ Φ1 ⊆ . . . , Φi = {ϕj}j∈Ii , where
I0 ⊆ I1 ⊆ . . . , then we let

⋃
n Φn = {ϕj}j∈

⋃
n In

. Finally, if A ⊆ X , we put
Φ|A = {ϕi|A}i∈I .

18 Cost of an Equivalence Relation

We will now start the systematic development of the theory of costs originated
in Levitt [L] and mainly developed in Gaboriau [G1], [G2], [G3]. The results
of Levitt and Gaboriau discussed below are contained in these papers.

Let E be a countable Borel equivalence relation onX and µ an E-invariant
measure. If G ⊆ E, we define its (µ-)cost by

Cµ(G) =
1
2
M(G)

(the factor 1
2 is a normalizing constant). Thus 0 ≤ Cµ(G) ≤ ∞, and 0 < Cµ(G),

if G is a graphing of E, provided that it is not the case that almost all E-
classes are singletons. (To see that Cµ(G) > 0, notice that G is a complete
section for Ẽ, so M(G) > 0.) Also Cµ(G) is 1

2 of the integral of the degree
dG(x) of a vertex in the graph G, i.e., Cµ(G) = 1

2

∫
dG(x) dµ(x).

If now Φ = {ϕi}i∈I ⊆ [[E]] is an L-graph, define its (µ-)cost by
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Cµ(Φ) =
∑

i∈I

µ(dom(ϕi))

=
∑

i∈I

µ(rng(ϕi)).

Notice that
Cµ(Φ) = 1

2

∫ ∑

i∈I

(1Ai(x) + 1Bi(x)) dµ(x),

where Ai = dom(ϕi), Bi = rng(ϕi), and 1A = the characteristic function of A.
Thus if GΦ is the graph associated to Φ, then |(GΦ)x| ≤

∑
i∈I(1Ai(x)+1Bi(x)),

so Cµ(GΦ) = 1
2M(GΦ) ≤ Cµ(Φ).

Conversely, let G ⊆ E be a graph and let ΦG be an associated L-graph, as
in Section 17. Then in the notation used there and noticing that (x, y) 
→ (y, x)
is in [Ẽ], we have

Cµ(G) =
1
2
M(G) = M({(x, y) : xGy & x < y})

= M

(
⋃

i∈N

graph(fi)

)
=
∑

i∈N

M(graph(fi))

=
∑

i∈N

M(graph(fi)−1) =
∑

i∈N

∑

j∈Ki

M(graph(gi,j)) = Cµ(ΦG).

Thus we have

inf{Cµ(G) : G is a graphing of E} = inf{Cµ(Φ) : Φ is an L-graphing of E}.

This common quantity is called the (µ-)cost of E, and denoted by:

Cµ(E).

Thus 0 ≤ Cµ(E) ≤ ∞. Clearly Cµ(∆X) = 0, where ∆X is the equality on X .
Note the following easy fact: If X =

⋃
nAn is a countable partition of X

into E-invariant Borel sets of positive measure, then

Cµ(E) =
∑

n

Cµ|An
(E|An).

We now compute an estimate for the descriptive complexity of the function
µ 
→ Cµ(E).

Proposition 18.1. Let E be a countable Borel equivalence relation on X, IE

the standard Borel space of E-invariant probability measures on X (a Borel
subset of the standard Borel space of probability measures on X). Then for
each r ∈ R, the set

{µ ∈ IE : Cµ(E) < r}
is analytic.
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Proof. Fix a countable sequence of Borel automorphisms {gk} in [E],
whose graphs cover E, fix a countable Boolean algebra of Borel sets {A�}
which generates the Borel sets of X , let {θn} be an enumeration of

{
gk|A�

}
,

and for each S ⊆ N, put ΘS = {θn}n∈S. We will show that

Cµ(E) < r ⇔ ∃S ⊆ N (ΘS is an L-graphing of E µ-a.e. and Cµ (ΘS) < r) .

Of course, (⇐) is clear. To see (⇒), suppose that Ψ is an L-graphing of
E with Cµ(Ψ) < r, and fix ε > 0 such that Cµ(Ψ) < r − 2ε. Note that, by
splitting up the domains of the elements of Ψ , we may assume that Ψ is of
the form {gik

|Bk}, where each Bk is Borel. Let {kn} be an enumeration of
the natural numbers in which every natural number appears infinitely often,
and recursively choose �n such that

µ



A�n∆



Bkn \
⋃

m<n,km=kn

A�m







 < ε/2n.

This can be done because {A�} is dense in the measure algebra of µ, by 17.43
of [K]. Find S ⊆ N such that ΘS = {gikn

|A�n}, and note that for all k,

∑

kn=k

µ(A�n) =
∑

kn=k

µ



A�n ∩



Bk \
⋃

m<n,km=kn

A�m







+

∑

kn=k

µ



A�n \



Bk \
⋃

m<n,km=kn

A�m









<
∑

kn=k

µ



Bk ∩



A�n \
⋃

m<n,km=kn

A�m







+
∑

kn=k

ε/2n

≤ µ(Bk) +
∑

kn=k

ε/2n,

thus

Cµ(ΘS) =
∑

k

∑

k=kn

µ(A�n)

<
∑

k

(
µ(Bk) +

∑

kn=k

ε/2n

)

= Cµ(Ψ) +
∑

n

ε/2n

= Cµ(Ψ) + 2ε
< r.

It remains to check that ΘS is an L-graphing of E µ-a.e., and this follows
from the observation that for all k, µ

(
Bk \

⋃
kn=k A�n

)
= 0. �
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Problem 18.2. Is the function µ 
→ Cµ(E) Borel?

In connection to this problem, Hjorth proved the following result, which
shows that the question of whether µ 
→ Cµ(E) is Borel is equivalent to the
question of whether {µ ∈ IE : Cµ(E) <∞} is Borel.

Theorem 18.3 (Hjorth). Let E be a countable Borel equivalence relation
on X, IE the standard Borel space of E-invariant probability measures on X.
Consider the analytic set

Mf = {µ ∈ IE : Cµ(E) <∞}.

Then µ 
→ Cµ(E) is Borel on Mf .

Proof. It is enough to show that for each r ∈ R,

{µ ∈Mf : Cµ(E) < r}

is co-analytic. To see this, it is enough to show, for µ ∈ Mf and using the
notation of 18.1, that Cµ(E) < r exactly when

∀S ⊆ N
(
ΘS is an L-graphing of E µ-a.e. of finite µ-cost ⇒ ∃S′ ⊆ N finite
∃N ∈ N

(
Cµ

(
ΘS′ �ΘS\{0,...,N} � {θi|D(θi, ΘS′)}i∈S∩{0,...,N}

)
< r
))
,

where, for θ ∈ [[E]] and Θ an L-graph,

D(θ,Θ) = {x ∈ dom(θ) : (x, θ(x)) �∈ RΘ},

and RΘ is the equivalence relation generated by Θ.
To see (⇐), simply take S ⊆ N such that ΘS an L-graphing of E µ-a.e. of

finite cost and note that ΘS′ �ΘS\{0,...,N} � {θi|D(θi, ΘS′)}i∈S∩{0,...,N} is an
L-graphing of E µ-a.e. To see (⇒), suppose ΘS′′ is an L-graphing of E with
Cµ(ΘS′′) < r − 2ε, take S ⊆ N with ΘS an L-graphing of E µ-a.e. of finite
cost, and choose N sufficiently large that Cµ

(
ΘS\{0,...,N}

)
< ε. Noting, for all

i ∈ S and all x ∈ dom(θi), that (x, θi(x)) ∈ RΘS′′∩{0,...,n} for n sufficiently
large, it follows that for all i,

lim
n→∞

µ
(
D
(
θi, ΘS′′∩{0,...,n}

))
= 0.

Thus, for n sufficiently large, µ(D(θi, ΘS′′∩{0,...,n})) < ε/(N + 1), for all i ∈
S ∩ {0, . . . , N}, so S′ = S′′ ∩ {0, . . . , n} is as desired. �

We now use 18.1 to determine the behavior of cost under measure disin-
tegration.

Let X,Y be standard Borel spaces and f : X → Y a Borel map. Let µ be
a probability measure on X and put ν = f∗µ (i.e., ν(A) = µ(f−1(A)). Then
there is a Borel map y 
→ µy from Y into the standard Borel space P (X)
of probability measures on X such that (i) ∀∗νy(µy(f−1({y})) = 1) and (ii)
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µ =
∫
µy dν(y), i.e., µ(A) =

∫
µy(A) dν(y), for any Borel set A ⊆ X . This

y 
→ µy is unique, ν-a.e., satisfying (i), (ii) (see 17.35 of [K]).
Now note that if E is a countable Borel equivalence relation on X and f

is E-invariant, i.e., f(x) = f(y) whenever xEy, so that each fiber f−1({y})
is also E-invariant, then µy is E-invariant, ν-a.e. Because if Γ is a countable
group of Borel automorphisms of X so that xEy ⇔ ∃g ∈ Γ (g(x) = y), and
g∗µy = νy, then νy(f−1({y})) = 1, ν-a.e., as f−1({y}) is invariant under g.
Also for any Borel set A ⊆ X , µ(A) = µ(g−1(A)) =

∫
µy(g−1(A)) dν(y) =∫

νy(A) dν(y). So νy = µy ν-a.e., i.e., µy is Γ -invariant ν-a.e.
We now have the following formula connecting Cµ(E) and Cµy (E).

Proposition 18.4. Let E be a countable Borel equivalence relation on X and
µ an E-invariant probability measure. Let f : X → Y be an E-invariant Borel
map, ν = f∗µ, and {µy}y∈Y the disintegration of µ given by f . Then

Cµ(E) =
∫
Cµy (E) dν(y).

Proof. It is easy to check that if Φ is an L-graphing of E µ-a.e., then Φ is
an L-graphing of E µy-a.e., for ν-a.e. y, and

Cµ(Φ) =
∫
Cµy(Φ|f−1({y})) dν(y) =

∫
Cµy (Φ) dν(y).

Now, given ε > 0, find an L-graphing Φ of E µ-a.e. such that ε+Cµ(E) ≥
Cµ(Φ). Then

ε+ Cµ(E) ≥ Cµ(Φ)

=
∫
Cµy (Φ) dν(y)

≥
∫
Cµy (E) dν(y),

so Cµ(E) ≥
∫
Cµy (E) dν(y).

Now since y ∈ Y 
→ Cµy (E) is ν-measurable (by 18.1), let F : Y → R be
Borel with F (y) = Cµy (E) ν-a.e. Let A ⊆ Y be Borel with ν(A) = 1 such
that F (y) = Cµy (E), µy(f−1({y})) = 1, and µy is E-invariant, ∀y ∈ A.

Fix ε > 0. Then, for all y ∈ A, there is an L-graphing Φ of E µy-a.e. with
Cµy (Φ) ≤ Cµy(E) + ε. Using the conventions and notations of 18.1, it follows
that for all y ∈ A,

∃S ⊆ N(ΘS is an L-graphing of E µy-a.e. and Cµy

(
ΘS

)
≤ F (y) + ε).

Since the conditions in parenthesis are Borel, it follows, by the Jankov-
von Neumann Uniformization Theorem (see 18.1 of [K]), that there is a ν-
measurable function S : A→ Power(N) which, for y ∈ A, gives S(y) satisfying
these conditions. By shrinking A a bit, we can assume that S is Borel.
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Put Φy = ΘS(y)|f−1({y}), so that Cµy (Φy) ≤ Cµy (E) + ε, ∀y ∈ A. Then

Φ =
{
θn|f−1({y : n ∈ S(y)})

}
n∈N

is an L-graphing of E µ-a.e., so

Cµ(E) ≤ Cµ(Φ)

=
∫
Cµy (Φ) dν(y)

=
∫
Cµy (Φy) dν(y)

≤
∫

(Cµy (E) + ε) dν(y)

=
∫
Cµy (E) dν(y) + ε,

thus Cµ(E) ≤
∫
Cµy (E) dν(y) and the proof is complete. �

An important case of measure disintegration is the ergodic decomposition
of an invariant measure.

For a countable Borel equivalence relation E, we denote by EIE the stan-
dard Borel space of E-ergodic invariant probability measures (again a Borel
subset of the standard Borel space P (X) of probability measures on X , see
[DJK], Section 4). Recall that a measure µ is E-ergodic if every Borel E-
invariant set is either null or conull.

We now state the ergodic decomposition theorem of Farrell, Varadarajan
(see [F], [V]).

Theorem 18.5. (Ergodic Decomposition – Farrell [F], Varadarajan
[V]) Let E be a countable Borel equivalence relation on a standard Borel
space X and assume IE �= ∅. Then EIE �= ∅ and there is a Borel surjection
π : X → EIE such that:

(i) π is E-invariant.
(ii) If Xe = {x : π(x) = e}, for e ∈ EIE , then e(Xe) = 1 (and in fact e is

the unique E-ergodic invariant measure on E|Xe).
(iii) For any µ ∈ IE , µ =

∫
π(x) dµ(x)(=

∫
e dν(e), where ν = π∗µ).

We then have:

Corollary 18.6. In the notation of 18.4,18.5, for any µ ∈ IE ,

Cµ(E) =
∫
Cπ(x)(E) dµ(x) =

∫
Ce(E) dν(e).
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19 Treeings of an Equivalence Relation

A graphing T of an equivalence relation E is called a treeing if T is acyclic.
An L-graphing Φ = {ϕi} of E is called a treeing if for each non-empty (formal)
reduced word w = ϕε1

i1
. . . ϕεn

in
(εi ∈ {±1}), in the symbols {ϕi}, the set {x :

x ∈ dom(w) & w(x) = x} is empty.
If µ is an E-invariant measure, then we say that T is a treeing µ-a.e. if

µ({x : T |[x]E is not acyclic}) = 0. Similarly Φ is called a treeing µ-a.e. if
µ({x : x ∈ dom(w) & w(x) = x}) = 0, for all non-empty reduced words w.

Note that if Φ is an L-treeing (resp., a.e.), then GΦ is also a treeing (resp.,
a.e.) and Cµ(GΦ) = Cµ(Φ) as |(GΦ)x| =

∑
i∈I(xAi(x) + χBi(x)), (resp., a.e.),

if Φ = {ϕi}i∈I , dom(ϕi) = Ai, rng(ϕi) = Bi. Also if T is a treeing (resp.,
a.e.), then ΦT is a treeing (resp., a.e.).

The relevance of treeings to costs is illustrated by the following fact.

Proposition 19.1 (Gaboriau). Let E be a countable Borel equivalence re-
lation and let µ be E-invariant with Cµ(E) < ∞. If G is a graphing of E
which attains the cost of E, i.e., Cµ(G) = Cµ(E), then G is a treeing of E
a.e. Similarly for L-graphings.

Proof. By the preceding remarks it is enough to prove this for L-graphings.
Indeed if Cµ(G) = Cµ(E), then Cµ(ΦG) = Cµ(G), so Cµ(ΦG) = Cµ(E) and
then ΦG is a treeing a.e. and as G = GΦG , G is a treeing a.e.

Let Φ = {ϕi} have Cµ(Φ) = Cµ(E) < ∞, and let w = ϕεn

in
. . . ϕε1

i1
be a

reduced non-empty word of least length with µ({x ∈ dom(w) : w(x) = x}) >
0, towards a contradiction. Then if wj = ϕ

εj

ij
. . . ϕε1

i1
, 1 ≤ j ≤ n,

{x ∈ dom(w) : w(x) = x and two of x,w1(x), . . . , wn−1(x) are equal}

has measure 0 (by the minimality of n). So A = {x : x ∈ dom(w) & w(x) =
x & x,w1(x), . . . , wn−1(x) are distinct} has positive finite measure. By chang-
ing the Polish topology of X but not its Borel structure, we can assume that
A and dom(ϕi), rng(ϕi) are clopen and ϕi is a homeomorphism, for each i.
It follows that we can find a Borel set B ⊆ A with ∞ > µ(B) > 0 and
B,w1(B), . . . , wn−1(B) pairwise disjoint. Then assuming ε1 = 1, without loss
of generality, Φ′ = {ϕi}i∈I,i�=i1 ∪ {ϕi1 |(Ai1 \B)}, where Ai1 = dom(ϕi1) ⊇ A,
is still an L-graphing of E and Cµ(Φ′) < Cµ(Φ), a contradiction. �

One of the main results of Gaboriau’s theory is the converse of this propo-
sition. We will prove later the following (see 20.1, 21.3 and 27.10).

Theorem 19.2 (Gaboriau). Let E be a countable Borel equivalence relation
and µ an E-invariant measure. If T is a treeing of E a.e., then Cµ(T ) =
Cµ(E). Similarly for L-treeings.

Notice that this also implies a positive answer to 18.2, if E is treeable, i.e.,
admits a treeing.



66 Costs of Equivalence Relations and Groups

20 The Cost of a Smooth Equivalence Relation

Recall that a countable Borel equivalence relation E is smooth if it has a Borel
transversal, i.e., a Borel set meeting every equivalence class in exactly one
point. If µ is a measure and there is a conull Borel set A ⊆ X such that E|A is
smooth we say that E is smooth µ-a.e. Note that if µ is finite and E-invariant,
then E is smooth µ-a.e. iff E is periodic µ-a.e. (i.e., for µ-a.e. x, [x]E is finite).
This is because if an equivalence relation R on a space Y is smooth and
aperiodic and Z ⊆ Y is a Borel transversal, then there is an infinite sequence
fn : Z → Y of Borel injections such that z ∈ Z & n �= m ⇒ fn(z) �= fm(z)
and fn(z)Ez, for all n and z ∈ Z.

We can easily calculate the cost of a smooth equivalence relation as follows:

Proposition 20.1 (Levitt). Let E be a countable Borel equivalence relation
on X, µ an E-invariant measure. If E is smooth and T ⊆ X is a Borel
transversal, then Cµ(E) = µ(X \ T ) and any treeing (resp. L-treeing of E)
realizes Cµ(E).

Proof. Fix a graphing G of E. Since E is smooth, we can easily find a
treeing T of E such that T ⊆ G. Thus Cµ(G) ≥ Cµ(T ). So it is enough to
show that if T is a treeing of E, then Cµ(T ) = µ(X \ T ). Since the map
s(x, y) = (y, x) is in [Ẽ], it is enough to show that there is T ′ ⊆ T such that
s(T ′) ∩ T ′ = ∅, s(T ′) ∪ T ′ = T and M(T ′) = µ(X \ T ).

For x ∈ X \ T , let σ(x) = the unique t ∈ T such that xEt. Define

xT ′y ⇔ x ∈ X \ T & if x0 = x, x1, . . . ,

xn = σ(x) is the unique path in T
from x to σ(x), then y = x1.

Clearly s(T ′) ∩ T ′ = ∅ and s(T ′) ∪ T ′ = T , so it is enough to check that
M(T ′) = µ(X \ T ). But note that xT ′y ⇒ x ∈ X \ T and ∀x ∈ (X \
T )∃!y(x, y) ∈ T ′, so this is obvious. �

In particular, if for all x ∈ X, |[x]E | = n, then every transversal T of
X has the property that n · µ(T ) = µ(X), thus if µ(X) < ∞, Cµ(E) =
µ(X) − µ(X)/n = (1 − 1

n )µ(X). If on the other hand µ(X) = ∞, and n >
1, µ(X \ T ) = ∞, so Cµ(E) = ∞. In any case,

Cµ(E) =
(

1 − 1
n

)
µ(X),

using the convention 0 · ∞ = 0.
In general, for an arbitrary, not necessarily smooth E, let Xn = {x ∈ X :

|[x]E | = n}, n = 1, 2, . . . ,∞. Then
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Cµ(E) = Cµ|X∞(E|X∞) +
∞∑

n=1

Cµ|Xn
(E|Xn)

= Cµ|X∞(E|X∞) +
∞∑

n=2

(
1 − 1

n

)
µ(Xn).

Remark 20.2. If G is a finite connected graph with vertex set V , then it is
an elementary fact that

1
2
|G| =

1
2

∑

x∈V

dG(x) ≥ |V | − 1, (∗)

and equality holds exactly when G is a tree.

Proposition 20.1 can be viewed as a generalization of this fact. Indeed,
if we take X = V, E = V × V, T = {v0} for some fixed v0 ∈ V , µ the
counting measure on X , then Cµ(E) = inf{ 1

2 |G| : G is a connected graph on
V } = |V | − 1 = µ(X \ T ), and any tree with vertex set V realizes Cµ(E).

We can also use (∗) to prove 20.1, when µ is a finite measure, in which
case |[x]E | <∞, µ-a.e. (x). Indeed, first notice the following simple fact:

If f : X → [0,∞] is Borel, then

∫
f(x) dµ(x) =

∫

x∈T




∑

yEx

f(y)



 dµ(x).

To see this, notice that, by the usual approximation arguments, it is enough
to prove this for characteristic functions, i.e., to show that if A ⊆ X is Borel,
then

µ(A) =
∫

x∈T

|A ∩ [x]E | dµ(x).

This is easy to prove, writing T =
⋃

n Tn, where Tn = {x ∈ T : |A ∩ [x]E | =
n}, n = 1, 2, . . . ,∞, and using the E-invariance of µ.

So if G is any graphing of E, then

Cµ(G) =
1
2

∫
dG(x) dµ(x)

=
∫

x∈T



1
2

∑

yEx

dG(y)



 dµ(x)

≥
∫

x∈T

(|[x]E | − 1) dµ(x)

= µ(X \ T ),

and equality holds if G is a treeing.
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21 The Cost of a Complete Section

The following result is crucial for many computations.

Theorem 21.1 (Gaboriau). Let E be a countable Borel equivalence relation
on X, S ⊆ X a Borel complete section for E and µ an E-invariant measure.
Then

Cµ(E) = Cµ|S(E|S) + µ(X \ S).

We will derive this from the following, very useful in its own right, lemma
whose idea of the proof is due independently to Gaboriau, and Jackson-
Kechris-Louveau (who used it to prove the last statement of this lemma).

Lemma 21.2. In the notation of 21.1, for every graphing G of E, there is a
Borel subequivalence relation V of E in which S is a transversal, a treeing
TV of V with TV ⊆ G, so that TV ∩ S2 = ∅, and a graphing GS of E|S such
that Cµ(TV ) = µ(X \S) and Cµ(G) ≥ µ(X \S) +Cµ(GS). Moreover, for each
graphing G′

S of E|S, G′
S ∪ TV is a graphing of E. Finally, if G is a treeing of

E, GS is a treeing of E|S.

To see that 21.2 ⇒ 21.1, we note that Cµ(G) ≥ µ(X \ S) + Cµ|S(GS) ⇒
Cµ(G) ≥ µ(X \ S) + Cµ|S(E|S), so as G was an arbitrary graphing of E,
Cµ(E) ≥ µ(X\S)+Cµ|S(E|S). Now fix a graphing G′

S of E|S. Then G′
S∩TV =

∅, and G′
S ∪ TV is a graphing of E, so Cµ(G′

S ∪ TV ) = Cµ(G′
S) + Cµ(TV ), and

Cµ(E) ≤ Cµ(G′
S ∪ TV ) = Cµ|S(G′

S) + µ(X \ S), so, taking the infimum over
G′

S , we get Cµ(E) ≤ Cµ|S(E|S) + µ(X \ S).

Proof of Lemma 21.2. Fix a sequence of Borel functions {gn} of X with
xEy ⇔ ∃n(gn(x) = y). Fix x ∈ X \ S. Let n be the least length of a G-path
x′0 = x, x′1, . . . , x

′
n = z ∈ S from x to S. Among all such paths, choose the

“lexicographically least one” defined as follows: For uEv let �(u, v) be the least
� with g�(u) = v. Then x0 = x, x1, . . . , xn = y is the lexicographically least
path if (�(x0, x1), �(x1, x2), . . . , �(xn−1, xn)) is lexicographically least among
all (�(x′0, x

′
1), . . . , �(x

′
n−1, x

′
n)) as above.

We call this x0 = x, x1, . . . xn = y the canonical G-path from x to S. Put
also π(x) = y and define π(y) = y if y ∈ S.

Notice that if x0 = x, x1, . . . , xn = y is the canonical G-path from x to S,
then x1, x2, . . . xn = y is the canonical G-path from x1 to S (provided n ≥ 2).

Let now V be defined by

xV y ⇔ π(x) = π(y).

Clearly V is a subequivalence relation of E and S is a transversal for V .
Define now TV as follows: Let T1 consist of all (x, x′) such that x ∈ X \ S

and x = x0, x1 = x′, . . . , xn = y is the canonical G-path from x to S. Let
T2 = (T1)−1 = {(x′, x) : (x, x′) ∈ T1} and put TV = T1 ∪ T2. Clearly TV ⊆ G.

Administrator
ferret
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By the above observation, there is a TV -path from any x ∈ X \ S to π(x),
thus TV is a graphing of V .

If ρ is the function with domain X \ S such that ρ(x) = x′ (in the
notation above), then T1 = graph(ρ), so clearly T is a tree. Moreover,
M(T1) = M(graph(ρ)) = µ(X \ S) and thus M(TV ) = 2M(T1) = 2µ(X \ S),
so Cµ(TV ) = µ(X \ S).

Now let G∗ = {(x, y) : xGy and π(x) �= π(y)}. For (x, y) ∈ G∗, let ϕ(x, y) =
(π(x), π(y)). Then put GS = ϕ(G∗). Clearly GS ⊆ E|S and as ϕ(x, y)Ẽ(x, y),
it follows that M(GS) = M(ϕ(G∗)) ≤M(G∗). Also G∗∩TV = ∅, G∗∪TV ⊆ G,
so M(G) ≥M(G∗)+M(TV ) ≥M(GS)+2µ(X \S), thus Cµ(G) ≥ Cµ|S(GS)+
µ(X \ S).

