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Preface

(A) These notes provide an introduction to some topics in orbit equivalence
theory, a branch of ergodic theory. One of the main concerns of ergodic theory
is the structure and classification of measure preserving (or more generally
measure-class preserving) actions of groups. By contrast, in orbit equivalence
theory one focuses on the equivalence relation induced by such an action, i.e.,
the equivalence relation whose classes are the orbits of the action. This point of
view originated in the pioneering work of Dye in the late 1950’s, in connection
with the theory of operator algebras. Since that time orbit equivalence theory
has been a very active area of research in which a number of remarkable results
have been obtained.

Roughly speaking, two main and opposing phenomena have been discov-
ered, which we will refer to as elasticity (not a standard terminology) and
rigidity. To explain them, we will need to introduce first the basic concepts of
orbit equivalence theory.

In these notes we will only consider countable, discrete groups I'. If such a
group I" acts in a Borel way on a standard Borel space X, we denote by Ex
the corresponding equivalence relation on X:

tEryeIyel(yv-z=y).

If 11 is a probability (Borel) measure on X, the action preserves p if p(y-A) =
w(A), for any Borel set A C X and v € I'. The action (or the measure) is
ergodic if every ['-invariant Borel set is null or conull.

Suppose now I acts in a Borel way on X with invariant probability mea-
sure p and A acts in a Borel way on Y with invariant probability measure v.
Then these actions are orbit equivalent if there are conull invariant Borel sets
A C X, BCY and a Borel isomorphism 7 : A — B which sends u to v (i.e.,
e = v) and for z,y € A:

2Efy & m(x)Exm(y).

We can now describe these two competing phenomena:
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(I) Elasticity: For amenable groups there is exactly one orbit equivalence
type of non-atomic probability measure preserving ergodic actions. More pre-
cisely, if I A are amenable groups acting in a Borel way on X,Y with non-
atomic, invariant, ergodic probability measures p, v, respectively, then these
two actions are orbit equivalent. This follows from a combination of Dye’s
work with subsequent work of Ornstein-Weiss in the 1980’s. Thus the equiv-
alence relation induced by such an action of an amenable group does not
“encode” or “remember” anything about the group (beyond the fact that it
is amenable). For example, any two free, measure preserving ergodic actions
of the free abelian groups Z™,Z" (m # n) are orbit equivalent.

(II) Rigidity: As originally discovered by Zimmer in the 1980’s, for many
non-amenable groups I' we have the opposite situation: The equivalence re-
lation induced by a probability measure preserving action of I' “encodes” or
“remembers” a lot about the group (and the inducing action). For example, a
recent result of Furman, strengthening an earlier theorem of Zimmer, asserts
that if the canonical action of SL,,(Z) on T™ (n > 3) is orbit equivalent to
a free, non-atomic probability measure preserving, ergodic action of a count-
able group I', then I' is isomorphic to SL,(Z) and under this isomorphism
the actions are also Borel isomorphic (modulo null sets). Another recent re-
sult, due to Gaboriau, states that if the free groups F,,, F,, (1 < m,n < Rg)
have orbit equivalent free probability measure preserving Borel actions, then
m = n. (This should be contrasted with the result mentioned in (I) above
about Z™,Z"™.)

(B) These notes are divided into three chapters. The first, very short,
chapter contains a quick introduction to some basic concepts of ergodic theory.

The second chapter is primarily an exposition of the “elasticity” phe-
nomenon described above. Some topics included here are: amenability of
groups, the concept of hyperfiniteness for equivalence relations, Dye’s The-
orem to the effect that hyperfinite equivalence relations with non-atomic, in-
variant ergodic probability measures are Borel isomorphic (modulo null sets),
quasi-invariant measures and amenable equivalence relations, and the Connes-
Feldman-Weiss Theorem that amenable equivalence relations are hyperfinite
a.e. We also include topics concerning amenability and hyperfiniteness in the
Borel and generic (Baire category) contexts, like the result that finitely gener-
ated groups of polynomial growth always give rise to hyperfinite equivalence
relations (without neglecting null sets), that generically (i.e., on a comea-
ger set) every countable Borel equivalence relation is hyperfinite, and finally
that, also generically, a countable Borel equivalence relation admits no invari-
ant Borel probability measure, and therefore all generically aperiodic, non-
smooth countable Borel equivalence relations are Borel isomorphic modulo
meager sets.