We now check that GS is a graphing of E|S. Let x, y ∈ S with xEy.
Let x0 = x, x1, . . . , xn = y be a G-path. Then clearly π(x0) = π(x) =
x, π(x1), . . . , π(xn) = π(y) = y is such that for each i, either π(xi) = π(xi+1)
or else xiGSxi+1. So there is a GS-path from x to y.

Finally, assume G is a treeing, in order to verify that GS is also a treeing.
If x0 = x, x1, . . . , xn = x is a GS-cycle, then by definition and the fact that
G is a treeing there is a unique sequence y0, y′1, y1, y

′
2, y2, y

′
3 . . . , yn−1, y

′
n with

π(yi) = π(y′i) = xi, for i ≤ n, and yiGy′i+1, for i ≤ n − 1. As π(yi) = π(y′i)
there is a G-path from yi to y′i contained in π−1({xi}), for 1 ≤ i ≤ n− 1, and
a G-path from y′n to y0 contained in π−1({x0}). This gives a G-cycle, which is
a contradiction. �

Corollary 21.3. If E is an aperiodic countable Borel equivalence relation on
X and µ is E-invariant, then Cµ(E) ≥ µ(X).

Proof. Let, by 15.2, {Sn} be a vanishing sequence of markers. If G is a
graphing of E, then, by 21.2,Cµ(G) ≥ µ(X\Sn). ButX = X\

⋂
n Sn =

⋃
n(X\

Sn) and {X \ Sn} is an increasing sequence, so µ(X) = limn→∞ µ(X \ Sn),
thus Cµ(G) ≥ µ(X). �

Corollary 21.4. If E is a countable Borel equivalence relation on X, µ an
E-invariant measure, and Xn = {x ∈ X : |[x]E | = n}, n = 1, 2, . . . ,∞, then
Cµ(E) ≥

∑∞
n=2(1 − 1

n )µ(Xn) + µ(X∞) ≥ 1
2µ(X \X1).

In particular, Cµ(E) = 0 iff µ(X \X1) = 0 iff E = ∆X a.e.

As a consequence, µ(X \X1) = ∞ ⇒ Cµ(E) = ∞. In view of this, we will
mostly restrict ourselves from now on to finite measures µ.

22 Cost and Hyperfiniteness

A countable Borel equivalence relation E on X is hyperfinite if E = EX
Z

for
some Borel action of Z on X or equivalently E =

⋃
n En, E0 ⊆ E1 ⊆ . . . ,

with each En a finite (i.e., having finite equivalence classes) Borel equivalence
relation (see 6.6). Note that every hyperfinite equivalence relation is treeable.
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Proposition 22.1 (Levitt). Let E be aperiodic and hyperfinite, and µ be an
E-invariant measure. If T is a treeing of E, then Cµ(T ) = Cµ(E) = µ(X).
So any aperiodic hyperfinite E has cost Cµ(E) = µ(X).

In particular, if E is hyperfinite but not necessarily aperiodic, and Xn =
{x ∈ X : |[x]E | = n}, n = 1, 2, . . . ,∞, then Cµ(E) =

∑∞
n=2(1 − 1

n )µ(Xn) +
µ(X∞), and if T is a treeing of E, then Cµ(T ) = Cµ(E).

Similarly for L-treeings.

Proof. Write E =
⋃

nEn, En ⊆ En+1, En finite. Let < be a Borel partial
order of X such that < |[x]E is isomorphic to the usual order on Z, ∀x ∈ X .
Let

x ∈ Tn ⇔ x is the < -least element of [x]En .

Then Tn is a Borel transversal for En, T0 ⊇ T1 ⊇ T2 ⊇ . . . and
⋂

n Tn = ∅.
Let Tn = T ∩ En and let Fn be the subequivalence relation of En whose

classes are the connected components of Tn. Thus Tn is a treeing of Fn. Find
a Borel transversal Sn for Fn with Sn ⊇ Tn. Then

Cµ(Tn) = Cµ(Fn)
= µ(X \ Sn) (by 20.1).

Since X \Sn ⊆ X \Tn, Cµ(Tn) ≤ µ(X \Tn). Now T =
⋃

n Tn, and Tn ⊆ Tn+1,
so Cµ(T ) = limn Cµ(Tn) ≤ limn µ(X \ Tn) = µ(X). So Cµ(T ) ≤ µ(X), and,
by 21.3, µ(X) ≥ Cµ(T ) ≥ Cµ(E) ≥ µ(X). �

The next result is the converse of 22.1.

Theorem 22.2 (Levitt). Let E be an aperiodic countable Borel equivalence
relation on X and let µ be finite and E-invariant. Then the following are
equivalent:

(i) E is hyperfinite a.e. (i.e., E|A is hyperfinite for a conull Borel set A).
(ii) Cµ(E) = µ(X) and Cµ(E) is attained.

Proof. (i) ⇒ (ii): follows from 22.1.
(ii) ⇒ (i): (A version of the proof given in Gaboriau [G2], Proof of III.3(2),

p. 59.) Let {Sn} be a vanishing sequence of markers for E. By throwing away
a null set we can assume that E|Sn is aperiodic for each n.

Fix a graphing G of E with Cµ(G) = Cµ(E) = µ(X). Apply 21.2 to
X, S0 to get a subequivalence relation V0 ⊆ E, with transversal S0, a treeing
TV0 = T0 ⊆ G of V0 and a corresponding graphing GS0 = G0 of E|S0 such
that Cµ(T0) = µ(X \ S0). As µ(X) < ∞, [x]V0 is finite a.e., so throwing
away a null set we assume that V0 is finite. Now apply the same procedure to
(S0, E|S0, µ|S0, G0) and S1, to get a finite subequivalence relation V1 of E|S0

with transversal S1, treeing T1 ⊆ G0 and corresponding graphing G1 of E|S1, so
that Cµ(T1) = µ(S0)−µ(S1), etc. Let Rn be the equivalence relation generated
by T0∪T1∪· · ·∪Tn. Inductively we see that Sn is a transversal for Rn, and Rn
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is finite. Also clearly R0 ⊆ R1 ⊆ R2 ⊆ . . . . From the construction in 21.2 we
also see that there is Borel πi : Si−1 → Si (where S−1 = X) with πi(x)Ex, and
G′

i ⊆ Gi−1 \Ti (where G−1 = G) such that if π̃i(x, y) = (πi(x), πi(y)), π̃i(G′
i) =

Gi. Let ρi : Gi → G′
i be a Borel inverse of π̃i. Then T0, ρ0(T1), ρ0ρ1(T2), . . .

are pairwise disjoint subsets of G and T0 ∪ ρ0(T1) ∪ · · · ∪ ρ0ρ1 . . . ρn−1(Tn) is
a graphing of Rn, so T0 ∪ ρ0(T1) ∪ · · · ∪ ρ0ρ1 . . . ρn−1(Tn) ∪ . . . is a graphing
of
⋃

nRn. But

Cµ(T0 ∪ ρ0(T1) ∪ · · · ∪ ρ0ρ1 . . . ρn−1(Tn) ∪ . . . )
= Cµ(T0) + Cµ(ρ0(T1)) + Cµ(ρ0ρ1(T2)) + . . .

= Cµ(T0) + Cµ(T1) + Cµ(T2) + . . .

= (µ(X) − µ(S0)) + (µ(S0) − µ(S1)) + (µ(S1) − µ(S2)) + . . .

= µ(X)
= Cµ(G).

Since T0 ∪ ρ0(T1) ∪ · · · ⊆ G, this implies that M(G \ (T0 ∪ ρ0(T1) ∪ . . . )) = 0,
i.e., G = T0 ∪ ρ0(T1) ∪ . . . a.e., which means that there is a Borel E-invariant
set A ⊆ X such that µ(A) = µ(X) and G|A = (T0 ∪ ρ0(T1)∪ . . . )|A and thus,
since G is a graphing of E and T0 ∪ ρ0(T1) ∪ . . . of

⋃
nRn, it follows that

E|A =
⋃

nRn|A, i.e., E is hyperfinite a.e.

Alternative proof of (ii)⇒(i) in 22.2: (A version of the proof in Levitt [L].)
By 19.1, fix a treeing T of E with Cµ(T ) = Cµ(E) = µ(X). Since Cµ(T ) is
finite, dT (x) <∞ a.e., so we can assume that T is locally finite.

First consider the special case where the degree dT (x) of a.e. vertex x is
≥ 2. Then, as

µ(X) = Cµ(T ) =
1
2

∫
dT (x) dµ(x),

we have dT (x) = 2 µ-a.e. So in this case, we may assume, without loss of
generality, that dT (x) = 2 for all x. Then, by the usual argument which shows
that every equivalence relation induced by a Borel Z-action is hyperfinite, we
can show that E is hyperfinite:

Fix a countable group Γ = {gn} and a Borel action of Γ on X inducing E.
Every T -neighbor of x is of the form gn ·x for some n. We call the T -neighbor
of x which is of the form gn · x for the smallest possible n the right neighbor
of x and the other one the left neighbor of x. We say that y ∈ [x]E is to the
right of x if the unique T -path from x to y passes through the right neighbor
of x. Similarly we define what it means to be to the left of x.

Now let {Sn} be a vanishing sequence of markers for E. Since
⋂

n Sn = ∅,
Sn ∩C is infinite for each E-class C. If, for some E-class C and some n, there
is x ∈ Sn ∩ C such that all other elements of Sn ∩ C are to the right of x,
such an x is unique. So in the union of these classes, Y , we can define a Borel
selector, thus E|Y is smooth, so hyperfinite. Similarly with right replaced by
left. So we can assume that for every n and every x ∈ Sn there are elements
of Sn to the right as well as to the left of x.
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Finally, for any xEy, let [x, y] = {x0, x1, . . . , xn}, where the sequence of
points x0 = x, x1, . . . , xn = y is the unique T -path from x to y, and define

xEny ⇔ x = y or [x, y] ∩ Sn = ∅.

Clearly En are finite Borel equivalence relations, En ⊆ En+1 (as Sn ⊇ Sn+1)
and

⋃
nEn = E (as

⋂
n Sn = ∅), so E is hyperfinite.

We now consider the general case, where dT (x) may be < 2 on a set of
positive measure.

Define a sequence X0 = X ⊇ X1 ⊇ · · · ⊇ Xn ⊇ . . . of Borel sets as follows:

x ∈ Xn+1 ⇔ x ∈ Xn and dT |Xn
(x) ≥ 2.

Let also
Xω =

⋂

n

Xn.

It is easy to check that T |Xn is a treeing of E|Xn. This is because, assuming
T |Xn is a treeing of E|Xn, Xn+1 is a convex subset of Xn, i.e., if x, y ∈
Xn+1, xEy, then all the vertices in the unique T |Xn-path from x to y are also
in Xn+1. Similarly for T |Xω and E|Xω.

As T is locally finite, it follows that

dT |Xω
(x) = lim

n→∞
dT |Xn

(x) ≥ 2,

for all x ∈ Xω.
Now notice that

Cµ(T |Xn+1) = Cµ(T |Xn) − µ(Xn \Xn+1),

so, for all n ≥ 1,
Cµ(T |Xn) = Cµ(T ) − µ(X \Xn),

and thus
Cµ(T |Xω) = Cµ(T ) − µ(X \Xω).

This means that if µ(Xω) > 0, then

Cµ|Xω
(T |Xω) = Cµ|Xω

(E|Xω) = µ(Xω).

Thus we can apply the special case above to E|Xω to conclude that E|Xω is
hyperfinite a.e., and thus so is E|[Xω]E . So it is enough to show that E|(X \
[Xω]E) is hyperfinite.

Recall that an infinite path through a tree T is a sequence x = {xi}i∈N

such that (xi, xi+1) ∈ T , for all i, and xi �= xj if i �= j. We call two such
paths equivalent if ∃n∃m∀i(xn+i = ym+i). An equivalence class of paths is
called an end of T . For each end e and vertex x of T there is a unique infinite
path x = {xi}i∈N with x0 = x and x ∈ e, called the geodesic from x to e and
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denoted by [x, e]. Finally, a line of T is a sequence {xi}i∈Z with (xi, xi+1) ∈ T ,
for all i, and xi �= xj , if i �= j.

Now if x �∈ [Xω]E , clearly T |[x]E has at most one end (since any two
distinct ends determine a line, which would then have to be contained in Xω),
and by König’s Lemma, which asserts that every infinite locally finite tree has
an infinite path, it has exactly one end. For each such x, let f(x) ∈ XN be
the geodesic from x to the unique end of T |[x]E . Clearly for x, y �∈ [Xω]E ,

xEy ⇔ f(x)Et(XN)f(y),

where Et(XN) is the tail equivalence relation on XN:

{xk}Et(XN){y�} ⇔ ∃k∃�∀i(xk+i = yk+i).

So E|(X \ [Xω]E) ≤B Et(XN) via f , thus, as shown in [DJK], 8.1 and 5.1,
E|(X \ [Xω]E) is hyperfinite. �

The following is a corollary of the alternative proof of 22.2, (ii)⇒(i).

Theorem 22.3. (Adams [A1]) Let E be an aperiodic countable Borel equiv-
alence relation on X and let µ be finite and E-invariant. If E is hyperfinite
and T is a treeing of E, then T |[x]E has at most two ends for µ-a.e. (x).

23 Joins

We start with some useful lemmas.

Lemma 23.1 (Gaboriau). Let E0 ⊆ E be countable Borel equivalence rela-
tions on X with E0 aperiodic, and let µ be an E-invariant finite measure. Let
ε > 0 and let G0 be a graphing of E0 with Cµ(G0) ≤ Cµ(E0) + ε. Then there
is a graphing G ⊇ G0 of E with Cµ(G) ≤ Cµ(E) + (Cµ(E0) − µ(X)) + 3ε.

Moreover, if E0 is hyperfinite but not necessarily aperiodic and G0 is a
treeing of E0, then for every ε > 0 there is a graphing G ⊇ G0 of E with
Cµ(G) ≤ Cµ(E) + ε.

Proof. Let S be a Borel complete section for E0 with µ(S) ≤ ε. Find
a graphing GS of E|S with Cµ(GS) ≤ Cµ|S(E|S) + ε. Using 21.1, we get
Cµ(GS) ≤ Cµ(E)− (µ(X)−µ(S))+ ε ≤ Cµ(E)−µ(X)+2ε. Put G0 ∪GS = G.
This is a graphing of E and

Cµ(G) ≤ Cµ(G0) + Cµ(GS)
≤ Cµ(E0) + (Cµ(E) − µ(X)) + 3ε.

To prove the second assertion, let Xn = {x ∈ X : |[x]E0 | = n}, n =
1, 2, . . . ,∞, let, for n < ∞, Sn be a Borel transversal for E0|Xn, let S∞ be
a complete section for E0|X∞ with µ(S∞) ≤ ε

2 , and put S =
⋃∞

n=1 Sn ∪ S∞.
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Fix a graphing GS of E|S with Cµ(GS) ≤ Cµ(E)−µ(X)+µ(S)+ ε
2 as before.

Then if G = G0 ∪ GS ,

Cµ(G) ≤ Cµ(G0) + Cµ(GS)

= Cµ(E0|X∞) +
∞∑

n=2

(
1 − 1

n

)
µ(Xn) + Cµ(GS)

≤ µ(X∞) +
∞∑

n=2

(
1 − 1

n

)
µ(Xn) + Cµ(E) +

ε

2
− µ(X) + µ(S)

≤ µ(X∞) +
∞∑

n=2

(
1 − 1

n

)
µ(Xn) + Cµ(E) +

ε

2
− µ(X) +

ε

2
+

∞∑

n=1

1
n
µ(Xn)

= Cµ(E) + ε. �

Lemma 23.2 (Jackson-Kechris-Louveau [JKL]). Let E be an aperiodic
countable Borel equivalence relation. Then there is an aperiodic hyperfinite
E0 ⊆ E.

Proof. (Miller) Let {Sn} be a vanishing sequence of markers. Let also
E = EX

Γ for some countable group Γ = {γn} and Borel action of Γ on X .
Given x ∈ X , let n(x) be least such that x �∈ Sn(x), let m(x) be least such that
γm(x) · x ∈ Sn(x), and put g(x) = γm(x) · x. Suppose i < j, set S = Sn(gi(x)),
and note that gi(x) �∈ S but gj(x) ∈ S. In particular, gi(x) �= gj(x). Now
define

xE0y ⇔ ∃k∃�(gk(x) = g�(y)).

Clearly E0 is an aperiodic subequivalence relation of E and E0 ≤B Et(XN),
via the map x 
→ (gk(x)), so, as in the last paragraph of the proof of 22.2, E0

is hyperfinite. �

Remark 23.3. Note that the first proof of (ii)⇒(i) in 22.2 actually shows
that for any graphing G of a countable aperiodic Borel equivalence relation E,
there is an acyclic subgraph G0 ⊆ G which generates an aperiodic hyperfinite
subequivalence relation E0 ⊆ E. Indeed, in the notation of that proof, eachRn

is smooth with transversal Sn, and T0∪ρ0(T1)∪ρ0ρ1(T2)∪· · ·∪ρ0ρ1 . . . ρn−1(Tn)
is a treeing ofRn. Put E0 =

⋃
n Rn,G0 = T0∪ρ0(T1)∪ρ0ρ1(T2)∪. . . Then G0 ⊆

G, G0 is a treeing of E0, E0 is hyperfinite by [DJK] 5.1, being the increasing
union of a sequence of smooth countable Borel equivalence relations, and
finally E0 is aperiodic, since every E0-class meets every Sn and

⋂
n Sn = ∅.

If {Ri}i∈I is a family of relations on a set X , we denote by
∨

i∈I Ri the
smallest equivalence relation containing all the Ri’s, and call it the join of
{Ri}. If I = {1, 2} we simply write R1 ∨R2.
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If µ is E1∨E2-invariant, where E1, E2 are equivalence relations on X , then
Cµ(E1 ∨E2) ≤ Cµ(E1)+Cµ(E2), and there are examples to show this is best
possible in general (see 27.2). However, we have

Proposition 23.4 (Gaboriau). Let E1, E2 be countable Borel equivalence
relations with E1 ∩ E2 aperiodic and µ a finite (E1 ∨ E2)-invariant measure.
Then

Cµ(E1 ∨ E2) ≤ Cµ(E1) + Cµ(E2) − µ(X).

In particular, if Cµ(E1) = Cµ(E2) = µ(X), then Cµ(E1 ∨ E2) = µ(X).

Proof. Find aperiodic hyperfinite E0 ⊆ E1 ∩ E2 by 23.2. Then let G0

be a treeing of E0 of cost Cµ(G0) = Cµ(E0) = µ(X). Find then for each
ε > 0, Gi ⊇ G0, a graphing of Ei with Cµ(Gi) ≤ Cµ(Ei) + ε, i = 1, 2. Then
G1 ∪ (G2 \ G0) is a graphing of E1 ∨E2 of cost ≤ Cµ(G1) +Cµ(G2)−Cµ(G0) ≤
Cµ(E1)+Cµ(E2)−µ(X)+2ε. So Cµ(E1 ∨E2) ≤ Cµ(E1)+Cµ(E2)−µ(X). �

There are examples where Cµ(E1) = Cµ(E2) = µ(X), E1 ∩ E2 = ∆X and
Cµ(E1 ∨ E2) > µ(X) (see again 27.2).

We also have the following generalization.

Proposition 23.5 (Gaboriau). Let E, {En}n≥1 be countable Borel equiva-
lence relations on X with E =

∨
nEn and

⋂
nEn aperiodic, and let µ be a

finite E-invariant measure. Then

Cµ(E) − µ(X) ≤
∑

n

(Cµ(En) − µ(X)).

In particular, if Cµ(En) = µ(X), for all µ, then Cµ(E) = µ(X). Also if
En ⊆ En+1 for each n, so that E =

⋃
nEn, and Cµ(En) → µ(X), then

Cµ(E) = µ(X).

Proof. Let E0 ⊆
⋂

nEn be aperiodic hyperfinite. Fix a treeing G0 of E0

of cost Cµ(G0) = µ(X) and, for each ε > 0, n ≥ 1, let G′
n ⊇ G0 be a graphing

of En with cost Cµ(G′
n) ≤ Cµ(En) + ε

2n . If Gn = G′
n \ G0, then Cµ(G′

n) =
Cµ(G0) + Cµ(G′

n \ G0) ≤ Cµ(En) + ε
2n , so µ(X) + Cµ(Gn) ≤ Cµ(En) + ε

2n or
Cµ(Gn) ≤ Cµ(En) − µ(X) + ε

2n , thus, since G0 ∪ G1 ∪ . . . is a graphing of E,

Cµ(E) ≤ Cµ(G0 ∪ G1 ∪ . . . )

≤ Cµ(G0) +
∑

n≥1

Cµ(Gn)

≤ µ(X) +
∑

n≥1

(Cµ(En) − µ(X)) + ε,

so Cµ(E) ≤ µ(X) +
∑

n(Cµ(En) − µ(X)).
If the En are increasing and Cµ(En) → µ(X), then for each ε > 0 we can

find a subsequence {kn} with Cµ(Ekn) − µ(X) < ε
2n so Cµ(E) ≤ µ(X) + ε

(using the above estimate for {Ekn}) and thus Cµ(E) = µ(X). �
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Note that the proof of 23.5 also shows the following.

Proposition 23.6 (Gaboriau). Let E, {En}∞n=1 be countable Borel equiv-
alence relations on X with E =

∨
nEn, and let µ be a finite E-invariant

measure. If E0 ⊆
⋂∞

n=1En is hyperfinite, then

Cµ(E) − Cµ(E0) ≤
∞∑

n=1

(Cµ(En) − Cµ(E0)).

24 Commuting Equivalence Relations

Let R,S be relations on a set X . We say that R,S commute, in symbols R�S,
if R ◦ S = S ◦ R (where (x, y) ∈ R ◦ S ⇔ ∃z[(x, z) ∈ R & (z, y) ∈ S]). The
following is easy to check:

Proposition 24.1. The following are equivalent for all equivalence relations
R,S:

(i) R�S,
(ii) R ◦ S = R ∨ S, and
(iii) within each R ∨ S-class, every R-class meets every S-class.

Let now E1, E2 be countable Borel equivalence relations on X , let E =
E1 ∨ E2, and let µ be E-invariant. Then the trivial estimate Cµ(E1 ∨ E2) ≤
Cµ(E1)+Cµ(E2), which is in general best possible, even if E1, E2 are aperiodic,
can be improved if E1�E2.

The next result was originally proved by Pavelich, in a weaker form
(Cµ(E) ≤ Cµ(E1) + 2Cµ(E2) − 2µ(X)), and improved in the current version
by Solecki.

Theorem 24.2 (Pavelich [P], Solecki). Let E1, E2 be commuting aperiodic
countable Borel equivalence relations on X, let E = E1 ∨ E2, and let µ be a
finite E-invariant measure. Then

Cµ(E) ≤ Cµ(E1) + Cµ(E2) − µ(X).

So, if Cµ(E1) = Cµ(E2) = µ(X), then Cµ(E) = µ(X).

Proof. Let
A = {x ∈ X : [x]E1∩E2 is finite}.

If µ(A) = 0, we are done by 23.4. So we can assume that µ(A) > 0. Note that

{x ∈ X : [x]E1 ∩A is non-empty and finite}

has µ-measure 0 (since E1 is aperiodic), so we can assume that it is empty, i.e.,
we can assume that E1|A is aperiodic. Let then, by 15.2, {Sn} be a vanishing
sequence of markers for E1|A (in particular Sn ⊆ A).
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By 23.2, let F ⊆ E2 be aperiodic hyperfinite. For each n, consider the set

{x ∈ X : [x]F ∩ Sn is non-empty and finite}.

As before it has µ-measure 0, and so we can assume that it is empty, i.e., we
can assume that for each n, F |Sn is aperiodic.

Claim 24.3. For each n, (E1 ∨ F |Sn) ∩E2 is aperiodic.

Granting this, we have, from 23.4,

Cµ(E) ≤ Cµ(E1 ∨ F |Sn) + Cµ(E2) − µ(X)
≤ Cµ(E1) + Cµ(F |Sn) + Cµ(E2) − µ(X).

Now µ(Sn) → 0 as n→ ∞, and since Cµ(F |Sn) = µ(Sn), it follows that

Cµ(E) ≤ Cµ(E1) + Cµ(E2) − µ(X).

Proof of 24.3. We have to show that for each x ∈ X, [x](E1∨F |Sn)∩E2 is
infinite.

Case 1. x �∈ A. Since

[x](E1∨F |Sn)∩E2 ⊇ [x]E1∩E2 ,

we are obviously done in this case.
Case 2: x ∈ A. Since Sn is a complete section for E1|A, find y ∈ Sn

such that xE1y. Now, since F |Sn is aperiodic, the set [y]F ∩ Sn is infinite. If
u, v ∈ [y]F ∩ Sn, then uFv, so also uE2v, and u, v ∈ A. Thus E1|([y]F ∩ Sn)
has finite classes, so we can find an infinite subset {u1, u2, . . . } ⊆ [y]F ∩Sn, so
that (ui, uj) �∈ E1, if i �= j. Now xE1yE2ui, so, by commutativity, we can find
vi such that xE2viE1ui. Since (ui, uj) �∈ E1, if i �= j, it follows that vi �= vj , if
i �= j. Also vi ∈ [x]E2 ∩ [x](E1∨F |Sn) = [x](E1∨F |Sn)∩E2 , so this set is infinite,
and we are done. �

Thus, by 23.4 and 24.2, we have the same estimate for E1 ∨ E2 if either
E1 ∩ E2 is aperiodic or E1, E2 are aperiodic and commute.

There are examples of E1, E2 with E1�E2, and Cµ(E1) = 1, Cµ(E2) =
∞, Cµ(E1 ∨ E2) > 1 for some (E1 ∨ E2)-invariant measure µ (see the para-
graph after 33.1). There are also examples of E1, E2 with E1�E2, such that
every (E1 ∨ E2)-class contains only finitely many E1-classes and Cµ(E1) >
1, Cµ(E2) = 1 and Cµ(E1 ∨E2) > 1, for some (E1 ∨E2)-invariant measure µ.
To see this, consider the free group F2 = 〈a, b〉 with two generators, and the
shift action of F2 on 2F2

g · x(h) = x(g−1h),

restricted to its free part

X = {x ∈ 2F2 : ∀g ∈ F2(g �= 1 ⇒ g · x �= x)}.
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Let E1 be the equivalence relation induced by this action. For x ∈ 2F2 , let
x̄(g) = 1 − x(g). Let also A = 〈a〉 be the subgroup of F2 generated by a, and
let E2 be the relation on X defined by

xE2y ⇔ ∃g ∈ A(g · x = y or g · x = ȳ).

Noting that for any g ∈ F2, x ∈ 2F2 ,

g · x = g · x̄,

it is easily seen that this is an equivalence relation, E1�E2, and if E = E1∨E2,
then

xEy ⇔ ∃g ∈ F2(g · x = y or g · x = ȳ).

Thus, if µ is the usual product measure on 2F2 (with 2 = {0, 1} having
the (1/2, 1/2)-measure), then µ-almost every E-class contains exactly 2 E1-
classes. Now by 27.10, Cµ(E1) = 2 and so, by 25.4, Cµ(E) > 1, while by 22.2
Cµ(E2) = 1, since E2 is hyperfinite.

However the following is open:

Problem 24.4. Let µ be a probability measure on X , E1, E2 commuting
aperiodic countable Borel equivalence relations on X , let E = E1 ∨ E2 and
assume µ is E-invariant. If Cµ(E1), Cµ(E2) < ∞ and each E-class con-
tains infinitely many E1-classes and infinitely many E2-classes, is it true that
Cµ(E) ≤ min{Cµ(E1), Cµ(E2)}?

We do not even know a counterexample to the following stronger version:

Problem 24.5. Under the hypothesis of 24.4, is it actually true that Cµ(E) =
1?

As an application of 24.2, we have:

Corollary 24.6. Suppose E is a countable Borel equivalence relation on X,
µ is a finite measure on X, and E is µ-invariant. If E =

∨
i∈N

Ei, where
each Ei is an aperiodic Borel equivalence relation with Cµ(Ei) = µ(X), and
Ei�Ei+1, ∀i ∈ N, then Cµ(E) = µ(X).

Proof. By 24.2, Cµ(Ei ∨ Ei+1) = µ(X). Let Fn =
∨n

i=0Ei. We prove,
inductively on n, that Cµ(Fn) = µ(X). Indeed, for n = 0 this is true by
assumption. Assume Cµ(Fn) = µ(X). Now Fn+1 = Fn ∨ En+1 = Fn ∨ (En ∨
En+1), and Fn ∩ (En ∨ En+1) ⊇ En is aperiodic, so Cµ(Fn+1) ≤ Cµ(Fn) +
Cµ(En ∨ En+1) − µ(X) = Cµ(Fn) = µ(X), so Cµ(Fn+1) = µ(X).

Since Fn ⊆ Fn+1 and E =
⋃

n Fn it follows from 23.5 that Cµ(E) = µ(X).
�

We now prove the following lemma, due to Kechris.
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Lemma 24.7. Let E1, E2 be countable Borel equivalence relations on X and
let µ be (E1∨E2)-invariant. Let G1 be a graphing of E1 with Cµ(G1) <∞, and
assume that for every (a, b) ∈ G1 \ E2 there are infinitely many (a′, b′) such
that aE2a

′G1b
′E2b. Then for every ε > 0, there is G′

1 ⊆ G1 with Cµ(G′
1) < ε

such that for any graphing G′
2 of an equivalence relation E′

2 ⊇ E2, G′
1 ∪ G′

2 is
a graphing of E1 ∨E′

2. In particular, this is true if G1 ◦ E2 = E2 ◦ G1 and E2

is aperiodic.

Proof. If G1 ⊆ E2 there is nothing to prove. Otherwise, on X1 = G1 \ E2

define the equivalence relation

(a, b)F (c, d) ⇔ {[a]E2 , [b]E2} = {[c]E2 , [d]E2}.

We claim that this is aperiodic. Indeed, if (a, b) ∈ G1 \ E2, then there are
infinitely many (a′, b′) such that [a]E2 = [a′]E2 , [b]E2 = [b′]E2 and (a′, b′) ∈ G1,
thus (a, b)F (a′, b′).

Then using a vanishing sequence of markers for X1 and using the fact
that M(X1) < ∞, we see that there is G′

1 ⊆ G1 \ E2 with M(G′
1) < 2ε, thus

Cµ(G′
1) < ε, and G′

1 a complete section for F . This clearly works. �

Corollary 24.8. Let E1, E2 be countable Borel equivalence relations on X
and let µ be finite and (E1 ∨ E2)-invariant. Let Gi be a graphing of Ei, with
Cµ(Gi) <∞, and let E′

i ⊆ Ei (i = 1, 2) be aperiodic hyperfinite, with G1◦E′
2 =

E′
2 ◦ G1, G2 ◦ E′

1 = E′
1 ◦ G2. Then Cµ(E1 ∨ E2) = µ(X).

Proof. Fix graphings G′
1,G′

2 of E′
1, E

′
2 resp. of cost µ(X). For ε > 0 find,

by 24.7, G′′
1 ⊆ G1 of cost < ε such that G′′

1 ∪G′
2 graphs E1∨E′

2 and G′′
2 ⊆ G2 of

cost < ε such that G′
1 ∪G′′

2 graphs E′
1 ∨E2. Then G′′

1 ∪G′
2 ∪G′′

2 graphs E1 ∨E2

and has cost < µ(X) + 2ε. �

If R is a countable Borel equivalence relation on X and µ is R-invariant
and S is a countable Borel equivalence relation on Y and ν is S-invariant, then
if R×S = {((x, y), (x′, y′)) ∈ (X×Y )2 : xRx′, yRy′}, µ×ν is R×S-invariant.
Notice that if E1 = R×∆Y , E2 = ∆X ×S, then E1∨E2 = R×S and E1�E2.
Actually we have a much stronger commutativity here: If R′ ⊆ R, S′ ⊆ S,
then (R′ ×∆Y ) ◦ (∆X × S′) = (∆X × S′) ◦ (R′ ×∆Y ) = R′ × S′.

We can now prove the following (somewhat stronger form of a) result of
Gaboriau.

Theorem 24.9 (Gaboriau). Let R,S be countable aperiodic Borel equiva-
lence relations on X,Y resp. and let µ be an (R×S)-invariant finite measure
on X × Y . Then Cµ(R× S) = µ(X × Y ).

Proof. We can assume of course that µ is a probability measure. Let
πX , πY be the two projections of X × Y and let µX = (πX)∗µ, µY = (πY )∗µ.
Then it is easy to check that µX is R-invariant, and µY is S-invariant. Clearly
(using 23.2) R is an increasing union R =

⋃
nRn of aperiodic equivalence
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relations of finite cost and similarly we can write S =
⋃

n Sn. As R × S is
the increasing union of {Rn ×Sn}, we can assume (using 23.5) that R,S have
finite cost. So fix a graphing G of R of finite cost, a graphing H of S of finite
cost, and aperiodic hyperfinite subequivalence relations R′ ⊆ R, S′ ⊆ S. Let
G1 = G ×∆Y , G2 = ∆X ×H, E′

1 = R′ ×∆Y , E′
2 = ∆X × S′, E1 = R ×∆X ,

E2 = ∆X × S. Then Cµ(G1) = CµX (G), Cµ(G2) = CµY (H), so G1,G2 have
finite cost, thus all the hypotheses of 24.8 are satisfied, and so Cµ(E1 ∨E2) =
Cµ(R× S) = 1. �

We next provide some generalizations of this result.
Let E ⊆ F be two countable Borel equivalence relations on the standard

Borel space X . We say that E is normal in F , in symbols

E � F,

if there is a countable group of Borel automorphisms {gi}i∈N of X which
generates F , i.e.,

xFy ⇔ ∃i(gi(x) = y),

and each gi preserves E, i.e.,

xEy ⇒ gi(x)Egi(y).

For example, if Γ is a countable group acting in a Borel way on X , and
N � F is a normal subgroup, then clearly EX

N � EX
Γ . Also, in the notation

preceding 24.9, we clearly have R ×∆Y �R× S and ∆X × S �R× S.

Proposition 24.10. Let E,F be aperiodic countable Borel equivalence rela-
tions on X and let µ be an F -invariant finite measure on X. If E�F , then for
any Borel equivalence relation E′ with E ⊆ E′ ⊆ F , we have Cµ(E′) ≥ Cµ(F ).

Proof. Let F be generated by the Borel automorphisms {gi}i∈N which
preserve E. Consider the graphing Gn =

⋃n
i=0 [graph(gi)∪ graph(g−1

i )]. Then
Cµ(Gn) <∞ and Gn◦E = E◦Gn, so, by Lemma 24.7, if ε > 0 there is G′

n ⊆ Gn

with Cµ(G′
n) < ε

2n , such that for any graphing G′ of E′ we have that G′
n ∪ G′

graphs En ∨ E′, where En is the equivalence relation generated by Gn. Take
now G′ with Cµ(G′) ≤ Cµ(E′) + ε. Then G = G′ ∪

⋃
n G′

n graphs F with cost
Cµ(G) ≤ Cµ(E′) + ε+

∑
n

ε
2n = Cµ(E′) + 3ε. So Cµ(F ) ≤ Cµ(E′). �

Corollary 24.11. Let E,F be as in 24.10 and assume that there is an ape-
riodic Borel equivalence relation E1 ⊆ F with cost Cµ(E1) = µ(X) such that
E1 � E ∨E1. Then Cµ(F ) = µ(X).

Proof. By 24.10, if E′ = E ∨ E1, then E1 � E′, so Cµ(E′) = µ(X) and
also Cµ(E′) ≥ Cµ(F ), so Cµ(F ) = µ(X). �

Notice that 24.11 implies 24.9 by taking E = R ×∆Y , F = R × S,E1 =
∆X × E0, where E0 ⊆ S is aperiodic hyperfinite.
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25 Subequivalence Relations of Finite Index

If E ⊆ F are equivalence relations and every F -class contains exactly n E-
classes, we say that index of E in F is n, in symbols

[F : E] = n.

We say that E has finite index in F , in symbols

[F : E] <∞,

if every F -class contains only finitely many E-classes.
Here we will discuss the relation of Cµ(E), Cµ(F ) if [F : E] < ∞. The

following facts have been noted, independently, by Gaboriau, Kechris, and
Miller, and partially generalize analogous results of Gaboriau [G2] for groups
(see Section 34).

Proposition 25.1. Let E ⊆ F be aperiodic countable Borel equivalence re-
lations on X and let µ be finite and F -invariant. If [F : E] < ∞, then
Cµ(F ) ≤ Cµ(E).

Proof. It is enough to consider the case when [F : E] = n, for some fixed
n > 1.

Fix ε > 0 and let A ⊆ X be a Borel complete section for E with
µ(A) ≤ ε

2(n−1) . Define Borel fi : A → A, i = 1, . . . , n, so that f1(x) =
x, f2(x), . . . , fn(x) belong to different E-classes. Fix a graphing G of E of cost
Cµ(G) ≤ Cµ(E) + ε/2. Then G ∪

⋃n
i=2[graph(fi) ∪ graph(fi)−1] is a graphing

of F and has cost ≤ Cµ(G)+
∑n

i=2 µ(A) ≤ Cµ(G)+(n−1) ε
2(n−1) ≤ Cµ(E)+ε.

So Cµ(F ) ≤ Cµ(E). �

Corollary 25.2. If E ⊆ F are aperiodic countable Borel equivalence relations
on X and µ is a finite F -invariant measure, then if [F : E] <∞,

Cµ(E) = µ(X) ⇒ Cµ(F ) = µ(X).

Proposition 25.3. Let E ⊆ F be aperiodic countable Borel equivalence rela-
tions on X and let µ be a finite F -invariant measure. If [F : E] = n, then

Cµ(E) − µ(X) ≤ n(Cµ(F ) − µ(X)).

Proof. We claim first that it is enough to show that Cµ(E) ≤ nCµ(F ).
Indeed, granting this, let A ⊆ X be a Borel complete section for E with

µ(A) < ε. Apply this inequality to E|A, F |A (which are aperiodic after throw-
ing away a null set) to get

Cµ|A(E|A) ≤ nCµ|A(F |A)

or
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Cµ(E) − (µ(X) − µ(A)) ≤ n(Cµ(F ) − (µ(X) − µ(A)))

or

Cµ(E) − µ(X) ≤ n(Cµ(F ) − µ(X)) + (n− 1)µ(A)
≤ n(Cµ(F ) − µ(X)) + (n− 1)ε.

So letting ε→ 0 we are done.
To prove Cµ(E) ≤ nCµ(F ), fix a graphing G of F . For each E-class C, let

D be the F -class it is contained in. Using the method of 21.2 assign to each x ∈
D, πC(x) ∈ C, so that if for (x, y) ∈ G with πC(x) �= πC(y), we let ϕC(x, y) =
(πC(x), πC(y)), then {ϕC(x, y) : x, y ∈ D, πC(x) �= πC(y), (x, y) ∈ G} is
a connected graph on C. Thus G′ = {ϕC(x, y) : (x, y) ∈ G, C is an E-class
contained in [x]FπC(x) �= πC(y)} is a graphing of E, so it is enough to show
that Cµ(G′) ≤ nCµ(G).

Let

(x, y)R(u, v) ⇔ (x, y) ∈ G, (u, v) ∈ G′, and
if C = [u]E, then ϕC(x, y) = (u, v).

Then clearly for each (x, y) ∈ G,

R(x,y) = {(u, v) : (x, y)R(u, v)}
= {ϕC(x, y) : C is an E-class contained in [x]F },

so |R(x,y)| ≤ n. Thus there are n Borel functions F1, . . . , Fn, Fi : Gi → G′,
where Gi ⊆ G is Borel, such that R(x,y) = {F1(x, y), . . . , Fn(x, y)} and so
G′ = F1(G1) ∪ · · · ∪ Fn(Gn). Since Fi(x, y)F̃ (x, y), we have that M(Fi(Gi)) ≤
M(Gi) ≤M(G), so Cµ(G′) ≤ nCµ(G). �

Corollary 25.4. Let E ⊆ F be aperiodic countable Borel equivalence relations
on X and let µ be a finite F -invariant measure. If [F : E] <∞, then

Cµ(E) = µ(X) ⇔ Cµ(F ) = µ(X).

Proof. Again it is enough to consider the case where [F : E] = n. Then
the result follows from 25.2, 25.3. �

The following is open:

Problem 25.5. In the notation of 25.3, do we actually have

Cµ(E) − µ(X) = n(Cµ(F ) − µ(X))?

As we will see later on (in 34.1), Gaboriau has shown that the analog of
this for groups is valid.

There are some special cases under which one can establish a positive
answer to 25.5. We call an equivalence relation E treeable if it admits a treeing.
If µ is a measure, we similarly define what it means for E to be treeable µ−a.e.
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Proposition 25.6. Let E ⊆ F be aperiodic countable Borel equivalence rela-
tions on X and let µ be a finite F -invariant measure. If [F : E] = n and F is
treeable, then

Cµ(E) − µ(X) = n(Cµ(F ) − µ(X)).

Proof. As in the proof of 25.3, it is enough to show that Cµ(E) ≥
nCµ(F ) − n2µ(X) (we are using here the fact that treeability is preserved
under restriction to any Borel subset of X , which follows from 21.2).

Fix a treeing T of F . Then, by 19.2, Cµ(T ) = Cµ(F ). As in the proof
of 25.3, using the method of 21.2, assign to each E-class C and to each x ∈
D = [C]F , πC(x) ∈ C, so that if for (x, y) ∈ T with πC(x) �= πC(y), we put
ϕC(x, y) = (πC(x), πC(y)), then {ϕC(x, y) : x, y ∈ D, (x, y) ∈ G} is a tree
(connected acyclic graph) on C. Then if T ′ consists of all ϕC(x, y) as C varies
over the E-classes C ⊆ D, clearly T ′ is a treeing of E, and thus, by 19.2 again,
it is enough to show that Cµ(T ′) ≥ nCµ(T ) − n2µ(X).

Let T0 = {(x, y) ∈ T : πC(x) �= πC(y), for all E-classes C contained in
[x]F }, T1 = T \ T0.

We first check that Cµ(T1) ≤ (n− 1)µ(X). For that it is enough to check
that there are n − 1 functions θi : X → X, i = 1, . . . , n − 1 such that
T1 ⊆

⋃n−1
i=1 [graph(θi)∪graph(θi)−1]. First notice that there are n−1 functions

f1(x), . . . , fn−1(x), such that {πC(x) : C an E-class contained in [x]F and
x �∈ C} = {f1(x), . . . , fn−1(x)}. Next, by the construction in 21.2, there is a
(unique) T -path xi

0 = x, xi
1, . . . , x

i
�i

= fi(x), from x to fi(x). Put θi(x) = xi
1.

Now assume that (x, y) ∈ T1. Then for some C, πC(x) = πC(y) and thus,
by definition of πC(x), at least one of x, y is not in C (else πC(x) = x, πC(y) =
y). Say x �∈ C. If y ∈ C, then πC(x) = πC(y) = y, so clearly y = θi(x), where
fi(x) = πC(x). So assume also that y �∈ C. Since there is a unique T -path
from x to z = πC(x) = fi(x) (for some i) and a unique T -path from y to
z = πC(y) = fj(x) (for some j), either y = θi(x) or x = θj(y), i.e., (x, y) ∈
graph(θi) or (x, y) ∈ graph(θj)−1, so we are done.

Now consider T0. There are n functions ρi : T0 → T ′, i = 1, . . . , n, such
that {ρi(x, y) : i = 1, . . . , n} = {ϕC(x, y) : C an E-class contained in [x]F }.
Let
⋃n

i=1 ρi(T0) = T ′′. Since T is a treeing, recalling again the construction of
21.2, for each (x′, y′) ∈ T ′, if C = [x′]E , then there is a unique (x, y) ∈ T with
ϕC(x, y) = (x′, y′). It follows that there is a unique i and unique (x, y) ∈ T
with ρi(x, y) = (x′, y′). Thus each ρi : T0 → T ′ is 1-1 and ρi(T0)∩ ρj(T0) = ∅,
if i �= j. So Cµ(T ′′) =

∑n
i=1 Cµ(ρi(T0)) =

∑n
i=1 Cµ(T0) = n · Cµ(T0) (since

ρi(x, y)F̃ (x, y)). Thus we have

Cµ(T ′) ≥ Cµ(T ′′)
= nCµ(T0)
= n(Cµ(T ) − Cµ(T1))

≥ nCµ(T ) − n2µ(X). �
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Finally, another special case under which a positive answer to 25.5 can be
established is the following.

Proposition 25.7. Let F be an aperiodic countable Borel equivalence relation
on X and let µ be a finite F -invariant measure on X. Let X = X1 ∪ · · · ∪Xn

be a partition of X into complete Borel sections. Let E ⊆ F be the equivalence
relation determined by this partition, i.e.,

xEy ⇔ x ∈ F & ∃i ≤ n(x, y ∈ Xi).

(Thus [F : E] = n.) We have

Cµ(E) − µ(X) = n(Cµ(F ) − µ(X)).

Proof. Since each Xi is a complete Borel section for F , and F |Xi =
E|Xi, we have, by 21.1, Cµ|Xi

(E|Xi) = Cµ|Xi
(F |Xi) = Cµ(F ) − µ(X) +

µ(Xi). Since each Xi is E-invariant, we have (see Section 18) that Cµ(E) =∑n
i=1 Cµ|Xi

(E|Xi) = nCµ(F ) − nµ(X) + µ(X) and the proof is complete. �

26 Cheap Equivalence Relations

Let E be an aperiodic countable Borel equivalence relation on X and µ an
E-invariant finite measure on X . Then the smallest possible cost of E is µ(X).
In that case we will call E cheap. Otherwise we call E expensive. We have not
yet seen any examples of expensive E’s. This will be done in Section 27. Here
we will summarize the basic properties of cheap equivalence relations that we
proved in earlier sections.

Proposition 26.1. i) Every hyperfinite aperiodic Borel equivalence relation
is cheap and attains its cost. Conversely, every cheap Borel equivalence
relation which attains its cost is hyperfinite a.e.

ii) A countable Borel equivalence relation is cheap iff its restriction to some
complete Borel section is cheap iff its restriction to any complete Borel
section is cheap.

iii) The join of a sequence of cheap equivalence relations is cheap if their
intersection is aperiodic.

iv) The join of a sequence of cheap equivalence relations, which has the
property that each member of the sequence commutes with the next one,
is cheap.

v) The product of any two aperiodic countable Borel equivalence relations
is cheap.

vi) Any aperiodic countable Borel equivalence relation that has finite index
over or under a cheap equivalence relation is cheap.

Proof. i) is 22.2. ii) follows immediately from 21.1. iii) is a consequence
of 23.5. iv) is 24.6. v) is 24.9, and vi) is 25.4. �
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27 Free and Amalgamated Joins

Let E1, E2 be countable Borel equivalence relations onX , E = E1∨E2. We say
that E1, E2 are independent, in symbols E1 ⊥ E2, if for any sequence of points
x0, x1, x2, . . . , x2n = x0, n > 0, with x2iE1x2i+1E2x2i+2 (i = 0, 1, . . . , n − 1),
there is some j < 2n with xj = xj+1. Clearly then E1 ∩ E2 = ∆X . No-
tice also that this condition is equivalent to saying that there is no se-
quence x0, x1, . . . , xn = x0 with n > 1, xi �= xj , if 0 ≤ i < j < n, and
x0E1x1E2x2E1x3 . . . Thus this condition is also equivalent to saying that
E1 ∩ E2 = ∆X and if (x, y) ∈ E, x �= y, then there is a unique sequence
x0 = x, x1, . . . , xn = y, with xi distinct, (xj , xj+1) ∈ E1 ∪E2 if j ≤ n− 1, and
if n > 1, xjEixj+1Ei′xj+2, 0 ≤ j ≤ n− 2, i �= i′ ∈ {1, 2}.

A typical example of independent equivalence relations is produced as
follows. First recall that an action of a group Γ on a set X is free if g · x �= x
for g �= 1. Let now Γ = Γ1 ∗ Γ2 be the free product of two countable groups,
let Γ act in a Borel way on X and suppose the action is free. Thus so are the
actions of Γ1, Γ2 ⊆ Γ . Let E1 = EX

Γ1
, E2 = EX

Γ2
, E = EX

Γ . Then E = E1∨E2.
Moreover E1, E2 are independent. Indeed, if x0, x1, x2, . . . , x2n = x0 violates
independence, let g0, g1, . . . be unique with gi · xi = xi+1 (i = 0, . . . , 2n −
1), gi ∈ Γ1\{1} if i is even, gi ∈ Γ2\{1}, if i is odd. Then g0g1 . . . g2n−1·x0 = x0

so, by freeness again, g0g1 . . . g2n−1 = 1, violating the fact that Γ = Γ1 ∗ Γ2.
Another example of independent equivalence relations is the following: Let

T be a treeing of E and let T = T1∪T2 be a partition of T . Then if E1, E2 are
the equivalence relations generated by T1, T2, then E = E1∨E2 and E1 ⊥ E2.

Notice that, in some sense, independence is orthogonal to commutativity. If
E1, E2 are independent and commute, then there is a partition ofX into Borel
sets X = X1∪X2, which are (E1∨E2)-invariant, and E1|X1 = ∆X1 , E2|X2 =
∆X2 .

If E1, E2 are independent, then we call E = E1∨E2 the free join of E1, E2

and denote it by
E = E1 ∗ E2.

If E1, E2 are independent (µ-)a.e., i.e., independent when restricted to a conull
E-invariant set, then we say that E is the free join of E1, E2 a.e.

This concept can be generalized as follows: Let E1, E2 be as before and
let E3 ⊆ E1 ∩ E2. We say that E1, E2 are independent over E3, in symbols
E1 ⊥E3 E2, if for any sequence x0, x1, . . . , x2n = x0 (n > 0) as in the definition
of independence, we must now have some j < 2n with xjE3xj+1. Clearly then
E3 = E1 ∩ E2 (as otherwise any (x, y) ∈ (E1 ∩ E2) \ E3 would produce the
counterexample: x, y, x). Again this condition is equivalent to saying that there
is no sequence x0, x1, . . . , xn = x0 with n > 1, (xi, xj) �∈ E3, if 0 ≤ i < j < n,
and x0E1x1E2x2E1x3 . . .

Remark 27.1. For further reference, notice that if E1 ⊥E3 E2, then for any
x0, x1, . . . , x2n = x0, with n > 0 and x2iE1x2i+1E2x2i+2 (i = 0, 1, . . . , n− 1),
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there is j < 2n − 1 with (xj , xj+1) ∈ E3. This is easily proved by induction
on n.

Again a typical example of independent equivalence relations over their
intersection is produced by free actions of amalgamated products of groups.
If Γ = Γ1 ∗Γ2 Γ3 and Γ acts freely in a Borel way on X , then if EX

Γi
= Ei, we

have E1 ⊥E3 E2.
Another example is as follows: If T is a treeing of E and T = T1 ∪T2 with

T1 ∩ T2 = T3, then if Ei is the equivalence relation generated by Ti, we have
E1 ⊥E3 E2.