The third chapter contains an exposition of the theory of costs for equiv-
alence relations and groups, originated by Levitt, and mainly developed by
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Gaboriau, who used this theory to prove the rigidity results about free groups
mentioned in (IT) above.

(C) In order to make it easier for readers who are familiar with the material
in Chapter IT but would like to study the theory of costs, we have made
Chapter IIT largely independent of Chapter I1. This explains why several basic
definitions and facts, introduced in Chapter II (or even in Chapter I), are again
repeated in Chapter III. We apologize for this redundancy to the reader who
starts from the beginning.

Chapter II grew out of a set of rough notes prepared by the first author in
connection with teaching a course on orbit equivalence at Caltech in the Fall of
2001. It underwent substantial modification and improvement under the input
of the second author, who prepared the current final version. Chapter III is
based on a set of lecture notes written-up by the first author for a series of
lectures at the joint Caltech-UCLA Logic Seminar during the Fall and Winter
terms of the academic year 2000-2001. Various revised forms of these notes
have been available on the web since that time.

(D) As the title of these notes indicates, this is by no means a comprehen-
sive treatment of orbit equivalence theory. Our choice of topics was primarily
dictated by the desire to keep these notes as elementary and self-contained as
possible. In fact, the prerequisites for reading these notes are rather minimal:
a basic understanding of measure theory, functional analysis, and classical
descriptive set theory. Also helpful, but not necessary, would be some fa-
miliarity with the theory of countable Borel equivalence relations (see, e.g.,
Feldman-Moore [FM], Dougherty-Jackson-Kechris [DJK], and Jackson-Kech-
ris-Louveau [JKL]).

Since this is basically a set of informal lecture notes, we have not attempted
to present a detailed picture of the historical development of the subject nor
a comprehensive list of references to the literature.

Acknowledgments. The authors would like to thank D. Gaboriau, G.
Hjorth, A. Louveau, J. Melleray, J. Pavelich, O. Raptis, S. Solecki, B. Velick-
ovic, and the anonymous referees, for many valuable comments and sugges-
tions or for allowing us to include their unpublished results. Work on this book
was partially supported by NSF Grant DMS-9987437 and by a Guggenheim
Fellowship.

Los Angeles Alexander S. Kechris
June 2004 Benjamin D. Miller
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Orbit Equivalence

1 Group Actions and Equivalence Relations

Suppose X is a standard Borel space and I' is a countable (discrete) group.
A Borel action of I on X is a Borel map (y, ) — 7 - x such that

1.Vee X(1-2=ux), and
2. Ve € XVy1,72 € I'(71- (72 ) = (m172) - x).

We also say that X is a Borel I'-space. Given x € X, the orbit of z is
I'z={y-x:yel},
and the stabilizer of x is given by
n={yerl:y -z=ux}.
We say that the action of I" on X is free if
Vo e X (I, ={1}),

that is, if v-x # x whenever v # 1. The equivalence relation induced by the
action of I' is given by

cBrye el (y-a=y),
and the quotient space associated with the action of I is
X/I' =X/Eff ={I" - z:2¢€X}.
Example 1.1. The (left) shift action of I' on X! is given by
v -p(8) = p(y ).
For example, when I' = Z and X = 2 = {0, 1}, we have

A.S. Kechris and B.D. Miller: LNM 1852, pp. 1-6, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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m - p(n) = p(n —m),

so that i
pE} ¢ < Im € ZVk € Z (p(k) = q(m + k)) .

Similarly, the right shift of I' on X' is given by

v - p(d) = p(d7),

and the conjugation action of I' on X' is given by

v p(8) = p(y~'67).