If E1, E2 are independent over E3 = E1 ∩ E2, we call E = E1 ∨ E2 the
amalgamated free join of E1, E2 over E3, in symbols

E = E1 ∗E3 E2.

We similarly define the a.e. notions.
The main result of Gaboriau’s theory is now the following.

Theorem 27.2 (Gaboriau). Let E1, E2 be countable Borel equivalence rela-
tions on X, let E = E1 ∨ E2, E3 = E1 ∩ E2 and assume that E1 ⊥E3 E2.
Let µ be a finite measure which is E-invariant. Then, if E3 is hyperfinite, and
Cµ(Ei) <∞, i = 1, 2, we have

Cµ(E1 ∗E3 E2) = Cµ(E1) + Cµ(E2) − Cµ(E3).

In particular, if E1 ⊥ E2,

Cµ(E1 ∗E2) = Cµ(E1) + Cµ(E2).

The condition that E3 is hyperfinite is necessary. Let Fn (n = 1, 2, . . . )
be the free group with n generators and let F∞ be the free group with ℵ0

generators. Take Γ = F2 ∗F6 F3 and consider a free action of Γ on X with
invariant probability measure µ (for example, consider the action of Γ on 2Γ

by shift, restricted to its free part, i.e., the set {x ∈ 2Γ : ∀g �= 1(g ·x �= x)}, and
µ = the product measure on 2Γ , with 2 = {0, 1} having the (1

2 ,
1
2 )-measure).

Then if E1 = EX
F2
, E2 = EX

F3
, E3 = EX

F6
, and if the formula above was

correct, we would have Cµ(E1 ∗E3 E2) = Cµ(E1) + Cµ(E2) − Cµ(E3). But
it is easy to see, as an application of 27.10, that the cost of the equivalence
relation induced by a free action of Fn with respect to an invariant probability
measure is n, so we would get Cµ(E1 ∗E3 E2) = 2+3−6 < 0, which is absurd.

Problem 27.3. Does 27.2 hold even without the restriction that Cµ(Ei) <
∞, i = 1, 2?

Proof of 27.2. First we note that

Cµ(E1 ∗E3 E2) ≤ Cµ(E1) + Cµ(E2) − Cµ(E3).
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This follows immediately from 23.6. So the main problem is to show that

Cµ(E1 ∗E3 E2) ≥ Cµ(E1) + Cµ(E2) − Cµ(E3).

Suppose R1, R2 are countable Borel equivalence relations on some space
Y and let Φ be an L-graphing of R = R1 ∨ R2. We call Φ decomposable if
Φ = Φ1 � Φ2 with Φ1 ⊆ [[R1]], Φ2 ⊆ [[R2]].

Lemma 27.4. Let R1, R2 be countable Borel equivalence relations on Y, R =
R1∨R2, and let ν be a finite measure which is R-invariant. Let R3 = R1∩R2

and assume that R1 ⊥R3 R2 (so that R = R1 ∗R3 R2) and R3 is hyperfinite.
Then if Φ is a decomposable L-graphing of R, we have that Cν(Φ) ≥ Cν(R1)+
Cν(R2) − Cν(R3).

Proof. We will derive this from the following sublemma.

Sublemma 27.5. In the notation of 27.4, and letting Φ = Φ1 � Φ2, where
Φi ⊆ [[Ri]], i = 1, 2, we can find L-graphs Ψ1, Ψ2, with Ψ1, Ψ2 ⊆ [[R3]] such
that Ψ1 � Ψ2 is an L-treeing of a subequivalence relation of R3 and Φi � Ψi is
an L-graphing of Ri, i = 1, 2.

To see that 27.5 implies 27.4, notice that Cν(Φ) = Cν(Φ1) + Cν(Φ2) =
Cν(Φ1 �Ψ1)+Cν(Φ2 �Ψ2)−Cν(Ψ1 �Ψ2) ≥ Cν(R1)+Cν(R2)−Cν(R3), since
if R′

3 is the equivalence relation generated by Ψ1 �Ψ2, then R′
3 ⊆ R3, so R′

3 is
hyperfinite, and so, by 22.1 and 23.1, Cν(Ψ1 � Ψ2) = Cν(R′

3) ≤ Cν(R3).

Proof of 27.5. We will find Ψ1, Ψ2 such that Ψ1 � Ψ2 is an L-treeing of
a subequivalence relation of R3, and if we let R′

i be the equivalence relation
generated by Φi � Ψi, i = 1, 2, then we have

R3 ∩R′
1 = R3 ∩R′

2 (∗)

To see that this suffices assume, say, that R1 �= R′
1, towards a contra-

diction. Then there is some sequence x0 = x, x1, . . . , xm, xm+1 = y, so that
(x, y) ∈ R1\R′

1 and (xi, xi+1) ∈ R′
1∪R′

2 (as Φ1�Φ2, and so (Φ1�Ψ1)∪(Φ2�Ψ2),
L-graphs R1 ∨ R2). Choose such a sequence with the least possible m. Then
clearly (xi, xi+1), (xi+1, xi+2) belong to different R′

i and (x, x1), (xm, y) ∈ R′
2,

as (x, y) ∈ R1. If m = 0, then (x, y) ∈ R′
2 ⊆ R2, so (x, y) ∈ R3, thus, by (*)

(x, y) ∈ R′
1, a contradiction. So m > 0 and m is even, say m = 2(n− 1), with

n > 1, and the sequence above is x0 = x, x1, . . . , x2n−2, x2n−1 = y. Then since
R1 ⊥R3 R2, there is some i ≤ 2n− 2 (see Remark 27.1) with (xi, xi+1) ∈ R3.
If (xi, xi+1) is, say, in R′

1, then it must also be in R′
2, and thus we can reduce

the length of this sequence by at least 2, a contradiction.
So it only remains to construct Ψ1, Ψ2.
LetR3 =

⋃∞
n=1R

n
3 with R0

3 = ∆Y , andRn
3 ⊆ Rn+1

3 finite Borel equivalence
relations. We will inductively define L-graphs Ψn

1 , Ψ
n
2 such that Ψn

1 ⊆ Ψn+1
1

and Ψn
2 ⊆ Ψn+1

2 , Ψn
1 �Ψn

2 is an L-treeing of a subequivalence relation contained
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in Rn
3 , and such that, if we denote by RΘ the equivalence relation generated

by an L-graph Θ, we have

(x, y) ∈ Rn
3 ⇒(1) (x, y) ∈ RΨn

1 
Ψn
2
⇒ (x, y) ∈ RΦ1
Ψn

1
∩RΦ2
Ψn

2
.

(2) If n is even, (x, y) ∈ RΦ1
Ψn
1
⇒ (x, y) ∈ RΦ2
Ψn

2
.

(3) If n is odd, (x, y) ∈ RΦ2
Ψn
2
⇒ (x, y) ∈ RΦ1
Ψn

1

Granting that these have been constructed, it is clear that Ψ1 =
⋃

n Ψ
n
1 , Ψ2 =⋃

n Ψ
n
2 works.

We start with Ψ0
1 = Ψ0

2 = ∅. We now assume we have constructed Ψn
1 , Ψ

n
2 ,

and we proceed to construct Ψn+1
1 , Ψn+1

2 . The two cases being similar, we
assume that n+1 is even (when it is odd we interchange 1 and 2). Let D be a
Borel selector for the finite equivalence relation Rn+1

3 ∩RΦ1
Ψn
1
∩RΦ2
Ψn

2
. Fix

a Borel linear order < on X . We will define Ψ ′
2 = {ψ}, so that ψ is a partial

Borel automorphism with graph contained in D2. Consider a Rn+1
3 ∩RΦ1
Ψn

1
-

class C and the Rn+1
3 ∩RΦ1
Ψn

1
∩RΦ2
Ψn

2
-classes C1, . . . , Ck contained in it.

Let D∩Ci = {xi}, i = 1, . . . , k, and suppose C1, . . . , Ck have been numbered
so that x1 < · · · < xk. Then put ψ(xi) = xi+1, for 1 ≤ i ≤ k − 1.

This defines Ψ ′
2. Finally let Ψn+1

1 = Ψn
1 , Ψ

n+1
2 = Ψn

2 �Ψ ′
2. It is straightfor-

ward to see that this works. (The verification that Ψn+1
1 �Ψn+1

2 is an L-treeing
uses (1) above.) �

Return now to E1, E2. If we could find decomposable graphings of E =
E1 ∨ E2 that approach the cost of E, then we would be done by 27.4. This
may not be possible directly for E but an unfolding trick can still be used to
apply 27.4.

Fix L-graphings Ω1, Ω2 of E1, E2 resp., of finite cost. Let Ω = Ω1 � Ω2,
a graphing of E. Let now ε > 0 and Λ be an L-graphing of E with Cµ(Λ) ≤
Cµ(E)+ε/3. Then by decomposing, if necessary, the domain of each λ ∈ Λ into
countably many disjoint pieces, which does not affect Cµ(Λ), we can assume
that each λ ∈ Λ is equal (on its domain) to a composition of members of Ω
and their inverses (as both Λ,Ω are L-graphings of E). Now choose N large
enough so that

∑
i>N Cµ({ωi}) ≤ ε

3 , where Ω = {ωi}i∈I , with I ⊆ N.
Call a formal product ω±1

i1
. . . ω±1

ik
, where ωij ∈ Ω, anΩ-word, and similarly

define Λ-words. Enumerate the Λ-words in a sequence v1, v2, . . . and let for
i ≤ N, i ∈ I:

W i
n = {x ∈ X : ωi(x) �= vj(x), ∀j = 1, . . . , n}.

Then W i
n ⊇W i

n+1 and
⋂

nW
i
n = ∅, so µ(W i

n) → 0. Choose N0 with µ(W i
N0

) ≤
ε

3(N+1) . Let Λ0 be the finite subset of Λ used in v1, . . . , vN0 and let

Θ = Λ0 � {ωi|W i
N0

}i∈I, i≤N � {ωi}i∈I, i>N .

Then Cµ(Θ) ≤ Cµ(E) + ε
3 + (N + 1) · ε

3(N+1) + ε
3 = Cµ(E) + ε, and Θ is an

L-graphing of E.
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Also Θ can be written as Θ = Θ0 � Θ1, where Θ0 = Λ0 is finite, every
θ ∈ Θ0 can be written on its domain as an Ω-word, and every θ ∈ Θ1 is equal
on its domain to an element of Ω. If Θ0 was empty, then clearly Θ would be
decomposable, so Cµ(Θ) ≥ Cµ(E1) +Cµ(E2)−Cµ(E3) by 27.4 and we would
be done. We will show that this inequality is still true, even if Θ0 �= ∅.

For each θ ∈ Θ0, say θ : Aθ → Bθ, we can find an Ω-word equal
to Θ on its domain Aθ and thus we can fix k(θ) ≥ 1, Borel sets A0

θ =
Aθ, A

1
θ, . . . , A

k(θ)−1
θ , A

k(θ)
θ = Bθ, and ϕi

θ : Ai
θ → Ai+1

θ (i < k(θ)) par-
tial Borel isomorphisms, so that ϕi

θ = ω±1
l(i,θ)|Ai

θ, for some ωl(i,θ) ∈ Ω, and

θ = ϕ
k(θ)−1
θ ϕ

k(θ)−2
θ . . . ϕ0

θ. Clearly {ϕi
θ : θ ∈ Θ0, i < k(θ)} � Θ1 is decompos-

able, but it has too large of a cost, since each θ ∈ Θ0 has been now replaced
by k(θ)− 1 maps of the same cost. The trick here is to “disjointify” these ϕi

θ.
Fix a copy Āi

θ of Ai
θ, 0 < i < k(θ), so that all Āi

θ are disjoint from each
other and from X . Let X̄ = X �

⊔
θ∈Θ0,0<i<k(θ) Ā

i
θ. Putting a copy of µ|Ai

θ

on each Āi
θ, this defines a finite measure µ̄ on X̄ (with µ̄|Āi

θ a copy of µ|Ai
θ

and µ̄|X a copy of µ). Let also ϕ̄i
θ : Āi

θ → Āi+1
θ (i < k(θ)) be a copy of ϕi

θ,
where Āk(θ)

θ = Bθ.
Define a projection π : X̄ → X as follows: If x ∈ X, π(x) = x. If x̄ ∈ Āi

θ

and x̄ is the copy of x ∈ Ai
θ, then π(x̄) = x.

Let Ri = π−1(Ei), i = 1, 2, 3, R = π−1(E), where E = E1 ∨ E2 (=
E1 ∗E3 E2). Clearly then R = R1 ∨ R2, R3 = R1 ∩ R2 is hyperfinite (this
is obvious, since π is finite-to-1), and it is trivial to check that R1 ⊥R3 R2,
so R = R1 ∗R3 R2. Note also that Ri|X = Ei, R|X = E. Moreover, X is
a complete section for Ri, R and so Cµ̄(Ri) − µ̄(X̄) = Cµ(Ei) − µ(X), and
similarly for R,E.

Consider the L-graph in X̄ given by Θ̄ = {ϕ̄i
θ}θ∈Θ0, i<k(θ) � Θ1. It is

clear that it is an L-graphing of R and this in particular shows that µ̄ is R-
invariant. It is also clear that Θ̄ is decomposable. So by 27.4 (for Y = X̄, ν =
µ̄), Cµ̄(Θ̄) ≥ Cµ̄(R1) + Cµ̄(R2) − Cµ̄(R3). Thus

Cµ̄(Θ̄) − µ̄(X̄) ≥ (Cµ̄(R1) − µ̄(X̄)) + (Cµ̄(R2) − µ̄(X̄)) − (Cµ̄(R3) − µ̄(X̄)).

But clearly Cµ̄(Θ̄) − µ̄(X̄) = Cµ(Θ) − µ(X), so

Cµ(Θ) − µ(X) ≥ (Cµ(E1) + Cµ(E2) − Cµ(E3)) − µ(X),

or Cµ(Θ) ≥ Cµ(E1) + Cµ(E2) − Cµ(E3), and since Cµ(Θ) ≤ Cµ(E) + ε, we
have Cµ(E) + ε ≥ Cµ(E1) + Cµ(E2) − Cµ(E3). Since ε > 0 is arbitrary the
proof is complete. �

One can generalize the preceding to infinite joins. Let {Ei}i∈I be a count-
able family of countable Borel equivalence relations on X and F a countable
Borel equivalence relation, F ⊆

⋂
iEi. We say that {Ei} is independent over

F , in symbols ⊥i
F Ei, if for any sequence x0, x1, . . . , xn = x0, with n > 1, if

x0Ei0x1Ei1x2 . . . xn−1Ein−1x0, where ik �= ik+1, if k < n − 2, and in−1 �= i0,
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there is j < n, with xjFxj+1. (Notice then that F = Ei ∩Ej (=
⋂

i∈I Ei) for
any i �= j.) If this happens, we write

∨

i

Ei = ∗i
FEi,

and call ∗i
FEi the amalgamated free join of {Ei} over F . An example of this

is an equivalence relation induced by a free Borel action of an amalgamated
product ∗i

HGi of countable groups Gi over H .
It is clear that if I = I1∪I2 is a partition of I, then (∗i∈I1

F Ei) ⊥F (∗i∈I2
F Ei),

and ∗i∈I
F Ei = (∗i∈I1

F Ei)∗F (∗i∈I2
F Ei). Writing the formula of 27.2 as Cµ(E1 ∗E3

E2) − Cµ(E3) = (Cµ(E1) − Cµ(E3)) + (Cµ(E2) − Cµ(E3)), and defining the
relative cost of S over R, when S ⊇ R and R has finite cost, by

CR
µ (S) = Cµ(S) − Cµ(R),

we have CE3
µ (E1∗E3E2) = CE3

µ (E1)+CE3
µ (E2). By a straightforward induction

then, we get that if I is finite, if F is hyperfinite and each Ei has finite cost,
then

CF
µ (∗i∈I

F Ei) =
∑

i∈I

CF
µ (Ei).

This also holds for infinite I, as noted by Kechris. (Earlier, Miller has pointed
out that this formula follows immediately from 27.2 under the additional
assumption that

∑
i∈I C

F
µ (Ei) <∞.)

Theorem 27.6. Let {Ei}i∈I be a countable family of countable Borel equiv-
alence relations on X, let F =

⋂
i∈I Ei, and assume that ⊥i

F Ei. Let
E =

∨
i∈I Ei (= ∗i

FEi) and let µ be a finite measure which is E-invariant.
Then if F is hyperfinite and Cµ(Ei) <∞, ∀i ∈ I, we have

CF
µ (∗i

FEi) =
∑

i

CF
µ (Ei).

Proof. The inequality CF
µ (∗i

FEi) ≤
∑

iC
F
µ (Ei) follows from 23.6.

To prove the reverse inequality, assume, without loss of generality, that
I = {1, 2, 3, . . .}. We will need the following lemmas.

Lemma 27.7 (Hjorth-Kechris). Let E be an aperiodic countable Borel
equivalence relation and let µ be an E-invariant ergodic probability measure.
Then Cµ(E) ≤ n+ε (where n = 1, 2, . . . , and 0 ≤ ε < 1) iff for each ε < δ < 1
there is an L-graphing Φ of E µ-a.e. of the form Φ = {ϕ1, . . . , ϕn, ψ}, where
ϕi ∈ [E] and ψ ∈ [[E]] with µ(dom(ψ)) < δ.

In particular, E has finite cost iff it can be generated a.e. by a Borel action
of a finitely generated group.
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Proof. The direction ⇐ is obvious.
⇒: By Zimmer [Z], 9.3.2 there is an aperiodic hyperfinite E1 ⊆ E, so

that µ is still E1-ergodic. Let ϕ1 ∈ [E1] generate E1. By 23.1 and Section
18 there is an L-graph Ψ such that {ϕ1} � Ψ is an L-graphing of E and
n+ε ≤ Cµ({ϕ1}�Ψ} = 1+Cµ(Ψ) < n+δ, thus (n−1)+ε ≤ Cµ(Ψ) < (n−1)+δ.
Say Cµ(Ψ) = (n − 1) + ρ, with ε ≤ ρ < δ. Since the measure µ is non-
atomic, by splitting the domains of the ψ ∈ Ψ into countably many pieces,
if necessary, we can assume that Ψ = {ψi

j}i=1,...,n−1;j∈N � {ψj}j∈N, where∑
j Cµ({ψi

j}) = 1,
∑

j Cµ({ψj}) = ρ. Fix Borel sets Ai
j , Aj such that µ(Ai

j) =
µ(dom(ψi

j)) = µ(rng(ψi
j)), µ(Aj) = µ(dom(ψj)) = µ(rng(ψj)) and each of the

families {Ai
j}j∈N, {Aj}j∈N is pairwise disjoint. Thus µ(

⋃
j A

i
j) =

∑
j µ(Ai

j) =
1, so by throwing away a set of measure 0 we can assume that

⋃
j A

i
j = X .

Since µ(Ai
j) = µ(dom(ψi

j)) = µ(rng(ψi
j)), the E1-ergodicity of µ implies,

using 16.3, that, throwing away if necessary again sets of measure 0, there are
bijections θi

j, ω
i
j ∈ [[E1]] such that θi

j : Ai
j → dom(ψi

j), ω
i
j : rng(ψi

j) → Ai
j ,

and similarly θj , ωj ∈ [[E1]] such that θj : Aj → dom(ψj), ωj : rng(ψj) → Aj .
Then ϕi+1 =

⋃
j ω

i
j ◦ψi

j ◦θi
j ∈ [E], ψ =

⋃
j ωj ◦ψj ◦θj ∈ [[E]] (i = 1, . . . , n−1)

and Φ = {ϕ1, . . . , ϕn, ψ} obviously works.
For the last assertion, note that if ψ ∈ [[E]], ψ : A → B is as above,

then, since µ(A) = µ(B), we also have µ(X \ A) = µ(X \ B), so we can find
(modulo null sets) ψ′ : (X \ A) → (X \ B), ψ′ ∈ [[E1]]. Then if ϕn+1 =
ψ ∪ ψ′, {ϕ1, . . . , ϕn, ϕn+1} generates E. �

Notice that ergodicity is necessary, as can be seen by using 27.10.

Lemma 27.8. Let E be a countable Borel equivalence relation on X and µ a
finite E-invariant measure. Assume Cµ(E) < ∞. Let E0 ⊆ E be hyperfinite
and let Φ0 be a finite L-treeing of E0. Then for each ε > 0, there is a sequence
of finite L-graphs {Φn}∞n=1 with Φ0 ⊆ Φ1 ⊆ Φ2 ⊆ . . . such that Φ =

⋃
n Φn is

an L-graphing of E, Cµ(Φ \ Φn) ≤ 1
n2 and if RΦn is the equivalence relation

generated by Φn, then
Cµ(Φn) ≤ Cµ(RΦn) + ε.

Granting this last lemma, we can complete the proof of the theorem by
using a variant of an argument of Gaboriau (used in his proof of 27.10):

Fix ε > 0 and a finite L-treeing Φ0 of E0 = F . Applying 27.8 to Ei, i =
1, 2, . . . , find finite L-graphs Φ0 ⊆ Φi

1 ⊆ Φi
2 ⊆ . . . , so that Φi =

⋃
i Φ

i
n is an L-

graphing of Ei, Cµ(Φi \Φi
n) ≤ 1

n2 and Cµ(Ei)− ε
2i ≤ Cµ(Φi

n) ≤ Cµ(RΦi
n
)+ ε

2i .
Let Φ≤n = Φ1

n �Φ2
n � · · ·�Φn

n, so that Φ≤n ⊆ Φ≤n+1, and let Φ =
⋃

n Φ
≤n.

Clearly each Φ≤n is finite and Φ L-graphs E.
Now consider an arbitrary L-graphing Ψ = {ψ1, ψ2, . . . } of E. We can

assume, without affecting Cµ(Ψ), that each ψi is equal to a Φ-word on its
domain.

Fix m ≥ 1, and let Φ≤m = {ϕ1, . . . , ϕkm}, where km → ∞. We can
find large enough N = N(m) and sets D1, . . . , Dkm of measure < 1

2km
so
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that for x in dom(ϕi) \Di, ϕi(x) can be expressed as a ΨN = {ψ1, . . . , ψN}-
word (depending on x), for i ≤ km. Then we can find large enough n > m
so that each ψi ∈ ΨN can be written as a Φ≤n-word on its domain. Thus
ΨN � {ϕi|Di}km

i=1 � (Φ1
n \Φ1

m)� · · · � (Φm
n \Φm

m)� (Φm+1
n \Φ0)� · · · � (Φn

n \Φ0)
is an L-graphing of RΦ≤n (as Φ0 ⊆ Φ≤m) and has cost less than or equal to

Cµ(ΨN ) +
km

2km
+

m∑

i=1

Cµ(Φi
n \ Φi

m) +

[
n∑

i=m+1

Cµ(Φi
n)

]
− (n−m)Cµ(Φ0),

so, as Cµ(Φi
n \ Φi

m) ≤ Cµ(Φi \ Φi
m) ≤ 1

m2 and Cµ(Φ0) = Cµ(F ), it has cost
less than or equal to

Cµ(ΨN ) +
km

2km
+

1
m

+

[
n∑

i=m+1

Cµ(Φi
n)

]
− (n−m)Cµ(F ).

Now notice that we also have ⊥i≤n
F RΦi

n
(since RΦi

n
⊆ Ei), so Cµ(RΦ≤n) =

Cµ(∗i≤n
F RΦi

n
) = [

∑n
i=1 Cµ(RΦi

n
)] − (n− 1)Cµ(F ).

Thus

Cµ(ΨN ) +
km

2km
+

1
m

+

[
n∑

i=m+1

Cµ(Φi
n)

]
− (n−m)Cµ(F )

≥
[

n∑

i=1

Cµ(RΦi
n
)

]
− (n− 1)Cµ(F )

≥
n∑

i=1

[
Cµ(Φi

n) − ε

2i

]
− (n− 1)Cµ(F )

≥
[

n∑

i=1

Cµ(Φi
n)

]
− ε− (n− 1)Cµ(F ),

and so

Cµ(ΨN ) ≥ − km

2km
− 1
m

− ε− (m− 1)Cµ(F ) +
m∑

i=1

Cµ(Φi
n)

≥ − km

2km
− 1
m

− ε− (m− 1)Cµ(F ) +
m∑

i=1

[
Cµ(Ei) −

ε

2i

]

≥ − km

2km
− 1
m

− (m− 1)Cµ(F ) +

[
m∑

i=1

Cµ(Ei)

]
− 2ε.

Since Cµ(Ψ) ≥ Cµ(ΨN ), this gives

Cµ(Ψ) − Cµ(F ) ≥ − km

2km
− 1
m

+
m∑

i=1

[Cµ(Ei) − Cµ(F )] − 2ε,
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so, letting m→ ∞, we get

Cµ(Ψ) − Cµ(F ) ≥
∞∑

i=1

[Cµ(Ei) − Cµ(F )] − 2ε,

thus

Cµ(E) − Cµ(F ) ≥
∞∑

i=1

[Cµ(Ei) − Cµ(F )] ,

and we are done.

Proof of Lemma 27.8. We can of course assume that ε < 1. First fix a
Borel transversal S<∞ for the periodic part of E0 (i.e., the set of x ∈ X with
[x]E0 finite). Next notice that we can assume that E is aperiodic and µ is a
probability measure. Let then π : X → EIE be the ergodic decomposition of
E, as in 18.5, ν = π∗µ, Xe = π−1(e). Since, by 18.5,Cµ(E) =

∫
Ce(E) dν(e) <

∞, we can assume, throwing away a null set, that there is a Borel partition
EIE = B1 ∪ B2 ∪ · · · ∪ Bn ∪ . . . (finite or infinite) such that ν(Bn) > 0 and
for some integers 1 < M1,M2, · · · < ∞, Ce(E) ≤ Mn, and (e(S<∞) = 0 or
e(S<∞) ≥ 1

Mn
), for any e ∈ Bn. Let An = π−1(Bn) =

⋃
e∈Bn

Xe.

Claim 27.9. We can find a finite L-graphing Φ′
n of E|An with Φ0|An ⊆ Φ′

n

such that Cµ(Φ′
n) ≤ Cµ|An

(E|An) + ε
2n .

Granting this, let

Φ̃n =
n⊔

i=1

(Φ′
i \ (Φ0|Ai)) � Φ0.

Then Φ0 ⊆ Φ̃1 ⊆ Φ̃2 ⊆ . . . , each Φ̃n is finite, and Φ =
⋃∞

n=1 Φ̃n is an L-
graphing of E. Also RΦ̃n

= E|(A1 ∪ · · · ∪ An) ∪ E0|(X \ (A1 ∪ · · · ∪ An)).
So

Cµ(RΦ̃n
) = Cµ(E|(A1 ∪ · · · ∪An)) + Cµ(E0|(X \ (A1 ∪ · · · ∪An)))

≥
n∑

i=1

[
Cµ(Φ′

i) −
ε

2i

]
+ Cµ(Φ0|(X \ (A1 ∪ · · · ∪An)))

≥
n∑

i=1

[Cµ(Φ′
i \ Φ0|Ai) + Cµ(Φ0|Ai)] − ε+

Cµ(Φ0|(X \ (A1 ∪ · · · ∪An)))

=
n∑

i=1

Cµ(Φ′
i \ Φ0|Ai) + Cµ(Φ0) − ε

= Cµ(Φ̃n) − ε.
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Finally,

Cµ(Φ \ Φ̃n) =
∞∑

i=n+1

Cµ(Φ′
i \ (Φ0|Ai))

≤
∞∑

i=n+1

Cµ(Φ′
i)

≤
∞∑

i=n+1

[
Cµ|Ai

(E|Ai) +
ε

2i

]
.

Since
∑∞

i=1 Cµ|Ai
(E|Ai) = Cµ(E) < ∞, it follows that Cµ(Φ \ Φ̃n) ↓ 0 as

n → ∞, so we can find �1 < �2 < . . . with Cµ(Φ \ Φ̃�n) ≤ 1
n2 . Put Φn = Φ̃�n .

This clearly works.
So it only remains to prove the claim. For notational convenience put

B = Bn, A = An = π−1(B), M = Mn, δ = ε
2n . Using a vanishing sequence

of markers for the aperiodic part X∞ of E0 (i.e., the set of x ∈ X with
[x]E0 infinite), we can easily find for each e ∈ B a Borel set S∞,e ⊆ Xe

which is a complete section for E0|(X∞ ∩Xe), and either e(X∞) = 0 or else
δ
4 ≤ e(S∞,e) ≤ δ

2 (notice here that E being aperiodic, e is necessarily non-
atomic). Moreover we can make sure that S∞,e depends in a Borel way on e,
so that S∞ =

⋃
e∈A S∞,e is Borel. Now Se = (S<∞∩Xe)∪S∞,e is a complete

section for E0|Xe and thus for E|Xe, for each e ∈ B. Moreover

e(Se) = e(S<∞) + e(S∞,e) ≥ min
{

1
M
,
δ

4

}
>

1
K
,

for some K ∈ N \ {0}. Put ρ = e|Se

e(Se) . Then

Cρ(E|Se) =
Ce|Se

(E|Se)
e(Se)

=
Ce(E) − 1 + e(Se)

e(Se)

=
Ce(E) − 1
e(Se)

+ 1 < K(M − 1) + 1 = N.

Since ρ is (E|Se)-invariant ergodic and E|Se is aperiodic ρ-a.e., 27.7 shows
that we can find an L-graphing ΦSe = {ϕ1

e, . . . , ϕ
N
e } of E|Se, with Cρ(ΦSe) ≤

Cρ(E|Se) + δ
2e(Se) , so Ce(ΦSe) ≤ Ce(E|Se) + δ

2 . Put Φ′
e = Φ0|Xe �ΦSe . Then,

as in the proof of the second part of 23.1, Φ′
e is an L-graphing of E|Xe and

Ce(Φ′
e) ≤ Ce(E|Xe) + δ. Since we can make sure that ΦSe depends in a

Borel way on e ∈ B, if ϕi =
⋃

e∈B ϕ
i
e, i = 1, . . . , N , and Φ = {ϕ1, . . . , ϕN},

then Φ′ = (Φ0|A) � Φ is an L-graphing of E|A, Φ0|A ⊆ Φ′, and Cµ(Φ′) =∫
e∈A

Ce(Φ′
e) dν(e) ≤

∫
e∈A

Ce(E|Xe) dν(e)+δ = Cµ|A(E|A)+δ, and the proof
is complete. �

In particular, if F = ∆X , i.e., {Ei} is independent, then, omitting the
superscript, and assuming that Cµ(Ei) <∞ for each i, we have
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Cµ(∗iEi) =
∑

i

Cµ(Ei).

As an immediate consequence, we have:

Corollary 27.10 (Gaboriau). Let E be a countable Borel equivalence re-
lation on X and µ a finite measure which is E-invariant. If T is a treeing
of E a.e., then Cµ(T ) = Cµ(E). Similarly for L-treeings. In particular, if
Cµ(E) <∞, E is treeable a.e. iff Cµ(E) is attained.

Proof. It is enough to prove this for L-treeings Φ. By 27.6 we can assume
that Φ = {ϕ} and then it follows from 22.1, since the equivalence relation
generated by Φ is hyperfinite. �

For a shorter direct proof of this corollary, see Gaboriau [G1].

Corollary 27.11 (Gaboriau). There is a countable Borel equivalence rela-
tion E, having an E-invariant probability measure, which does not admit a
graphing G of bounded degree (i.e., for which there is some n so that the de-
gree of each vertex is ≤ n).

Proof. Let E be an equivalence relation induced by a free action of the
group F∞ (the free group with ℵ0 generators) with invariant probability mea-
sure µ. Then by 27.10, Cµ(E) = ∞. If E admitted such a graphing G of degree
≤ n, clearly 2Cµ(G) ≤ n, a contradiction. �

Gaboriau-Jackson-Kechris-Louveau (see [JKL], 3.12 and Remark follow-
ing it) have shown that every countable Borel equivalence relation admits a
graphing which is locally finite (i.e., each vertex has finite degree).

Corollary 27.12 (Gaboriau). Let E be an aperiodic countable Borel equiv-
alence relation and µ a finite measure which is E-invariant. If Cµ(E) = µ(X)
and E is treeable, then E is hyperfinite a.e.

Proof. This follows from 27.10 and 22.2. �

Corollary 27.13 (Adams [A]). Let R,S be aperiodic countable Borel equiv-
alence relations on X,Y , and let µ be a finite (R × S)-invariant measure on
X × Y . Then R× S is treeable a.e. iff R,S are hyperfinite a.e.

Proof. By 24.9 and 27.12. �

Corollary 27.14 (Jackson-Kechris-Louveau [JKL]). Let R,S, µ be as in
27.13 and assume that R × S has a finite index subrelation which is treeable
a.e. Then R,S are hyperfinite a.e.

Proof. By 25.4, 27.12, and the fact that an equivalence relation that has
finite index over a hyperfinite one is also hyperfinite. �
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As a further corollary, we show that Cµ(E) can obtain any value ≥ 1
(including ∞) if E is aperiodic and µ is a non-atomic probability measure,
which is E-invariant and ergodic. (If E is not aperiodic, then, by 20.1, Cµ(E)
can obtain only the values 1 − 1

n , n ≥ 2, under these assumptions on µ.)

Corollary 27.15 (Gaboriau). For each α ∈ [1,∞], there is an aperiodic
treeable equivalence relation E and a non-atomic probability measure µ, which
is E-invariant, ergodic, such that Cµ(E) = α.

Proof. Write α = n + ε, where n ∈ N \ {0}, and 0 ≤ ε < 1, or else
n = ∞, ε = 0. Consider the free part X of the shift action of F∞ on 2F∞ , and
let µ be the usual product measure. Let F∞ = {gi}, and let ϕi(x) = gi · x.
If n = ∞, let E be the equivalence relation induced by this action, while if
n <∞, fix a Borel set A with µ(A) = ε and let E be the equivalence relation
generated by {ϕ1, . . . , ϕn} ∪ {ϕn+1|A}. This clearly works. �

We next establish a partial converse to 27.6. As usual we say that {Ei}
is independent over F (⊆

⋂
iEi) a.e. if the condition of independence holds

for an (
∨

iEi)-invariant conull Borel set. This means that for a.e. x, if x0 =
x, x1, . . . , xn = x0, with n > 1, is such that x0Ei0x1Ei1x2 . . . xn−1Ein−1x0

where ik �= ik+1, if k < n − 2, and in−1 �= i0, then for some j < n, we have
xjFxj+1. If this happens, we write ⊥i

F Ei, a.e., and
∨

i Ei = ∗i
FEi, a.e.

Theorem 27.16 (Gaboriau). Let {Ei}i∈I be a countable family of countable
Borel equivalence relations on X and let F ⊆

⋂
i∈I Ei. Let E =

∨
i∈I Ei

and let µ be a finite measure which is E-invariant. Then if F is smooth,∑
iC

F
µ (Ei) <∞, and

CF
µ (E) =

∑

i

CF
µ (Ei),

we have ⊥i
F Ei a.e., thus E = ∗i

FEi, a.e.

Proof. Assume I ⊆ N and ⊥i
F Ei a.e. fails, towards a contradiction.

Consider first the case when F = ∆X . Then, as in the proof of 19.1,
we can find a Borel set of positive measure B ⊆ X, i0, . . . , in−1 ∈ I,
where n > 1 and ϕ0 ∈ [[Ei0 ]], . . . , ϕn−1 ∈ [[Ein−1 ]], with ik �= ik+1, if
k < n − 1, in−1 �= i0, ϕn−1ϕn−2 . . . ϕ0(x) = x, ∀x ∈ B, and so that the
sets B, ϕ0(B), ϕ1ϕ0(B), . . . , ϕn−2ϕn−3 . . . ϕ0(B) are pairwise disjoint. Let
j0, . . . , jm (m ≤ n − 1) be the distinct indices among i0, . . . , in−1 and let
Φjt = {ϕk|ϕk−1 . . . ϕ0(B) : ik = jt}, t = 0, . . . ,m (where by convention
ϕ−1 = identity). Then Φjt is an L-treeing of a finite subequivalence relation
of Ejt (as ik �= ik+1, if k < n − 1, in−1 �= i0, all the partial automorphisms
in Φjt have pairwise disjoint domain and ranges). Let Gjt be the treeing as-
sociated with Φjt as in Section 17, i.e., the union of the graphs of the partial
automorphisms in Φjt and their inverses. Fix ε with µ(B) > 2ε > 0 and,
by 23.1, choose a graphing G′

jt
⊇ Gjt of Ejt with Cµ(G′

jt
) ≤ Cµ(Ejt) + ε

2jt
,
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for t = 0, . . . ,m, and let G′
j be a graphing of Ej , for j �∈ {j0, . . . , jm}, with

Cµ(G′
j) ≤ Cµ(Ej) + ε

2j . Then if, by renumbering, j0 = i0, clearly

[(G′
j0 ∪ · · · ∪ G′

jm
) \ (graph(ϕ0|B) ∪ graph(ϕ0|B)−1)] ∪

⋃

j �∈{j0,...,jm}
G′

j

is a graphing of E, so

Cµ(E) ≤ [Cµ(G′
j0 ) − µ(B)] + Cµ(G′

j1 ) + · · · + Cµ(G′
jm

) +
∑

j �∈{j0,...,jm}
Cµ(G′

j)

≤
∑

i

Cµ(Ei) +
∑

i∈I

ε

2i
− µ(B)

≤
∑

i

Cµ(Ei) + 2ε− µ(B)

<
∑

i

Cµ(Ei),

a contradiction.
Now consider the general case when F is smooth but not necessarily the

same as ∆X . Let T be then a Borel transversal for F . Then T is a complete
section for all Ei, so

Cµ|T (Ei|T ) = Cµ(Ei) − (µ(X) − µ(T ))
= Cµ(Ei) − Cµ(F )

= CF
µ (Ei),

and similarly
Cµ|T (E|T ) = CF

µ (E).

Thus Cµ|T (E|T ) =
∑

i Cµ|T (Ei|T ) and
∑

i Cµ|T (Ei|T ) < ∞, so, by applying
the special case to ∆T , Ei|T, E|T (it is easy to check that E|T =

∨
iEi|T ),

we conclude that ⊥i Ei|T , a.e., thus (as it is easy to check again) ⊥i
F Ei, a.e.

�

See the last paragraph of Section 36 for a counterexample that shows that
the assumption that F is smooth cannot be replaced by the assumption that
F is hyperfinite.

For further reference, note also the following fact.

Proposition 27.17. Let G0, G1, . . . , F0, F1, . . . be two sequences of countable
Borel equivalence relations, such that each Gi is treeable and each Fi is smooth.
Let E0 = G0, and En+1 = En ∨ Gn+1. Assume that En+1 = En ∗Fn Gn+1.
Then E =

⋃
nEn is treeable, and if µ is an E-invariant finite measure, then

Cµ(E0) ≤ Cµ(E1) ≤ . . . and limCµ(En) = Cµ(E).
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Proof. It is enough to find for each n a treeing Tn of En such that T0 ⊆
T1 ⊆ . . . Then Cµ(En) = Cµ(Tn) ≤ Cµ(Tn+1) = Cµ(En+1), T =

⋃
n Tn will

be a treeing of E, and Cµ(E) = Cµ(T ) = limCµ(Tn) = limCµ(En).
We take T0 to be any treeing of G0. Given Tn, let Tn be a transversal for

Fn, and, since Gn+1|Tn is treeable (by 21.2), fix a treeing T ′
n+1 for it. Then

take Tn+1 = Tn ∪ T ′
n+1. �

28 Costs and Free Actions

Recall here the characterization of cost, in the ergodic case, given in 27.7.

Proposition 28.1. Let E be an aperiodic countable Borel equivalence relation
and let µ be an E-invariant ergodic probability measure. Then Cµ(E) ≤ n+ ε
(where n = 1, 2, . . . , and 0 ≤ ε < 1) iff for each ε < δ < 1 there is an L-
graphing Φ of E µ-a.e. of the form Φ = {ϕ1, . . . , ϕn, ψ}, where ϕi ∈ [E] and
ψ ∈ [[E]] with µ(dom(ψ)) < δ.

In particular, E has finite cost iff it can be generated a.e. by a Borel action
of a finitely generated group.

It follows from 27.10 that any E induced by a free Borel action of the free
group with n generators Fn with invariant probability measure µ has cost
Cµ(E) = n and is of course treeable. The following gives a converse to this
result, by providing a sharper version of 28.1 for treeable equivalence relations.

Theorem 28.2 (Hjorth [H]). Let E be an aperiodic countable Borel equiv-
alence relation and let µ be an E-invariant ergodic probability measure. If E
is treeable and Cµ(E) = n+ ε (where n = 1, 2, . . . , and 0 ≤ ε < 1), then there
is an L-treeing Φ of E µ-a.e. of the form Φ = {ϕ1, . . . , ϕn, ψ}, where ϕi ∈ [E]
and ψ ∈ [[E]] with µ(dom(ψ)) = ε.

In particular, E is treeable with Cµ(E) = n (n = 1, 2, . . . ) iff E is generated
by a free Borel action of Fn a.e.

This follows immediately from the following result, by a simple induction.

Theorem 28.3 (Hjorth [H]). Let E be an aperiodic countable Borel equiv-
alence relation on X and let µ be an E-invariant ergodic finite measure. Let
Ω = Φ � Ψ be an L-graphing of E with Cµ(Ω) = Cµ(E) < ∞ (thus Ω is
an L-treeing a.e.). If δ = Cµ(Ψ) < µ(X), then we can find ϕ ∈ [[E]] with
µ(dom(ϕ)) = δ such that Φ� {ϕ} is an L-graphing of E, a.e. If δ = Cµ(Ψ) ≥
µ(X), then we can find ϕ ∈ [E] and Ψ ′ such that Ω′ = Φ � {ϕ} � Ψ ′ is
an L-graphing of E a.e. with Cµ(Ω′) = Cµ(E), and if Ψ = {ψi}i∈I , then
Ψ ′ = {ψi|A′

i}i∈I, where A′
i is Borel and A′

i ⊆ dom(ψi). Moreover, we can
decompose each dom(ψi)\A′

i into countably many Borel sets on each of which
ψi can be expressed as a Φ � {ϕ}-word.
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Proof. We will describe first a construction which will allow us to define
ϕ when δ < µ(X). If δ ≥ µ(X), we will define ϕ by an infinite repetition of
this construction.

If the domain of every ψ ∈ Ψ is null, i.e., if Cµ(Ψ) = 0, we can take ϕ to
have null domain as well. Otherwise fix a ψ0 = ψi0 ∈ Ψ with µ(dom(ψ0)) > 0,
and thus with µ({x ∈ dom(ψ0) : ψ0(x) �= x}) > 0, since Ω is an L-treeing
a.e. Then, as in the proof of 19.1, we can find a Borel set of positive measure
A0 ⊆ dom(ψ0) with ψ0(A0)∩A0 = ∅, and µ(A0) < µ(X)−δ, if δ < µ(X) (note
here that µ is non-atomic). Let ϕ1 = ψ0|A0, so that dom(ϕ1) ∩ rng(ϕ1) = ∅.

A subtree of N<N =
⋃

n∈N
Nn is a subset T ⊆ N<N such that ∅ (= the

empty sequence) ∈ T and

s = (s0, . . . , sn−1) ∈ T and m ≤ n⇒ s|m = (s0, . . . , sm−1) ∈ T.

If s = (s0, . . . , sn−1) we let |s| = n be the length of s and for j ∈ N we put
(s, j) = (s0, . . . , sn−1, j) ∈ Nn+1.

We will construct, by induction on n ≥ 1, a finite subtree Tn of N<N, a
map s 
→ V n

s , which assigns to each s ∈ Tn a Borel subset of X of positive
measure, and a map t = (s, j) 
→ ρn

(s,j) which assigns to each t ∈ Tn, of length
≥ 1, a map ρn

t ∈ [[E]] with dom(ρn
t ) = Wn

t ⊆ V n
s and rng(ρn

t ) = V n
t , such

that the following conditions hold:

(i) T1 ⊆ T2 ⊆ T3 ⊆ . . . ,
(ii) If t ∈ Tn, ρ

n
t = ρn+1

t (so also Wn
t = Wn+1

t , V n
t = V n+1

t ),
(iii) V n

s ∩ V n
s′ = ∅, if s �= s′, and

(iv) Wn
(s,j) ∩Wn

(s,j′) = ∅, if j �= j′.

Denote by ϕn ∈ [[E]] the map

ϕn =
⋃

t∈T n,|t|≥1

ρn
t .

We will also construct L-graphs Ψn, n ≥ 1, such that Φ � {ϕn} � Ψn is an
L-graphing of E of cost equal to that of E (i.e., the cost of Φ� Ψ), such that,
if Ψ = {ψi}i∈I , then Ψn = {ψi|An

i }i∈I for some Borel sets An
i ⊆ dom(ψi),

with An+1
i ⊆ An

i (some An
i may be null). Moreover, each dom(ψi)\An

i can be
decomposed into finitely many Borel sets on each of which ψi can be expressed
as a Φ � {ϕn}-word.

Before we start the construction, we fix an enumeration (an)n≥2 of all 5-
tuples of the form (s, i, ε, v, w), where s ∈ N<N \ {∅}, i ∈ I, ε ∈ {±1}, v, w are
words in Φ � {ϕ̂} (ϕ̂ a symbol not in Φ), so that each such 5-tuple appears
infinitely often in this enumeration.

We now start by taking T1 = {∅, (0)}, with V 1
∅ = dom(ϕ1) = A0, V

1
(0) =

rng(ϕ1), ρ1
(0) = ϕ1. (Note that this notation for ϕ1 is consistent as the map

corresponding to T1,
⋃

t∈T 1,|t|≥1 = ρ1
(0) is indeed ϕ1.) We also let Ψ1 = (Ψ \

{ψ0}) � {ψ0|(dom(ψ0) \A0)}. Thus we have transferred ψ0|A0 from Ψ to ϕ1.
Clearly all the above conditions hold for n = 1.
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Assume now Tn, s
′ 
→ V n

s′ , t′ 
→ ρn
t′ , Ψn, i

′ 
→ An
i′ have been constructed

satisfying the above conditions. Let an+1 = (s, i, ε, v, w). If ε = +1 consider
the set

Bn =
{
x ∈ An

i : w−1
n (x) ∈ V n

s \
⋃

(s,j)∈Tn

Wn
(s,j) & vnψi(x) �∈

⋃

s′∈Tn

V n
s′
}
,

where it is understood that Bn = ∅, if s �∈ Tn, and the notation vn, wn means
that v, w are evaluated in Φ � {ϕn}. If µ(Bn) = 0, we do nothing, i.e., we let

(Tn+1, V
n+1
s′ , ρn+1

t′ , Ψn+1, A
n
i′ ) = (Tn, V

n
s′ , ρn

t′ , Ψn, A
n
i′).

If µ(Bn) > 0, we define Tn+1 = Tn∪{(s, j)}, where j is least such that (s, j) �∈
Tn, and define V n+1

(s,j) = vnψi(Bn),Wn+1
(s,j) = w−1

n (Bn), ρn+1
(s,j) = vnψiwn|Wn+1

(s,j) ,

Ψn+1 = (Ψn \ {ψi|An
i }) � {ψi|(An

i \Bn)},

so that An
i+1 = An

i \Bn.
Thus, in effect, we have transferred ψi|Bn from Ψn to ϕn+1. Note also

that, since µ(Bn) = µ(Wn+1
(s,j)), Φ � {ϕn+1} � Ψn+1 is an L-graphing of E with

cost equal to that of Φ � {ϕn} � Ψn, i.e., that of E. So it is clear that all the
conditions hold for n+ 1.

If ε = −1, define Bn as before but replacing An
i by ψi(An

i ) and ψi by ψ−1
i ,

and proceed to define Tn+1 exactly as before and V n+1
(s,j) = vnψ

−1
i (Bn),Wn+1

(s,j)

exactly as before, ρn
(s,j) = vnψ

−1
i wn|Wn+1

(s,j) , Ψn+1 = (Ψn \ {ψi|An
i })�{ψi|(An

i \
ψ−1

i (Bn))}, so that An
i+1 = An

i \ ψ−1
i (Bn). Again all the conditions hold at

n+ 1.
This completes the construction. Let T∞ =

⋃
n≥1 Tn, V

∞
s = V n

s , if s ∈
Tn, ρ

∞
t = ρn

t , if t ∈ Tn, A
∞
i =

⋂
n≥1A

n
i , Ψ∞ = {ψi|A∞

i }, ϕ∞ =
⋃

n≥1 ϕn.
We note the following fact, denoted by (∗):
It is impossible to find i ∈ I, ε ∈ {±1}, a non-null Borel set B′ ⊆ ψε̄

i (A
∞
i ),

where ε̄ = 0 if ε = +1, ε̄ = +1 if ε = −1, s ∈ T∞, s �= ∅,W ′ ⊆ V∞
s with

W ′ ∩ (
⋃

(s,j)∈T∞ W(s,j)) = ∅, and ρ′ ∈ [[E]] with dom(ρ′) = W ′, rng(ρ′) = V ′,
where V ′∩

⋃
s′∈T∞ V∞

s′ = ∅, and words v, w in Φ�{ϕ̂} such that ρ′ = v∞ψ
′w∞,

where ψ′ = ψε
i |B′ (thus W ′ = w−1

∞ (B′)), and v∞, w∞ means that v, w are
evaluated in Φ � {ϕ∞}.

Indeed, otherwise, and taking ε = +1 for definiteness (the other can being
similar), since ϕ∞ =

⋃
n≥1 ϕn, T∞ =

⋃
n≥1 Tn, we can assume, by shrinking

B′, if necessary, that for all large enough n, s ∈ Tn and ρ′ = vnψ
′wn, where

vn, wn means that v, w are evaluated using ϕn instead of ϕ∞. Choose such n so
that moreover an+1 = (s, i, ε, v, w). Clearly then Bn ⊇ B′ (as V n

s = V∞
s ) and

so W ′ ⊆Wn+1
(s,j) , for some j, and V ′ ⊆ V n+1

(s,j) ⊆
⋃

s′∈T∞ V∞
s′ , a contradiction.

Let An =
⋃

|s|=n V
∞
s for n ∈ N. (Note the notation is consistent for n = 0,

as V∞
∅ = V 1

∅ = dom(ϕi) = A0.) Let A =
⋃

nAn. Then clearly A = dom(ϕ∞)∪
rng(ϕ∞), and An ∩ Am = ∅, if n �= m. Note also that rng(ϕ∞) =

⋃
n≥1An,

and µ(A\ dom(ϕ∞)) = µ(A\ rng(ϕ∞)) = µ(A0) > 0.
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We now claim that for a.e. x ∈ A there is (a unique) n ≥ 0 such that
ϕn
∞(x) �∈ dom(ϕ∞). Indeed, first note that if x ∈ An, then ϕ−n

∞ (x) ∈ A0, so if
C = {x ∈ A : ∀n ≥ 0(ϕn

∞(x) ∈ dom(ϕ∞))}, then ϕ∞(C ∩ An) = C ∩ An+1,
so µ(C ∩An) = µ(C ∩A0). But the C ∩An are pairwise disjoint, so they are
null, i.e., C is null.

Now consider cases as δ < µ(X) or δ ≥ µ(X).

(i) We first deal with the case δ < µ(X). We argue then that µ(A) <
µ(X). Otherwise, by dropping a null set, we can assume that A = X . Thus
dom(ϕ∞)∪ rng(ϕ∞) = X and X\ rng(ϕ∞) = A0, so, as µ(dom(ϕ∞)) =
µ(rng(ϕ∞)), we have that µ(X\ dom(ϕ∞)) = µ(X\ rng(ϕ∞)) = µ(A0) <
µ(X)− δ, so µ(dom(ϕ∞)) > δ, i.e., Cµ({ϕ∞}) > δ. But then Cµ(Φ � {ϕ∞} �
Ψ∞) ≥ Cµ(Φ) +Cµ({ϕ∞}) > Cµ(Φ) + δ > Cµ(E), contradicting the fact that
Cµ(Φ � {ϕ∞} ∪ Ψ∞) = Cµ(E).

Thus in this case we must have µ(A) < µ(X).

Claim 28.4. If F is the equivalence relation generated by Φ � {ϕ∞}, then F
is µ-ergodic.

Granting this claim, we proceed as follows: If Ψ∞ has non-0 cost, fix i
with µ(dom(ψ′)) > 0, where ψ′ = ψi|A∞

i . Then find B ⊆ dom(ψ′) with
0 < µ(B) < min {µ(A\ dom(ϕ∞)), µ(X \ A)}. By F -ergodicity and 16.3, we
can find Φ � {ϕ∞}-words v, w and B′ ⊆ B with µ(B′) > 0 such that w−1

is defined on B′ and w−1(B′) ⊆ A\ dom(ϕ∞), and v is defined on ψ′(B′)
and v(ψ′(B)) ⊆ X \ A. By shrinking B′, if necessary, we can assume that
w−1(B′) = W ′ ⊆ V∞

s , for some s ∈ T∞, s �= ∅, and thus, since w−1(B′)∩
dom(ϕ∞) = ∅, w(B′)∩ (

⋃
(s,j)∈T∞ W(s,j)) = ∅. Let ρ′ = vψ′w|W ′. Then i, ε =

+1, B′, s,W ′, ρ′, v, w violate (∗), a contradiction.
So we must have that Ψ∞ has zero cost, thus, since

Cµ(E) = Cµ(Φ) + δ = Cµ(Φ) + Cµ({ϕ∞}) + Cµ(Ψ∞),

we have Cµ({ϕ∞}) = µ(dom(ϕ∞)) = δ. So taking ϕ = ϕ∞, we are done in
this case.

It only remains to prove the claim. Assume, towards a contradiction, that
µ is not F -ergodic. Let then X = X1∪X2 be a partition of X into F -invariant
Borel sets of positive measure. Using that 0 < µ(A) < µ(X), we can assume,
switching X1, X2 if necessary, that µ(A ∩ X1) > 0 and µ((X \ A) ∩ X2) >
0. Thus there are A∗ ⊆ A,B∗ ⊆ X \ A with 0 < µ(A∗)) ≤ µ(B∗) and
[A∗]F ∩ B∗ = ∅. By E-ergodicity and 16.3, we can assume that there is a
reduced Φ � {ϕ∞} � Ψ∞-word defined on A∗ and sending A∗ onto a subset
of B∗. This word must contain something in Ψ∞, since [A∗]F ∩ B∗ = ∅. It
follows that there is a Borel set Ã ⊆ A of positive measure, i ∈ I, Φ � {ϕ∞}-
words v, w and ε ∈ {±1}, such that, letting ψ′ = ψi|A∞

i , we have v(ψ′)εw
is defined on Ã and v(ψ′)εw(Ã) ∩ A = ∅. Take, for definiteness ε = +1, the
other case being similar. We can also assume, using the fact that for a.e.



102 Costs of Equivalence Relations and Groups

x ∈ A there is n ≥ 0 with ϕn
∞(x) �∈ dom(ϕ∞), that for some fixed n0 ≥ 0

we have that ϕn0
∞ is defined on Ã and ϕn0

∞ (Ã) ⊆ A\ dom(ϕ∞), and in fact
that moreover for some s ∈ T∞, s �= ∅, ϕn0

∞ (Ã) = W ′ ⊆ V∞
s . Define then

ρ′ with domain W ′ by ρ′ = vψ′wϕ−n
∞ . Let B′ = w(Ã) ⊆ dom(ψ′). Then

i, ε = +1, B′, s,W ′, ρ′, v, wϕ−n
∞ violate (∗), a contradiction. This proves the

claim and completes the proof of the theorem in the case δ < µ(X).

(ii) We now consider the case Cµ(Ψ) = δ ≥ µ(X). We will argue that
in this case we must have (in the previous notation) µ(A) = µ(X). Indeed
assume, towards a contradiction, that µ(A) < µ(X). Then, exactly as in the
preceding paragraph, if µ is not F -ergodic (where F is the equivalence relation
generated by Φ � {ϕ∞}), we have a contradiction. So we can assume that µ
is F -ergodic. Since Φ � {ϕ∞} � Ψ∞ has the same cost as Φ � Ψ , and clearly
µ(dom(ϕ∞)) < µ(X) ≤ δ = Cµ(Ψ) (since dom(ϕ∞) ⊆ A), it follows that
Cµ(Ψ∞) > 0, so, exactly as in the paragraph following the statement of Claim
28.4, we have a contradiction.

So we can assume that A = X . Put ϕ̃ = ϕ∞, Ψ̃ = Ψ∞, X
0 = A0. Notice

that µ(X \ dom(ϕ̃)) = µ(X0) ≤ 1
2µ(X). Also notice that Ψ̃ = {ψ̃i}i∈I =

{ψi|Ãi}i∈I , where Ãi ⊆ dom(ψi) and dom(ψi) \ Ãi can be decomposed into
countably many Borel pieces, on each of which ψi can be written as a Φ�{ϕ̃}-
word. We now “project” everything to X0 and repeat this construction in X0.
More precisely, note that for every x ∈ X (= A) there is a unique N(x) = n ≥
0 with ϕ̃−n(x) ∈ A0. Put π0(x) = ϕ̃−n(x). Notice that π0|(X \ dom(ϕ̃)) is a
bijection ofX\dom(ϕ̃) withX0 µ-a.e. If θ : C → D is in [[E]], we associate to it
an L-graph

∏
0(θ) = {πn,m(θ)}n,m∈N, with πn,m ∈ [[E|X0]] defined as follows:

Decompose C =
⋃

n,m∈N
Cn,m, D =

⋃
n,m∈N

Dn,m into pairwise disjoint Borel
sets so that θ(Cn,m) = Dn,m and N(x) = n for x ∈ Cn,m, N(y) = m for
y ∈ Dn,m. Put πn,m(θ) = (ϕ̃)−mθϕ̃n, with domain (ϕ̃)−n(Cn,m) and range
(ϕ̃)−m(Dn,m).

Now consider X0, µ|X0, E|X0, Φ0 =
∏

0(Φ) =
⊔

k∈K

∏
0(ϕk), where

Φ = {ϕk)k∈K , Ψ
0 =

∏
0(Ψ̃) =

⊔
i∈I

∏
0(ψ̃i), with Ψ̃ = {ψ̃i}i∈I . Then E|X0 is

aperiodic (after dropping a null set) and µ|X0 is an (E|X0)-invariant ergodic
measure. Also Ω0 = Φ0�Ψ0 is clearly an L-graphing of E|X0, since Φ�{ϕ̃}�Ψ̃
is an L-graphing of E and

∏
0(ϕ̃) is an L-graph whose maps are the identity

on their domain. We now claim that Cµ|X0(Ω0) = Cµ|X0(E|X0). Indeed,
Cµ|X0(Ω0) = Cµ(Φ) + Cµ(Ψ̃ ) = Cµ(E) − Cµ({ϕ̃}) = Cµ(E) − µ(rng(ϕ̃)) =
Cµ(E) − (µ(X) − µ(X0)) = Cµ|X0(E|X0), since X0 is a complete section
for E a.e. Finally, Cµ|X0(Ψ0) = Cµ(Ψ̃ ) = Cµ(E) − [Cµ(Φ) + Cµ({ϕ̃})] =
Cµ(Ψ)−Cµ({ϕ̃}) = Cµ(Ψ)− µ(rng(ϕ̃)) = Cµ(Ψ)− (µ(X)− µ(X0)) ≥ µ(X0).
So E|X0, µ|X0, Ω0 = Φ0�Ψ0 satisfy all the hypotheses that E,X,Ω = Φ�Ψ
satisfy in the present case (Cµ(Ψ) ≥ µ(X)), so we can repeat this construction
in X0 now to obtain ϕ̃0 ∈ [[E|X0]], Ψ̃0 with Φ0 � {ϕ̃0} � Ψ̃0 an L-graphing
of E|X0 with cost Cµ|X0(E|X0), Ψ̃0 =

⊔
i∈I

⊔
n,m∈N

(πn,m(ψi)|Ai,n,m) for
appropriate Borel sets Ai,n,m ⊆ dom(πn,m(ψ̃i)), and Borel X1 ⊆ X0 of pos-
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itive measure (playing the role of X0 = A0 in X) with µ(X0 \ dom(ϕ̃0)) =
µ(X1) ≤ 1

2µ(X0). Then we pull them back to X as follows: Define Ψ̃0 =
{ψ̃i|

⋃
n,m∈N

ϕ̃n(Ai,n,m)} = {ψi|A0,i}. Let ϕ̃0 ⊇ ϕ̃ extend ϕ̃0 by adding to
its domain all x ∈ X \ dom(ϕ̃) with π0(x) ∈ dom(ϕ̃0) and letting ϕ̃0(x) =
ϕ̃0 ◦ π0(x). Then notice that µ(X \ dom(ϕ̃0)) ≤ 1

4µ(X). Also Φ � {ϕ̃0} � Ψ̃0

is an L-graphing of E and has cost Cµ(E), since Cµ(Φ � {ϕ̃0} � Ψ̃0) =
Cµ|X0 (Φ

0)+Cµ({ϕ̃})+Cµ|X0({ϕ̃0})+Cµ|X0(Ψ̃
0) = Cµ|X0 (E|X0)+Cµ({ϕ̃}) =

Cµ(E) − (µ(X) − µ(X0)) + µ(X) − µ(X0) = Cµ(E). Finally, dom(ψi) \ A0,i

can be decomposed into countably many Borel sets on each of which ψi can
be expressed as a Φ � {ϕ̃0} word. Then we repeat the construction within
X1 and pull everything back to X0 and then back to X to obtain ϕ̃1 ⊇ ϕ̃0

and Ψ̃1 = {ψi|A1,i}i∈I , where A0,i ⊇ A1,i, etc. This way inductively we con-
struct ϕ̃0 ⊆ ϕ̃1 ⊆ · · · ⊆ ϕ̃n ⊆ . . . in [[E]] with µ(X \ dom(ϕ̃n)) ≤ 1

2n+2µ(X)
and Ψ̃0, Ψ̃1, . . . , Ψ̃n, . . . with Ψ̃n = {ψ̃i|An,i}i∈I , where dom(ψi) ⊇ A0,i ⊇
A1,i ⊇ · · · ⊇ An,i ⊇ . . . , Φ � {ϕ̃n} � Ψ̃n L-graphs E with cost Cµ(E) and
dom(ψi) \An,i can be decomposed into countably many Borel pieces on each
of which ψi can be expressed as a Φ � {ϕ̃n} word. Finally put ϕ =

⋃
n ϕ̃n, so

that µ(dom(ϕ)) = µ(rng(ϕ)) = µ(X), and thus after dropping a null set, we
can assume that ϕ ∈ [E], and let Ψ ′ = {ψi|

⋂
nAn,i}i∈I . This clearly works,

i.e.,Ω′ = Φ�{ϕ}�Ψ ′ is an L-graphing of E a.e. of cost Cµ(E), Ψ ′ = {ψi|A′
i}i∈I ,

with A′
i =
⋂

nAn,i ⊆ dom(ψi), and we can decompose dom(ψi)\A′
i into count-

ably many Borel sets on each of which ψi can be expressed as a Φ�{ϕ}-word.
�

A careful inspection of the proof of 28.3 shows that, with some simple
modifications, it can be also used to give the proof of the following version of
28.2 for infinite costs.

Theorem 28.5 (Hjorth [H]). Let E be an aperiodic countable Borel equiv-
alence relation and let µ be an E-invariant ergodic probability measure. If E
is treeable and Cµ(E) = ∞, then E is induced by a free Borel action of F∞
a.e.

Proof. Fix an L-treeing Ψ = {ψi}∞i=1 of E with Cµ(Ψ) = ∞. By decom-
posing the domain of each ψi into countably many pieces, we can assume that
the domain and range of each ψi are disjoint. Then inductively, using the
method of proof of 28.3 (for the case δ ≥ µ(X)), we construct L-treeings of E
a.e. {Ωi}∞i=0, such that:

i) Ω0 = Ψ ,
ii) Ωi = {ϕ1, ϕ2, . . . , ϕi} � Ψi, for each i ≥ 1, where ϕi ∈ [E], Ψi =

{ψi+1|Ai
i+1, ψi+2|Ai

i+2, . . . } for some Borel sets Ai
n contained in the do-

main of ψn, for i < n, and such that Ai+1
n ⊆ Ai

n for i+ 1 < n, and the
domain of each ψi can be decomposed into countably many pieces on
each of which ψi can be expressed as a {ϕ1, . . . , ϕi}-word.
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One observation that is needed here is that the proof of 28.3 shows that,
in the notation of the statement of 28.3 in the case δ ≥ µ(X), if some ψi has
disjoint domain and range, then we can assume that ψi ⊆ ϕ.

It is now clear that {ϕ1, ϕ2, . . . } provide a free action of F∞ that generates
E a.e. �

We conclude this section with an application of 28.3.
Recall from [DJK], 3.4 that one has the following version of the Glimm-

Effros Dichotomy for countable Borel equivalence relations. Let E0 be the
following equivalence relation on 2N:

xE0y ⇔ ∃n∀m ≥ n(xm = ym).

Also denote by ∼=B the relation of Borel isomorphism. We have then:

Theorem 28.6. (Glimm-Effros Dichotomy, see [DJK], 3.4) For any
countable Borel equivalence relation E on X, exactly one of the following
holds:

(I) There is a Borel set A ⊆ X with E0
∼=B E|A:

(II) E is smooth.

It is now natural to wonder whether there is a dichotomy for the strength-
ening of (I), where one requires that A is E-invariant.

Problem 28.7. Prove or disprove the following dichotomy:
For any aperiodic countable Borel equivalence relation E on X exactly one

of the following holds:

(I) There is a Borel E-invariant set A ⊆ X with E0
∼=B E|A.

(II) There is a free Borel action of F2 on X such that EX
F2

⊆ E.

Since E0 is hyperfinite and admits an invariant probability Borel measure,
it is clear that (I), (II) are incompatible.

Now it is not hard to see that alternative (I) above is equivalent to:

(I)′ There is an E-invariant probability measure µ on X such that E is
hyperfinite µ-a.e.

Indeed, (I) ⇒ (I)′ follows from the just preceding remarks. Conversely, if
(I)′ holds, then we can use, for example, [DJK], 9.3 to conclude that there is
Borel E-invariant A ⊆ X with E0

∼=B E|A.
In relation to this problem, we note that one can show the following, which

provides a weaker affirmative answer to 28.7 and also shows that 28.7 is true
in case E is treeable.
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Proposition 28.8 (Kechris-Miller). Let E be an aperiodic countable Borel
equivalence relation on X. Then one of the following holds:

(I) There is an invariant probability measure µ such that Cµ(E) = 1.
(II) There is a free Borel action of F2 on X such that EX

F2
⊆ E.

Corollary 28.9. The dichotomy 28.7 holds, when E is treeable.

This follows immediately from 22.2.

Remark 28.10. Note that in 28.8, (I) and (II) are not incompatible, as any
E induced by a free Borel action of F2×Z with invariant probability measure
satisfies both these conditions.

Proof of 28.8. We will make use of the following lemma, which was also
proved independently by M. Pichot.

Lemma 28.11. Let E be a countable Borel equivalence relation on X, G a
graphing of E and T0 ⊆ G an acyclic graph. Then there is an acyclic graph
T with T0 ⊆ T ⊆ G and Cµ(T ) ≥ Cµ(E), for every E-invariant probability
measure µ with Cµ(G) <∞.

Proof. Consider the standard Borel space [X ]<∞ of finite subsets of X
and its Borel subset

C = {A = {a1, . . . , an} ∈ [X ]<∞ : there is a permutation
π of {1, . . . , n} such that aπ(1), . . . , aπ(n), aπ(1) is a G − cycle).

We call the members of C simply G-cycles. Define a graph H on C by

(A,B) ∈ H ⇔ A �= B and A ∩B �= ∅.

We claim that there is a Borel ℵ0-coloring of H, i.e., a Borel map c : C → N

with (A,B) ∈ H ⇒ c(A) �= c(B).
Granting this, let Cn = c−1({n}). Now inductively define Gn as follows:

G0 = G, and Gn+1 is obtained from Gn by considering all Gn-cycles A, with
A ∈ Cn, and cutting off one edge in Gn \ T0 connecting two vertices in A.

Then G = G0 ⊇ G1 ⊇ · · · ⊇ T0 and since c is a coloring, each Gn is a
graphing of E. Thus, for any E-invariant probability measure µ with Cµ(G) <
∞, Cµ(G0) ≥ Cµ(G1) ≥ · · · ≥ Cµ(E). Put T =

⋂
n Gn, so that Cµ(T ) =

limn Cµ(Gn) ≥ Cµ(E). It is clear that T is acyclic, since if A is a T -cycle,
then A ∈ Cn, for some natural number n, thus A is not a Gn+1-cycle, a
contradiction.

We now prove the claim: Fix a Borel ordering < of C and a countable
sequence of Borel involutions {gn} on X such that xEy ⇔ ∃n(gn(x) = y)
(see 1.1). For A ∈ C, write A = {a1, . . . , an} with a1 < · · · < an. Let c(A) =
π({gij}i≤i,j≤n), where gij is least in the enumeration {gn} such that gij(ai) =
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aj , and π is an injection of the set of finite sequences of the form {gij}1≤i,j≤n

from {gm : m ∈ N} into N. If AHB and, towards a contradiction, c(A) =
c(B) = π({gij}), then A = {a1, . . . , an}, B = {b1, . . . , bn}, for some n, and
ai = bj for some 1 ≤ i, j ≤ n. If i = j, then A = B, a contradiction. Otherwise,
say i < j. Then aj = gij(ai) = gij(bj) = g2

ij(bi) = bi, so bi < bj = ai < aj , a
contradiction. �

Now the preceding lemma implies

Lemma 28.12. Let E be an aperiodic countable Borel equivalence relation,
and µ an E-invariant probability Borel measure. If Cµ(E) > 1, then there is
an acyclic Borel graph T ⊆ E with Cµ(T ) > 1. If F is the equivalence relation
generated by T and µ is E-ergodic, then we can choose T so that µ is also
F -ergodic.

Proof. By Zimmer [Z], 9.3.2, let E0 ⊆ E be an aperiodic hyperfinite
Borel equivalence relation such that if moreover µ is E-ergodic, then µ is also
E0-ergodic. Let T0 be a treeing of E0. Let G ⊇ T0 be a graphing of E. Let
T0 = G0 ⊆ G1 ⊆ . . . be such that

⋃
n Gn = G and Cµ(Gn) <∞. Let En be the

equivalence relation generated by Gn, so that E0 ⊆ E1 ⊆ . . . and
⋃

nEn = E.
If Cµ(En) = 1, for all n, then, by 23.5, Cµ(E) = 1, a contradiction. So there
is some n with Cµ(En) > 1, and then by 28.11 there is an acyclic graph Tn

with T0 ⊆ Tn ⊆ En and Cµ(Tn) ≥ Cµ(En) > 1. Take T = Tn. �

We are now ready to complete the proof of 28.8.
If E admits no invariant probability measure, then, by Nadkarni’s Theorem

(see [DJK], 3.5), E is compressible. Then, by [DJK], 2.5, there is a Borel
subequivalence relation F ⊆ E which is smooth and aperiodic. Clearly then
F is induced by a free Borel action of F2. (In fact by 2.3, 3.17 of [JKL], E
itself is induced by a free Borel action of F2.) Thus alternative (II) holds.

So we can assume that E admits an invariant probability measure. Con-
sider then the Ergodic Decomposition Theorem 18.5. If for some e ∈ EIE , we
have Ce(E) = 1, then (I) holds. Else for all such e, Ce(E) > 1, and thus by
Lemma 28.12, and its proof, we can find an acyclic Borel graph Te generating
a subequivalence relation Fe ⊆ E|Xe, with ce = Ce(Fe) = Ce(Te) > 1. Fix ne

so that ne(ce − 1) + 1 > 2, and let Se ⊆ Xe be a Borel set with e(Se) = 1/ne

(this is possible, since e is clearly non-atomic).
Let e′ = e|Se

e(Se) . Then

Ce′ (E|Se) = nece − (ne − 1) = ne(ce − 1) + 1 > 2.

So by Theorem 28.2, there is a free Borel action of F2 on an (E|Se)-invariant
Borel set Ye ⊆ Se with e′(Ye) = 1, such that EYe

F2
⊆ E. Next let Y e

1 =
Ye, Y

e
2 , . . . , Y

e
ne

be a partition of Xe into Borel sets of e-measure 1/ne. By
shrinking Ye, if necessary, we can assume that there are Borel injections ϕe

1 =
identity on Ye, ϕ

e
2 : Ye → Y e

2 , . . . , ϕ
e
ne

: Ye → Y e
ne

with ϕi(x)Ex; see 16.3.
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Let Ze =
⋃ne

i=1 ϕ
e
i (Ye), so that e(Ze) = 1. Moving the action of F2 on Ye

to each Y e
i , i ≥ 2, using ϕi, we see that there is a free Borel action of F2

on Ze with EZe

F2
⊆ E. By shrinking Ze, if necessary, we can assume that it

is E-invariant. Let Z =
⋃

e∈EIE
Ze. Then Z is an E-invariant set which is

Borel, since the construction of Ze from e is done in a Borel way. Moreover
the union of the actions of F2 on each Ze gives a free Borel action of F2 on Z
with EZ

F2
⊆ E. Since e(X \ Z) = 0, for each e ∈ EIE , clearly X \ Z is µ-null,

for each E-invariant probability Borel measure µ, so, by Nadkarni’s Theorem
(see [DJK], 3.5) E|(X \Z) is compressible, so, as before, E|(X \Z) contains a
subequivalence relation induced by a free Borel action of F2 on X \Z. Thus it
is clear that there is a free Borel action of F2 on X producing a subequivalence
relation of E, i.e. (II) holds. �

Remark 28.13. We would like to thank G. Hjorth for suggesting the use of
restrictions instead of subequivalence relations, that we had originally used,
in the proof of the preceding result.

From the ergodic decomposition argument, used in the preceding proof, it
is clear that Problem 28.7 is closely related to the following measure theoretic
version, which has been also considered earlier by Gaboriau.

Problem 28.14. Prove or disprove the following dichotomy:
Let E be a countable Borel equivalence relation and µ an E-invariant,

ergodic probability measure. Then exactly one of the following holds:

(I) E is hyperfinite, µ-a.e.
(II) There is a Borel equivalence relation F ⊆ E which is induced by a free

Borel action of F2, µ-a.e.

This can be considered as a “dynamic” version of the so-called “von Neu-
mann Conjecture” (actually due to Day): Any countable group Γ is either
amenable or contains F2. (This conjecture was disproved by Olshanskii in
1980.) Note again that the argument in the proof of 28.8 shows that this is
true if (I) is replaced by the weaker “Cµ(E) = 1.”

29 Cost of a Group

Let Γ be a countable group. We define its cost, C(Γ ), by

C(Γ ) = inf{Cµ(E)},

where E ranges over those equivalence relations, with invariant probability
measure µ, which are induced by a free Borel action of Γ on a standard Borel
space. This definition is not vacuous since every countable group Γ admits a
free Borel action on a standard Borel space with invariant probability measure.
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This is clear if Γ is finite. So assume Γ is infinite. Consider then the shift action
of Γ on 2Γ , g · x(h) = x(g−1h), and restrict it to its free part, i.e., the Borel
Γ -invariant set {x ∈ 2Γ : g ·x �= x, ∀g �= 1}. If µ is the usual product measure
on 2Γ , with 2 = {0, 1} having the (1

2 ,
1
2 )-measure, then µ is Γ -invariant and

concentrates on the free part.
If Γ is finite with cardinality |Γ |, then, by Section 20,

C(Γ ) = 1 − 1
|Γ | .

If Γ is infinite, then, by 21.3, C(Γ ) ≥ 1.
Next notice that, by 18.5, we also have

C(Γ ) = inf{Cµ(E)},

where E ranges over those equivalence relations, with E-invariant, ergodic
probability measure µ, which are induced by a free Borel action of Γ on a
standard Borel space.

We now verify that C(Γ ) is attained.

Proposition 29.1 (Gaboriau). For any countable group Γ , there is a free
Borel action of Γ on a standard Borel space X with invariant probability
measure µ such that C(Γ ) = Cµ(EX

Γ ).

Proof. Let En, Xn, µn be such that En is induced by a free Borel action
of Γ on Xn with invariant probability measure µn, and Cµn(En) → C(Γ ).
Consider the free action of Γ on X =

∏
nXn given by

g · (xn) = (g · xn),

and the product measure µ =
∏

n µn. Clearly it is invariant under this action.
Also let E = EX

Γ be the induced equivalence relation. It is enough to show
that

Cµ(E) ≤ Cµn(En),

for each n. Take, without loss of generality n = 0. Let Φ0 = {ϕj}j∈J , ϕj :
Aj → Bj, be an L-graphing of E0 such that, again without loss of generality,
on its domain Aj , ϕj is equal to x 
→ gij · x (x ∈ Aj), for some ij ∈ I. Then
Ψ0 = {ψj}, where ψj : Aj ×

∏
n≥1Xn → Bj ×

∏
n≥1Xn, is given by

ψj(x0, x1, . . . , xn, . . . ) = (gij · x0, gij · x1, . . . , gij · xn, . . . )

is an L-graphing of E, and Cµ(Ψ0) =
∑

j µ0(Aj) = Cµ(Φ0). Thus Cµ(E) ≤
Cµ(Φ0) and so Cµ(E) ≤ Cµ0 (E0). �

Remark 29.2. From 18.5 it is also clear that in 29.1 such an action can be
found so that µ is also ergodic.



Cost of a Group 109

Denote by GROUP the standard Borel space of countable groups. We next
consider the descriptive complexity of the cost function.

Proposition 29.3. For each r ∈ R, the set {Γ ∈ GROUP : C(Γ ) < r} is
analytic.

Proof. Consider the shift action of the free group F∞ with ℵ0 generators
on RF∞ : g ·x(h) = x(g−1h). Let E∞ be the corresponding equivalence relation.

There is clearly a Borel function F : GROUP → Power(F∞) such that
F (Γ ) is a normal subgroup of F∞, F∞/F (Γ ) ∼= Γ . Also fix a map Γ 
→ πΓ

such that πΓ : F∞ → Γ is a surjective homomorphism with ker(πΓ ) = F (Γ ).
Suppose now Γ ∈ GROUP acts in a Borel way on a standard Borel space,

which without loss of generality we an assume to be a Borel subset of R.
Then define f : X → RF∞ by f(x)(g) = πΓ (g−1) · x. Clearly f is a Borel
bijection between X and an E∞-invariant Borel set Y (= f(X)) and xEX

G y ⇔
f(x)E∞f(y), since f(πΓ (g) · x) = g · f(x), for any x ∈ X . Moreover, if the
action of Γ on X is free, then for each y ∈ Y , if Stab(y) is the stabilizer of y
(in the shift action), then

Stab(y) = ker(πΓ ) = F (Γ ).

Finally, if µ is an EX
Γ -invariant probability measure, f∗µ is an E∞-invariant

probability measure, Cµ(EX
Γ ) = Cf∗µ(E∞), and by the above f∗µ concentrates

on the y ∈ RF∞ with Stab(y) = F (Γ ). Conversely, if ν is a probability measure
on RF∞ which is E∞-invariant, and, letting SΓ = {x ∈ RF∞ : Stab(x) =
F (Γ )}, we have ν(SΓ ) = 1, then clearly E∞|SΓ is induced by a free Borel
action of Γ , since Γ ∼= F∞/F (Γ ), and of course Cν(E∞|SΓ ) = Cν(E∞). It
follows that

C(Γ ) = inf{Cν(E∞) : ν ∈ IE∞ & ν(SΓ ) = 1},

so
C(Γ ) < r ⇔ ∃ν ∈ IE∞(ν(SΓ ) = 1 & Cν(E∞) < r),

so, by 18.1, {Γ : C(Γ ) < r} is analytic. �

As a corollary
{Γ : C(Γ ) = 1}

is analytic. The following questions however are open.

Problem 29.4. Is the function Γ 
→ C(Γ ) Borel? Is the set {Γ : C(Γ ) = 1}
Borel?

We will now give an alternative definition of C(Γ ), motivated by some
concepts in probability theory, which are discussed, for example, in Pemantle-
Peres [P2].

For a fixed countable group Γ , denote by GRAPHΓ the standard Borel
space of graphs on (the vertex set) Γ . Then Γ acts on GRAPHΓ by
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g ·G = G′,

where (x, y) ∈ G′ ⇔ (g−1x, g−1y) ∈ G.
We will consider Γ -invariant probability measures on GRAPHΓ . If µ is

such a measure, we can think of it as defining a random Γ -invariant graphing
of Γ or just random graphing of Γ . If µ concentrates on the Borel Γ -invariant
set CGRAPHΓ of connected graphs on Γ , we call µ a random connected
graphing of Γ .

For example, if {γi}i∈I is a set of generators for Γ and C is the corre-
sponding Cayley graph

gCh⇔ ∃i(gγi = h),

then C is a fixed point of the Γ -action on GRAPHΓ , thus the Dirac measure
δC concentrating on {C} is a random connected graphing on Γ . So we can
think of random connected graphings as generalizations of Cayley graphs.

If µ is a random graphing of Γ , we define its expected degree, dµ, to be 1
2

of the average degree of 1 (the identity of Γ ) in a graph, i.e.,

dµ =
1
2

∫
dG(1) dµ(G).

Note that instead of 1 we could have used any fixed element γ ∈ Γ , since
∫
dG(1) dµ(G) =

∫
dγ·G(γ) dµ(G)

=
∫
dG(γ) dµ(G),

by the Γ -invariance of µ.
We now have

Proposition 29.5. For any countable group Γ ,

C(Γ ) = inf{dµ : µ is a random connected graphing of Γ}.

Proof. Suppose Γ acts freely and in a Borel way on the standard Borel
space X and G is a graphing of EX

Γ . Define the Borel map ϕG : X →
GRAPHΓ by

ϕG(x) = G(x),

where
(g, h) ∈ G(x) ⇔ (g · x, h · x) ∈ G.

Let ν = (ϕG)∗µ. Then ν is a random connected graphing of Γ . Moreover
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Cµ(G) =
1
2

∫
|Gx| dµ(x)

=
1
2

∫
|{y : (x, y) ∈ G}| dµ(x)

=
1
2

∫
|{g : (x, g · x) ∈ G}| dµ(x)

=
1
2

∫
|{g : (1, g) ∈ G(x)}| dµ(x)

=
1
2

∫
dG(x)(1) dµ(x)

=
1
2

∫
dG(1) dν(G)

= dν .

Conversely, consider a random connected graphing ν of Γ . We would like
to reverse the above steps, but unfortunately the action of Γ on GRAPHΓ is
not necessarily free ν-a.e. Instead, we use the following argument of Lyons:

Fix a free Borel action of Γ on Y with invariant probability measure ρ.
Let X = CGRAPHΓ × Y and put on X the measure µ = ν × ρ. Now Γ acts
on CGRAPHΓ as before, so it acts on X by g · (G, x) = (g · G, g · x). Since
the action of Γ on Y is free, it follows that the action of Γ on X is free. Let
E = EX

Γ . We define a graphing G of E as follows: Fix (G, x), (H, y) ∈ X ,
with (G, x)E(H, y). Then there is unique g ∈ Γ with g · (G, x) = (H, y), or
g ·G = H, g · x = y. Put

(G, x)G(H, y) ⇔ (1, g−1) ∈ G.

It is easy to see that G is a graphing of E. We also have

Cµ(G) =
1
2

∫
|G(G,x)| dµ(G, x)

=
1
2

∫
dG(1)dν(G) dρ(x)

= dν .

Thus we have shown that dν is equal to Cµ(G), where G is a graphing of
an equivalence relation E induced by a free Borel action of Γ with invariant
probability measure µ, and so dν ≥ Cµ(E).

This completes the proof of the proposition. �

Note that 29.5 gives immediately another proof of 29.3. Note also that it
can be used to give another proof that C(Γ ) ≥ 1 for all infinite Γ :

The argument comes from the proof of Theorem 6.1 in Benjamini, Lyons,
Peres, and Schramm [BLPS].
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According to the so-called Mass Transport Principle, if f : Γ ×Γ → [0,∞]
is Γ -invariant, i.e., f(x, y) = f(γx, γy), ∀γ ∈ Γ , then ∀γ ∈ Γ (

∑
δ∈Γ f(γ, δ) =∑

δ∈Γ f(δ, γ)). This is clear, since
∑

δ∈Γ

f(γ, δ) =
∑

δ∈Γ

f(γ−1γ, γ−1δ)

=
∑

ε∈Γ

f(1, ε)

=
∑

δ∈Γ

f(1, δ−1γ)

=
∑

δ∈Γ

f(δ, δδ−1γ)

=
∑

δ∈Γ

f(δ, γ).

It follows that if F : Γ × Γ × GRAPHΓ → [0,∞] is Borel and Γ -invariant,
i.e., F (x, y,G) = F (γx, γy, γ ·G), ∀γ ∈ Γ , then for any random graphing µ,

f(x, y) =
∫
F (x, y,G) dµ(G)

is Γ -invariant, so ∀γ ∈ Γ ,
∫ ∑

δ

F (γ, δ,G) dµ(G) =
∫ ∑

δ

F (δ, γ,G) dµ(G).

Assume now µ is a random connected graphing of Γ . If µ({G : dG(1) =
∞}) > 0, clearly dµ = ∞ > 1. So we can assume that dG(1) < ∞ µ-a.e.(G),
and so dG(γ) < ∞, µ-a.e.(G), in other words we can assume that µ concen-
trates on locally finite connected graphs. Define then F (x, y,G) as follows:

F (x, y,G) =






1, if G is connected, (x, y) ∈ G, and when the edge
(x, y) is removed, the connected component of x
is finite.

0, otherwise.

Clearly F is Γ -invariant.
Notice that F (x, y,G) = 1 for at most one y. Also there are at most

dG(x) − 1 many y such that F (y, x,G) = 1. Consider then the difference
∆(x,G) = ∆ =

∑
y F (x, y,G)−

∑
y F (y, x,G). (These sums are clearly finite.)

If dG(x) = 1, ∆ = 1 = 2−dG(x). If dG(x) ≥ 2 and there is y with F (x, y,G) =
1, so that

∑
y F (x, y,G) = 1, we have, as

∑
y F (y, x,G) ≤ dG(x) − 1, that

∆ ≥ 1 − (dG(x) − 1) = 2 − dG(x). Finally, if dG(x) ≥ 2 and F (x, y,G) = 0,
for all y, then

∑
y F (x, y,G) ≤ dG(x) − 2, so again ∆ ≥ 2 − dG(x). Thus in

any case
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∑

y

F (x, y,G) −
∑

y

F (y, x,G) ≥ 2 − dG(x),

thus, integrating over µ (for x = 1), we get

0 ≥ 2 − 2dµ.

or
dµ ≥ 1.

Finally, we say that a countable group Γ has fixed price if C(Γ ) = Cµ(E)
for every E induced by a free action of Γ with invariant probability measure
µ. The following is open:

Problem 29.6. Are there countable groups that do not have fixed price?

30 Treeable Groups

For a countable group Γ , denote by TREEΓ , the Borel Γ -invariant subset of
GRAPHΓ consisting of all trees on (the vertex set) Γ . We say that µ is a
random treeing of Γ if µ is a random graphing of Γ and µ(TREEΓ ) = 1. We
say that Γ is treeable if it admits a random treeing (this terminology comes
from Pemantle-Peres [P2]). The proof of 29.5 now shows the following.

Proposition 30.1. Let Γ be a countable group. Then the following are equiv-
alent:

(i) Γ is treeable.
(ii) There is a free Borel action of Γ on a standard Borel space X with

invariant probability measure µ such that EX
Γ is treeable µ-a.e.

We call Γ strongly treeable if for every free Borel action of Γ on a standard
Borel space X with invariant probability measure µ, the equivalence relation
EX

Γ is treeable µ-a.e.

Remark 30.2. Gaboriau [G2] uses the terminology treeable for what we call
here strongly treeable and anti-treeable for what we call here not treeable.

The following is an open problem.

Problem 30.3. Is every treeable group strongly treeable?

We next consider the following analog of 19.1.

Proposition 30.4. Let Γ be a countable group. If ν is a random connected
graphing of Γ such that dν = C(Γ ) <∞, then ν is a random treeing.
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Proof. ConsiderX = CGRAPHΓ×Y, µ = ν×ρ, E,G as in the second part
of the proof of 29.5. Then Cµ(G) = dν = C(Γ ) ≤ Cµ(E), so Cµ(G) = Cµ(E)
and G is a treeing µ-a.e. So, by Fubini, let A ⊆ Y be a Γ -invariant subset of
CGRAPHΓ such that ν(A) = 1 and for every G ∈ A there is some x ∈ Y
with G|[(G, x)]E a tree. Now it is easy to check that G|[(G, x)]E ∼= G, so G is
a tree for G ∈ A, thus ν(TREEΓ ) = 1, and ν is a random treeing. �

We also have analogs of 19.2.

Proposition 30.5 (Gaboriau). Let Γ be a countable group and E a count-
able Borel equivalence relation on a standard Borel space X induced by a free
action of Γ with invariant probability measure µ. If T is a treeing of E, then
Cµ(T ) = C(Γ ). In particular, every strongly treeable group has fixed price.

Proof. Let Φ = {ϕi} be an L-treeing of E such that each ϕi : Ai → Bi is
of the form ϕi(x) = gi · x, ∀x ∈ Ai, for some gi ∈ Γ , and Cµ(Φ) = Cµ(T ) =
Cµ(E). Let also F be a countable Borel equivalence relation on a standard
Borel space Y induced by a free action of Γ with invariant probability measure
ν. We have to show that Cµ(Φ) ≤ Cν(F ).

Consider the product action g · (x, y) = (g · x, g · y) of Γ on X × Y . It
is free and has invariant measure µ × ν. Moreover if Ψ = {ψi}i∈I , where
ψi : Ai × Y → Bi × Y is given by ψi(x, y) = (gi · x, gi · y), then ψ is an
L-treeing of EX×Y

Γ . So

Cµ(Φ) = Cµ×ν(Ψ) = Cµ×ν(EX×Y
Γ ).

But, as in the proof of 29.1, Cµ×ν(EX×Y
Γ ) ≤ Cν(F ), and we are done. �

Proposition 30.6. Let Γ be a countable group and ν a random treeing of Γ .
Then C(Γ ) = dν .

Proof. As in the proofs of 29.5 and 30.4, from ν we get a free Borel action
of Γ on a standard Borel space X with invariant measure µ and a treeing T
of EX

Γ such that Cµ(T ) = dν . By 30.5, dν = Cµ(T ) = C(Γ ). �

Thus for a countable group Γ with Cµ(Γ ) <∞, Γ is treeable iff inf{dµ : µ
a random connected graphing of Γ} is attained. Moreover, for every treeable
group Γ and every random treeing ν of Γ and random graphing µ of Γ, dν ≤
dµ, i.e., a random treeing has the smallest possible average degree of any
random connected graphing.

Finally note the following.

Proposition 30.7. If Γ is a treeable countable group and ∆ ≤ Γ is a sub-
group, then ∆ is treeable.

Proof. Immediate from the fact that a subequivalence relation of a tree-
able equivalence relation is treeable. �

Problem 30.8. Is 30.7 true for strong treeability?



Cost and Amenable Groups 115

31 Cost and Amenable Groups

A countable group Γ is amenable iff it admits a left-invariant finitely additive
probability measure defined on all subsets of Γ . We have

Theorem 31.1. Let Γ be a countable group and let Γ act in a Borel way on
a standard Borel space.

i) (Ornstein-Weiss [OW]) If Γ is amenable, then for any probability
measure µ on X, EΓ

X is hyperfinite µ-a.e.
ii) (Folklore) If the action is free, µ is a Γ -invariant probability measure

and EΓ
X is hyperfinite µ-a.e., then Γ is amenable.

Corollary 31.2. Let Γ be an infinite countable group. Then the following are
equivalent:

(i) Γ is amenable.
(ii) Γ is strongly treeable and C(Γ ) = 1.
(iii) C(Γ ) = 1 = inf{dµ : µ is a random connected graphing of Γ} and this

inf is attained.
(iv) Γ is treeable and C(Γ ) = 1.

Moreover, every amenable group has fixed price.

Proof. (i)⇒(ii) follows from 31.1, and 26.1 i). (ii) ⇒(iii) follows from 30.6.
(iii)⇒(iv) follows from 30.4, and (iv)⇒(i) from 30.5, 27.12, and 31.1. The last
assertion follows from 30.5. �

Corollary 31.3. Let Γ be an infinite countable amenable group. Let µ be a
random treeing of Γ . Then every tree on Γ has at most two ends, µ-a.e.

Proof. From 31.1, 22.3, and the proof of 29.5. �

We conclude this section by giving an alternative proof that the cost of
an infinite amenable group is 1, which avoids the use of 31.1 i). It is based on
the results and methods of Benjamini-Lyons-Peres-Schramm [BLPS].

Let Γ be an infinite countable amenable group. We want to show that
C(Γ ) = 1. First, by 32.1 below (which follows immediately from the results
in Section 23), we can assume that Γ is finitely generated. Fix a finite set of
generators for Γ, {γ1, . . . , γk}, and consider the corresponding Cayley graph
C. Applying 5.3 of [BLPS] to the action of Γ on C we see that there is a
random treeing µ of Γ such that for µ-a.e. G, G is a spanning tree of C (i.e., a
tree on the set of vertices Γ with edges contained in those in C). In particular,
Γ is treeable. It remains to show that dµ = 1.

Let us note first the following general fact about trees:
Let G be an infinite locally finite tree on the set of vertices V and let

X ⊆ V be a finite set. Denote by ∂GX the set of edges (a, b) ∈ G with a ∈ X
and b �∈ X . Then there is 0 ≤ εX ≤ 1 such that
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∑
v∈X dG(v)
|X | = 2 − |∂GX |

|X | (1 − 2εX).

To see this, consider the graph G|X and let us denote its connected com-
ponents by X1, . . . , Xn. We have

∑

v∈Xi

dGX (v) =
∑

v∈Xi

dG|Xi
(v) = 2|Xi| − 2

(since G|Xi is a tree), so adding over i,
∑

v∈X

dG|X(v) = 2|X | − 2n.

But also ∑

v∈X

dG(v) =
∑

v∈X

dG|X(v) + |∂X |,

so ∑
v∈X dG(v)
|X | = 2 − 2n

|X | +
|∂GX |
|X | .

But n ≤ |∂GX |, so if εX = n
|∂GX| ≤ 1, we have

∑
v∈X dG(v)
|X | = 2 − |∂GX |

|X | (1 − 2εX).

In particular, ∣∣∣∣

∑
v∈X dG(v)
|X | − 2

∣∣∣∣ ≤ 3
|∂GX |
|X | .

Since Γ is amenable, fix a Følner sequence {Xn} for Γ , i.e., a sequence of
finite subsets Xn ⊆ Γ such that for each g ∈ Γ , |Xng∆Xn |

|X| → 0. In particular,
applying this to g ∈ {γ1, . . . , γk}, we see that if we view Xn as a set of vertices
in the Cayley graph C, we have

|∂GXn|/|Xn| → 0

for every spanning tree G of the Cayley graph C.
Now

2dµ − 2 =

∑
γ∈Xn

∫
dG(γ) dµ(G)
|Xn|

− 2

=
∫ (∑

γ∈Xn
dG(γ)

|Xn|
− 2
)
dµ(G).

But ∣∣∣∣

∑
γ∈Xn

dG(γ)
|Xn|

− 2
∣∣∣∣ ≤ 3

|∂GXn|
|Xn|

→ 0,

as n→ ∞, so dµ = 1.
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32 Generating Subgroups

Let Γ be a countable group, Γi ≤ Γ, i ∈ I, a family of subgroups of Γ and let
〈Γi : i ∈ I〉 be the subgroup generated by

⋃
i Γi. If Γ = 〈Γi : i ∈ I〉, for any

Borel action of Γ on a standard Borel space X , if E = EX
Γ , Ei = EX

Γi
, then

E =
∨

i∈I

Ei.

Thus from Section 23 we have the following

Proposition 32.1 (Gaboriau).

(i) If Γ = 〈Γ1, Γ2〉 and Γ1, Γ2 have fixed price, then C(Γ ) ≤ C(Γ1) +
C(Γ2).

(ii) If Γ = 〈Γ1, Γ2, . . . 〉 (a finite or infinite list),
⋂

n Γn is infinite and each
Γn has fixed price, then

C(Γ ) − 1 ≤
∑

n

(C(Γn) − 1).

In particular, if C(Γn) = 1 for all n, then C(Γ ) = 1 and Γ has fixed
price. Also, if Γn ⊆ Γn+1, so that Γ =

⋃
n Γn, and C(Γn) → 1, then

C(Γ ) = 1 and Γ has fixed price.
(iii) If Γ = 〈Γ1, Γ2, . . . 〉,

⋂
n Γn = Γ0 is amenable, and each Γn has fixed

price, then
C(Γ ) − C(Γ0) ≤

∑

n

(C(Γn) − C(Γ0)).

33 Products

Let Γ be a countable group and Γ1, Γ2 ≤ Γ two subgroups. We say that Γ1, Γ2

commute (setwise), in symbols Γ1�Γ2, if Γ1Γ2 = Γ2Γ1, or equivalently Γ1Γ2 is
a subgroup of Γ , namely 〈Γ1, Γ2〉 (here Γ1Γ2 = {g1g2 : g1 ∈ Γ1, g2 ∈ Γ2}, and
〈Γ1, Γ2〉 is the subgroup generated by Γ1, Γ2). If Γ = Γ1Γ2 (so that Γ1�Γ2),
then for any Borel action of Γ on a standard Borel space, if Ei = EX

Γi
, then

E1�E2. So from Section 24 we have:
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Theorem 33.1 (Pavelich [P], Solecki).

i) If Γ = Γ1Γ2 and Γ1, Γ2 are infinite and have fixed price, then

C(Γ ) ≤ C(Γ1) + C(Γ2) − 1.

In particular, if C(Γ1) = C(Γ2) = 1, then C(Γ ) = 1 and Γ has fixed
price.

ii) If Γ = 〈Γ1, Γ2, . . . 〉 (a finite or infinite list), where each Γi is infinite,
has fixed price, C(Γi) = 1, and Γi�Γi+1, then C(Γ ) = 1 and Γ has fixed
price.

There are examples of groups Γ1, Γ2, Γ with Γ = Γ1Γ2, [Γ : Γi] = ∞, for
i = 1, 2, such that C(Γ1) = 1 and C(Γ ) > 1. Take for instance Γ = F2 = 〈a, b〉.
Consider the homomorphism ϕ : F2 → Z which sends a to 0 and b to 1. Let
Γ1 = 〈b〉 and Γ2 = ker(ϕ). Then Γ1Γ2 = Γ , but as we will see in Section 36,
C(Γ ) = 2. Note however that, as Γ2 is a normal subgroup of infinite index in
Γ , it is isomorphic to F∞ so, again, as we will see in Section 36, C(Γ2) = ∞.

The following remains open.

Problem 33.2. Let Γ = Γ1Γ2 and assume that [Γ : Γi] = ∞, and C(Γi) <
∞, i = 1, 2. Is C(Γ ) ≤ min{C(Γ1), C(Γ2)}? Is it even true that C(Γ ) = 1?

The next result is a somewhat stronger version of a result of Gaboriau, who
proved the second assertion assuming that Γ contains an element of infinite
order.

Theorem 33.3 (Gaboriau). Let Γ,∆ be infinite countable groups. Then
C(Γ ×∆) = 1. If moreover Γ contains an infinite subgroup which has cost 1
and fixed price, then Γ ×∆ has fixed price.

Proof. If E is generated by a free action of Γ and F by a free action of ∆,
then E × F is generated by a free action of Γ ×∆, so C(Γ ×∆) = 1 follows
from 24.9.

We now prove the last assertion. Consider a free action of Γ × ∆ on a
standard Borel space with invariant probability measure µ. Let F = EX

Γ×∆.
We have to show that Cµ(F ) = 1. Fix an infinite subgroup Σ ⊆ Γ which has
cost 1 and has fixed price. We will view Γ,∆ as subgroups of Γ ×∆.

Let E = EX
∆ , so that clearly E�F . Let also E1 = EX

Σ , so that Cµ(E1) = 1
and E1 is aperiodic. Now E ∨ E1 = EX

Σ×∆, so E1 = EX
Σ � EX

Σ×∆ = E ∨ E1.
Thus, by 24.11, Cµ(F ) = 1. �

Corollary 33.4 (Pemantle-Peres [P2]). Let Γ and ∆ be infinite countable
groups. Then Γ ×∆ is treeable iff both Γ and ∆ are amenable.

Problem 33.5. Let Γ,∆ be countable infinite groups. Does Γ ×∆ have fixed
price?
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34 Subgroups of Finite Index

The main result is the following:

Theorem 34.1 (Gaboriau). Let Γ,∆ be countable groups with Γ ≤ ∆. Then
if [∆ : Γ ] is finite,

C(Γ ) − 1 = [∆ : Γ ](C(∆) − 1).

Proof. The inequality C(Γ ) − 1 ≤ [∆ : Γ ](C(∆) − 1] follows from 25.3
(when Γ,∆ are infinite - the finite case is obvious).

For the inequality C(Γ ) − 1 ≥ [∆ : Γ ](C(∆) − 1), consider a free Borel
action of Γ on a standard Borel space X with invariant probability measure
µ. We now consider the induced action of ∆. Let T be a transversal for the
left-cosets of Γ in ∆ with 1 ∈ T . Thus |T | = n = [∆ : Γ ]. Say T = {t1 =
1, t2, . . . , tn}. Consider the action of∆ on T given by δ ·t = the unique element
of T in the coset δtΓ . Let also ρ(δ, t) = (δ · t)−1δt ∈ Γ . Let Y = X × T . The
induced action of ∆ is the action of ∆ on Y given by

δ · (x, t) = (ρ(δ, t) · x, δ · t).

Let ν be the normalized counting measure on T : ν(A) = |A|
|T | . Then it is easy

to check that µ×ν is a ∆-invariant measure on X×T . Also it is easy to check
that the action of ∆ is free.

IdentifyX withX1 = {(x, 1) : x ∈ X}. This is consistent with the Γ -action
since for γ ∈ Γ, γ · (x, 1) = (γ · x, 1). Now X is a complete section of EY

∆ as
t−1 · (x, t) = (ρ(x, t−1) · x, t−1 · t) = (ρ(x, t−1) · x, 1) and the intersection of X
with every EY

∆-class is a single EX
Γ -class. Thus EY

∆ |X = EX
Γ and (µ× ν)|X =

µ
n . So, by 7.1,

Cµ×ν(EY
∆) = Cµ

n
(EX

Γ ) + (µ× ν)(Y \X)

= Cµ(EX
Γ )

n + n−1
n ,

or n(Cµ×ν(EY
∆) − 1) = Cµ(EX

Γ ) − 1. Thus C(Γ ) − 1 ≥ n(C(∆) − 1). �

The following is a consequence of the proof of 34.1.

Corollary 34.2. Under the assumptions of 34.1, if ∆ has fixed price, so does
Γ . If Γ is treeable, so is ∆.

Proof. The second assertion follows from the easy fact that if E is a
countable Borel equivalence relation, S is a complete Borel section and E|S
is treeable, then so is E. �

It is also easy to check that if Γ �∆ is a finite normal subgroup of ∆, then
|Γ |(C(∆) − 1) = C(∆/Γ ) − 1, and that ∆ has fixed price iff ∆/Γ does.

Problem 34.3. Under the assumptions of 34.1, if Γ has fixed price, does ∆
have fixed price?
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35 Cheap Groups

An infinite countable group Γ is cheap if C(Γ ) = 1, i.e., has the smallest
possible cost. Otherwise we call Γ expensive. We summarize below some basic
facts concerning cheap groups that we established earlier.

Proposition 35.1. i) Every infinite amenable group is cheap, treeable and
has fixed price. Conversely, every cheap treeable group is amenable.

ii) A group generated by a sequence of cheap fixed price subgroups with
infinite intersection is cheap and has fixed price.

iii) A group generated by a sequence of cheap infinite subgroups, with the
property that each member of the sequence has fixed price and commutes
with the next one, is cheap and has fixed price.

iv) The product of two infinite groups is cheap.
v) Any group that has finite index over or under a cheap group is cheap.

Proof. i) is included in 31.2. ii) is part of 32.1, and iii) of 33.1. iv) is in
33.3 and finally v) in 34.1. �

We additionally have the following criterion.

Proposition 35.2 (Gaboriau). Let Γ be a countable group and N � Γ an
infinite normal subgroup. Then for any Γ ′ with N ≤ Γ ′ ≤ Γ which has fixed
price, C(Γ ) ≤ C(Γ ′). Any countable group that contains a cheap normal
subgroup of fixed price is cheap and has fixed price.

Proof. Immediate from 24.10. �

Corollary 35.3. Any countable group with infinite center is cheap and has
fixed price.

One can also prove the following generalization of 35.2 and an observation
of Furman.

Proposition 35.4. Let Γ be a countable group and N ≤ Γ an infinite sub-
group of Γ , which is almost normal in Γ , in the sense that Γ is generated by
elements γ such that γ−1Nγ∩N is infinite. Then for any Γ ′ with N ≤ Γ ′ ≤ Γ
which has fixed price, C(Γ ) ≤ C(Γ ′). Thus if N is cheap and has fixed price,
the same holds for Γ .

Proof. This is similar to 24.10, using the full version of 24.7. Let Γ =
〈γ0, γ1, . . . 〉, where γ−1

i Nγi ∩N is infinite. Consider a free Borel action of Γ
on a standard Borel space X with invariant probability measure µ. Let Gn

be the union of the graphs of x 
→ γi · x, i = 0, . . . , n, and their inverses,
and let En the subequivalence relation they generate. Note that if γi · a = b,
there are infinitely many γ ∈ N such that if γ · a = a′, γi · a′ = b′, then
for some γ′ ∈ N, γ′ · b = b′ (any γ ∈ γ−1

i Nγi ∩ N satisfies this). So Gn, E
X
n
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satisfy the hypotheses of 24.7. Thus, for any ε > 0, we can find G′
n ⊆ Gn with

Cµ(G′
n) < ε

2n , so that for any graphing G′ of EX
Γ ′ we have that G′

n ∪ G′ is a
graphing of En∨EX

Γ ′ . Choose now G′ with Cµ(G′) ≤ Cµ(EX
Γ ′ )+ ε = C(Γ ′)+ ε.

Then G′∪
⋃

n G′
n = G graphs EX

Γ with cost ≤ C(Γ ′)+ε+
∑

n
ε

2n = C(Γ ′)+3ε.
So C(EX

Γ ) ≤ C(Γ ′). �

Another generalization of 35.2 is the following:

Theorem 35.5 (Gaboriau). Let Γ be a countable group and assume Γ con-
tains a normal subgroup N�Γ with fixed price, such that N,Γ/N are infinite.
If N has finite cost, then Γ is cheap.

Proof. Fix a free Borel action of Γ on X with invariant probability mea-
sure µ and a free Borel action of ∆ = Γ/N on Y with invariant probability
measure ν. Let π : Γ → ∆ be the canonical homomorphism with kernel N .
Consider the action of Γ on Z = X × Y given by

γ · (x, y) = (γ · x, π(γ) · y).

It is free and preserves ρ = µ× ν. We will show that Cρ(EZ
Γ ) = 1.

Let R be an aperiodic hyperfinite subequivalence relation of EY
∆ , induced

by a Borel automorphism T of Y . Find {Yn}, a partition of Y into Borel sets,
and {γn} in Γ such that for y ∈ Yn, T (y) = π(γn) · y. Put θn = T |Yn. Let
Zn = X × Yn and let ψn(z) = γn · z, for z ∈ Zn. Let R′ be the equivalence
relation on Z induced by {ψn}. Clearly Cρ(R′) = 1.

Now fix ε > 0. Since C(N) = Cρ(EZ
N ) < ∞, find an L-graphing {ϕi}i∈N

of EZ
N with

∑
iCρ({ϕi}) <∞. Then choose M large enough so that we have∑

i≥M Cρ({ϕi}) < ε.
Let A ⊆ Y be a complete Borel section for R with µ(A) < ε/M . Then

Z ′ = X × A is N -invariant and ρ(Z ′) < ε/M . Since {ϕi|Z ′}i∈N is an L-
graphing of EZ′

N , we have

Cρ|Z′ (EZ′
N ) ≤

∑

i

Cρ|Z′({ϕi|Z ′})

≤M · ρ(Z ′) +
∑

i≥M

Cρ({ϕi})

< ε+ ε = 2ε.

Claim 35.6. EZ′
N ∨R′ ⊇ EZ

N .

Proof. Suppose (x, y)EZ
N (x′, y′). Then there is δ ∈ N with δ · x = x′ and

π(δ) · y = y′, so y = y′. Find n1, . . . , nk and ε1, . . . , εk ∈ {±1} such that
θε1

n1
. . . θεk

nk
= y0 ∈ A. Let γ = γεi

n1
. . . γεk

nk
, so that π(γ) · y = y0, since θn(u) =

π(γn)·u for u ∈ dom(θn) = Yn. Thus γ ·(x, y) = (γ ·x, π(γ)·y) = (γ ·x, y0) ∈ Z ′

and, since also ψε1
n1
. . . ψεk

nk
· (x, y) = γε1

n1
. . . γεk

nk
· (x, y) = γ · (x, y) = (γ · x, y0),

we have (x, y)R′(γ ·x, y0). Similarly (δ ·x, y)R′(γδ ·x, y0) ∈ Z ′. Finally if δ′ ∈ N
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is such that δ′γ = γδ, we have δ′ · (γ · x, y0) = (δ′γ · x, π(δ′) · y0) = (γδ · x, y0).
So

(x, y)R′(γ · x, y0)EZ′
N (γδ · x, y0)R′(δ · x, y) = (x′, y′),

and we are done. �

Now clearly Cρ(EZ′
N ∨R′) ≤ 1 + 2ε. Since EZ

N � EZ
Γ , it follows from 24.10

that Cµ(EZ
Γ ) ≤ Cµ(EZ′

N ∨R′) ≤ 1 + 2ε, so Cµ(EZ
Γ ) = 1. �

Note that it is necessary in the preceding theorem to assume that N has
finite cost: Take Γ = F2 and let π : F2 → Z be an onto homomorphism with
kernel N . Then N,Γ/N are infinite and N has infinite cost, being isomorphic
to the free group with infinitely many generators, while C(Γ ) = 2 (we use
36.2 here).

We will finish this section by applying the preceding results to show that
the groups SLn(R), where R is an infinite countable commutative ring with
identity, are cheap and have fixed price, in most but not all cases. These
facts, noted by Pavelich, generalize results of Gaboriau, who showed that
SLn(Z), n ≥ 3, is cheap and so is SL2(R), when R is the ring of algebraic
integers in a real quadratic extension Q(

√
d), d ∈ N, d ≥ 2, d square free.

If R is a commutative ring with identity 1, SLn(R) is the group of n × n
matrices with entries in R and determinant 1. We denote by En(R) = 〈eij(r) :
1 ≤ i, j ≤ n, i �= j, r ∈ R〉 the subgroup of SLn(R) generated by the
elementary matrices eij(r), where eij(r) is the n× n matrix (ak�) ∈ SLn(R),
with akk = 1, aij = r, ak� = 0 for all other (k, �). Gaboriau has shown
that En(R) is cheap, when n ≥ 3. This can be seen as follows: Note that if
Γij = 〈eij(r) : r ∈ R〉 is the subgroup of En(R) generated by eij(r) ∈ R, then
Γij

∼= 〈R,+〉, so Γij is infinite abelian, thus has cost 1 and is of fixed price.
Now Γij commutes (pointwise) with Γk� if i = k or j = �. If n ≥ 3, we can
enumerate all {Γij} in a sequence Γ1, Γ2, . . . , Γ� so that Γi�Γi+1. Then, by
33.1 (ii), En(R) is cheap and En(R) has fixed price.

Now it is a theorem of algebra that En(R) � SLn(R), if n ≥ 3, so SLn(R)
is cheap and has fixed price, if n ≥ 3, by 35.2.

We now consider E2(R), SL2(R). First, in general, E2(R) is not a normal
subgroup of SL2(R) but, under certain conditions, satisfied by many rings in
practice, we actually have that E2(R) = SL2(R). For example, this is true if
R is a Euclidean domain, a semi-local ring, or the ring of algebraic integers
in a real quadratic field extension Q(

√
d), d ∈ N, d ≥ 2, d square free. Call

such rings nice.
Next comes the question of whether E2(R) is cheap. Again (as we will

see soon for R = Z) this may not be true in general, but it holds under the
condition that R has infinitely many units. This is because E2(R) is generated
by the subgroups,
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U =
{(

u r
0 u−1

)
: u ∈ R∗, r ∈ R

}

L =
{(

u 0
r u−1

)
: u ∈ R∗, r ∈ R

}

Now U,L are solvable, thus amenable, so are cheap with fixed price, and U∩L
is infinite. So by 32.1(ii) we are done.

Thus we have that if R is nice and has infinitely many units, then SL2(R)
is cheap and has fixed price. In particular, if SL2(R) is not amenable (e.g., if
R ⊇ Z), then it is not treeable.

For example, if R is the ring of algebraic integers in a real quadratic
extension Q(

√
d), d ∈ N, d ≥ 2, d square free, then R is nice and, by a

theorem of Dirichlet, R has infinitely many units, so SL2(R) is cheap and has
fixed price (Gaboriau). Also if R = Z[ 12 ], the ring of dyadic rationals, R is
nice (it is a Euclidean ring) and has infinitely many units, so SL2(R) is cheap
and has fixed price (Pavelich [P]), thus it is also not treeable (Kechris [K1]).

Finally, we note that the hypothesis that R has infinitely many units is
important, since a result of Gaboriau, that we will see in the next section,
shows that SL2(Z) ∼= Z6 ∗Z2 Z4 is not cheap, having cost (1 − 1/6) + (1 −
1/4)− (1 − 1/2) = 1 + 1/12 (Z is clearly nice, being a Euclidean domain).

Problem 35.7. Let R be a countable infinite Euclidean domain. Is it true
that SL2(R) is cheap iff R has infinitely many units?

36 Free and Amalgamated Products

From Section 27 we have:

Theorem 36.1 (Gaboriau for finite families). Let Γ = ∗i
∆Γi be the

amalgamated product of {Γi}i∈I over an amenable group ∆. Assume each Γi

has fixed price and finite cost. Then

C(Γ ) − C(∆) =
∑

i

(C(Γi) − C(∆)),

and Γ has fixed price. In particular, if Γ = Γ1 ∗∆ Γ2, where Γ1, Γ2 have fixed
price and finite cost, and ∆ is amenable, then Γ has fixed price and

C(Γ ) = C(Γ1) + C(Γ2) − C(∆),

and if Γ = Γ1 ∗ Γ2, where Γ1, Γ2 have fixed price and finite cost, then Γ has
fixed price and

C(Γ ) = C(Γ1) + C(Γ2).

Proof. Immediate from 27.6. �
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Corollary 36.2 (Gaboriau). C(Fn) = n, for n = 1, 2, . . . ,∞, and Fn has
fixed price.

Consider free Borel actions of two groups Γ1, Γ2 on standard Borel spaces
X1, X2. Let EXi

Γi
be the corresponding equivalence relations. They are Borel

isomorphic if there is a Borel bijection f : X1 → X2 such that xEX1
Γ1
y ⇔

f(x)EX2
Γ2
f(y).

Corollary 36.3 (Gaboriau). If n �= m (n,m = 1, 2, . . . ,∞), then no free
Borel action of Fn with invariant finite measure gives an equivalence relation
isomorphic to an equivalence relation given by a free Borel action of Fm.

It should be pointed out here that each Fn has a free Borel action on
some Xn with EFn

Xn
hyperfinite. (For example, one can consider any free Borel

action of Fn on some space Yn with invariant finite measure, so that EFn

Yn
is

not smooth, and use the Glimm-Effros Dichotomy (see [DJK]) to find a Borel
invariant set Xn ⊆ Yn for which EFn

Yn
|Xn = EFn

Xn
is hyperfinite.) Then each

EFn

Xn
is hyperfinite and does not admit an invariant finite measure (by 31.1

ii)). Thus all EFn

Xn
are Borel isomorphic (see [DJK], 9.1). So the hypothesis in

36.3 about invariant finite measures is crucial.

Theorem 36.4 (Gaboriau). For each c ≥ 1, there is a countable fixed price
group Gc such that C(Gc) = c. Such a Gc can be taken to be either strongly
treeable or not treeable.

Proof. Consider F2 and the products F2 × Zn. By 20.1, C(F2 × Zn) =
1 + 1

n (2 − 1) = 1 + 1
n . Thus C(F2 × Z2n) = 1 + 2−n.

If c = 1, take G1 = Z. If 2 > c > 1, write c = 1 + 2−k0 + 2−k1 + . . . , where
1 ≤ k0 < k1 < k2 . . . Let Gc = ∗i

Z
(F2 × Z2ki ) (here Z = 〈a〉 is viewed as a

subgroup of F2 = 〈a, b〉). Then C(Gc) = 1 +
∑

i((1 + 2−ki) − 1) = c. If c ≥ 2
and 1 ≤ c− n < 2, let Gc = Fn ∗Gc−n.

We will now find groups Hc with C(Hc) = c, which are strongly treeable.
For c = 1, we again take H1 = Z. If we have found Hc for 1 < c < 2, then
we take for c ≥ 2, 1 ≤ c − n < 2, Hc = Fn ∗ Hc−n. So assume 1 < c < 2
and let c = 1 +

∑∞
i=1

εi

2i , εi ∈ {0, 1}. We will find two sequences of groups
Γ0, Γ1, . . . , ∆0, ∆1, . . . such that all Γi, i ≥ 1, and ∆i, i ≥ 0, are finite, Γ0 is
strongly treeable of fixed price, and if we let H0 = Γ0, Hn+1 = Hn ∨ Γn+1,
then ∆n ⊆ Hn ∩ Γn+1, Hn+1 = Hn ∗∆n Γn+1, for n ≥ 0, and C(Hn) =
1 +
∑

i≤n
εi

2i , ∀n ≥ 1. Now H0 ⊆ H1 ⊆ . . . and we let Hc =
⋃

nHn. Then, by
27.17, Hc is strongly treeable, has fixed price, and C(Hc) = limC(Hn) = c.
(Note that each Hn has fixed price by 36.1.)

We take Γ0 =
⊕

n Z2n and Γn = Z2n , if n ≥ 1. We also take ∆n =
Z2(n+1)−εn+1 . Then C(H1) = 1 + ε1

2 , and assuming C(Hn) = 1 +
∑

i≤n
εi

2i , we
have C(Hn+1) = C(Hn) + C(Γn+1) − C(∆n) = 1 +

∑
i≤n

εi

2i + (1 − 1
2n+1 ) −

(1 − 2εn+1

2n+1 ) = 1 +
∑

i≤n
εi

2i
+ εn+1

2n+1 = 1 +
∑

i≤n+1
εi

2i .
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We finally find not treeable groups Kc with C(Kc) = c. It is enough to
consider 1 ≤ c < 2. Let K1 = F2 × Z. For c > 1, fix n with d = c − 1

2n > 1
and let Kc = (F2 × Z × Z2n) ∗Z2n Gd. �

Gaboriau [G2], VI.16, has also shown that for each c ≥ 1 we can find a
fixed price group of cost c, which is moreover finitely generated.

We also have a converse of 36.1.

Theorem 36.5 (Gaboriau). Let Γ = 〈Γ1, Γ2, . . . 〉, ∆ = Γi1 ∩ Γi2 for any
i1 �= i2, and assume ∆ is finite, each Γi has fixed price, and

∑
i[C(Γi) −

C(∆)] <∞. If C(Γ ) − C(∆) =
∑

i(C(Γi) − C(∆)), then Γ = ∗i
∆Γi.

Proof. This follows from 27.16. �

Gaboriau has given a counterexample to show that 36.5 fails if ∆ is not
finite (in his example ∆ is actually Z2, hence amenable). This is as follows:
Γ = SL3(Z), Γ1 = all matrices in SL3(Z) that fix (1, 0, 0), Γ2 = all matrices
in SL3(Z) that fix (0, 1, 0), and ∆ = Γ1 ∩ Γ2

∼= Z2. Then as in Section 35 we
can see that Γ1 = 〈Γ1,1, Γ1,2, Γ1,3, Γ1,4〉, where Γ1,i�Γ1,i+1, and each Γ1,i is
infinite, with fixed price, and C(Γ1,i) = 1, so, by 33.1 (ii), Γ1 is cheap and so
is Γ2. Thus C(SL3(Z)) = 1 = C(Γ1)+C(Γ2)−C(∆). However SL3(Z) cannot
be written in a non-trivial way as A ∗C B (i.e., with A �= C �= B), by a result
in group theory, see Serre [S], 6.6.

37 HNN-extensions

Let Γ be a countable group, ∆ ⊆ Γ a subgroup and ϕ : ∆ → Γ an injective
homomorphism. Let

Γ∗∆ = Γ∗ϕ,∆ = 〈Γ, t|t−1δt = ϕ(δ), δ ∈ ∆},

be the HNN-extension of Γ (relative to ϕ).

Theorem 37.1 (Gaboriau). If Γ has fixed price and finite cost and ∆ is
amenable, then Γ∗∆ has fixed price and

C(Γ∗∆) = C(Γ ) + 1 − C(∆).

Proof. Consider a free Borel action of Γ∗∆ onX with invariant probability
measure µ. Put f(x) = t·x. Let X̄ be another (disjoint) copy of X , with x 
→ x̄
be the identification map and let µ̄ be the copy of µ in X̄. There is also a copy
of the action of Γ∗∆ on X̄ : g · x = g · x̄. Now let Y = X � X̄, let ν = µ + µ̄
and consider the following equivalence relations on Y :

R1 = the equivalence relation generated by EX
Γ and x 
→ x̄.

R2 = the equivalence relation generated by EX̄
∆ and x 
→ f(x).

R3 =EX̄
∆ � EX

ϕ(∆) = EX̄
∆ �EX

t−1∆t.
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The characteristic property of Γ∗∆ (Britton’s Lemma) is that if 1 =
γ0t

ε1γ1t
ε2 . . . tεnγn, with n > 0, εi ∈ {±1}, γi ∈ Γ , we must have some

1 ≤ m ≤ n − 1 with εm = −1, γm ∈ ∆, εm+1 = +1 or else εm = +1, γm ∈
ϕ(∆), εm+1 = −1. Using this it is easy to check that

R = R1 ∗R3 R2

so, as R3 is clearly hyperfinite and R1, R2 have finite cost (see below),

Cν(R) = Cν(R1) + Cν(R2) − Cν(R3).

Notice that X, X̄ are complete sections for R,R1, R2, ν|X = µ, ν|X̄ =
µ̄, R|X = EX

Γ∗∆
, R1|X = EX

Γ , R2|X̄ = EX̄
∆ , so

Cν(R) = Cµ(EX
Γ∗∆

) + 1

Cν(R1) = Cµ(EX
Γ ) + 1

Cµ(R2) = Cµ(EX
∆ ) + 1.

Also X, X̄ are R3-invariant, so

Cν(R3) = Cν|X(R3|X) + Cν|X̄(R3|X̄)

= 2Cµ(EX
∆ ).

So
Cµ(EX

Γ∗∆
) + 1 = Cµ(EX

Γ ) + 1 + Cµ(EX
∆ ) + 1 − 2Cµ(EX

∆ )

or

Cµ(EX
Γ∗∆

) = Cµ(EX
Γ ) + 1 − Cµ(EX

∆ )
= C(Γ ) + 1 − C(∆). �

By using the same method one can also prove a converse to 37.1.

Theorem 37.2 (Gaboriau). Let G = 〈Γ, t〉 be a countable group, ∆ ≤ Γ ,
t−1∆t ⊆ Γ . If Γ has fixed price and finite cost, ∆ is finite, and C(G) =
C(Γ ) + 1 − C(∆), then G = Γ∗∆.

38 A List of Open Problems

We collect here the open problems that were mentioned earlier in this chapter:

18.2 Let E be a countable Borel equivalence relation on X, IE the standard
Borel space of E-invariant probability measures on X. Is the function

µ ∈ IE 
→ Cµ(E)
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Borel?

24.4, 24.5 Let E1, E2 be commuting aperiodic countable Borel equivalence
relations on X, let E = E1 ∨ E2, and let µ be an E-invariant probability
measure on X.

If Cµ(E1), Cµ(E2) < ∞ and each E-class contains infinitely many E1-
and infinitely many E2-classes, is it true that Cµ(E) ≤ min{Cµ(E1), Cµ(E2)}
or even that Cµ(E) = 1?

25.5 Let E ⊆ F be aperiodic countable Borel equivalence relations on X and
let µ be a finite F -invariant measure. If [F : E] = n is it true that

Cµ(E) − µ(X) = n(Cµ(F ) − µ(X))?

27.3 (Gaboriau) Let E1, E2 be countable Borel equivalence relations, let E =
E1 ∨ E2, E3 = E1 ∩ E2 and assume that E1 ⊥E3 E2. Let µ be a finite E-
invariant measure. If E3 is hyperfinite is it true that

Cµ(E1 ∗E3 E2) = Cµ(E1) + Cµ(E2) − Cµ(E3),

even if one of Cµ(E1), Cµ(E2) is ∞?

28.7 Prove or disprove the following dichotomy:
For any aperiodic countable Borel equivalence relation E on X, exactly

one of the following holds:

(I) There is a Borel E-invariant set A ⊆ X with E0
∼=B E|A.

(II) There is a free Borel action of F2 on X such that EX
F2

⊆ E.

28.14 (Gaboriau) Prove or disprove the following dichotomy:
Let E be a countable Borel equivalence relation and µ an E-invariant,

ergodic Borel probability measure. Then exactly one of the following holds:

(I) E is hyperfinite, µ-a.e.
(II) There is a Borel equivalence relation F ⊆ E which is induced by a free

Borel action of F2, µ-a.e.

29.4 Is the function Γ ∈ GROUP 
→ C(Γ ) Borel? Is the set {Γ ∈ GROUP :
C(Γ ) = 1} Borel?

29.6 (Gaboriau) Are there countable groups that do not have fixed price?

30.3 (Gaboriau) Is every treeable countable group strongly treeable?

30.8 (Gaboriau) If Γ is a strongly treeable countable group and ∆ ≤ Γ is a
subgroup, is ∆ strongly treeable?

33.2 Let Γ be a countable group Γ1, Γ2 ≤ Γ and Γ = Γ1Γ2. Assume that
[Γ : Γi] = ∞ and C(Γi) < ∞, for i = 1, 2. Is C(Γ ) ≤ min{C(Γ1), C(Γ2)} or
even C(Γ ) = 1?
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33.5 (Gaboriau) Let Γ,∆ be countable infinite groups. Does Γ ×∆ have fixed
price?

34.3 (Gaboriau) Let Γ,∆ be countable groups with Γ ≤ ∆. If [∆ : Γ ] is finite
and Γ has fixed price, does ∆ have fixed price?

35.7 Let R be a countable infinite Euclidean domain. Is it true that SL2(R)
is cheap iff R has infinitely many units?
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cascade, 48
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cost of an L-graph, 59
countable equivalence relation, 2, 56

decomposable, 87
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retractions, 48
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Rokhlin’s Lemma, 25
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rooted tree, 56

selector, 18
shift action, 1
smooth, 17, 18, 66
smooth µ-a.e., 66
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strongly treeable, 113
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symmetric difference, 4
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tree, 56
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