Example 1.2. If X = G is a standard Borel group and I" C G, then I acts
on G by left translation, that is,

Y-9="9-
Here the orbit of g € G is the right coset I'g, so that
gESh < I'g=Th

and the quotient space G/I" coincides with the space of right cosets of I
For example, take G = SO(3), the compact metrizable group of 3-dimensional
rotations, and I" the copy of Fy (the free group on 2 generators) sitting inside
of SO(3), whose two generators are given by rotation by cos~1(1/3) around k
and rotation by cos~!(1/3) around i. Then the left translation action gives a
Borel action of Fy on SO(3). Also, F, acts on S?, the unit sphere in R? (this
action is related to the geometrical paradoxes of Hausdorff-Banach-Tarski; see
[W)).

An equivalence relation F on X is (finite) countable if its equivalence
classes are (finite) countable. We use [E] to denote the group of Borel au-
tomorphisms of X whose graphs are contained in E. We use [[E]] to denote
the set of partial Borel automorphisms of X whose graphs are contained in
E. (A partial Borel automorphism is a Borel bijection ¢ : A — B, where
A = dom(¢), B = rng(¢) are Borel subsets of X. As usual the graph of a
function is the set graph(f) = {(z,y) : f(x) =y}.)

Theorem 1.3 (Feldman-Moore [FM]). Let E be a countable Borel equiv-
alence relation on X. Then there is a countable group I' and a Borel action
of I' on X such that E = E3. Moreover, I and the action can be chosen so
that

tBys3gel(¢*=1&g-z=y).

Proof. As E C X? has countable sections, it follows from Theorem 18.10

of [K] that
E= ] F.,
neN
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for some sequence {F),}, o of Borel graphs. We can assume that F,, N F;,, = )
if n #m. Let F}, o, = F;, N F 1, where for FF C X2,

F~'={(y,z): (2,y) € F}.
Since X is Borel isomorphic to a subset of R, it follows that X2\ Ax, where
Ax ={(x,z) : x € X}, is of the form
X\ Ax = U(Ap X By),
peN

where A,, B, are disjoint Borel subsets of X. It follows that F}, , p = Fp m N
(A, x Byp) is of the form

Fn,mm = graph(fn,mm)?
for some Borel bijection fn mp : Dnm,p — Rnm.p, Where
Dyvp N Ry p = 0.
Now define a sequence {gn,m p} of Borel automorphisms of X by

frmp(@) if £ € Dy p,
Gnmp(x) = < fody (@) if € Ry,
T otherwise.

Note that g, m,p is an involution and

E= U graph(gn,m,p)7

thus the induced action of I" = (g, m.p) on X is as desired. -

2 Invariant Measures

By a measure on a standard Borel space X we mean a non-zero o-finite Borel
measure on X. If u(X) < oo we call p finite, and if u(X) = 1 we call u a
probability measure. Given a countable Borel equivalence relation F on X, we
say that p is E-invariant if

Vi€ E] (fap=p),
where f.u(A) = u(f~1(A)).

Proposition 2.1. The following are equivalent:

(a) u is E-invariant,

(b) w is I'-invariant, whenever I' is a countable group acting in a Borel
fashion on X such that E = E¥,

(¢) w is I'-invariant for some countable group I' acting in a Borel fashion
on X such that £ = El)f, and

(d) V¢ € [[E]] (u(dom(¢)) = u(rng(¢))).



4 Orbit Equivalence

Proof. The proof of (d) = (a) = (b) = (c) is straightforward. To see
(¢) = (d), simply observe that, if dom(¢) = A,rng(¢p) = B, there is a Borel
partition A = |J A4,, and a sequence {7y,} C I" such that for x € A,, ¢(x) =
Tn + T, s0 that B =y, - An. =

3 Ergodicity

A measure p is E-ergodic if every E-invariant Borel set is null or conull. A
measure u is ergodic with respect to an action of a group I if it is ergodic for
the induced equivalence relation.

Example 3.1. Let i be the product measure on X = 27, where I" is a count-
ably infinite group, and 2 has the (1/2,1/2)-measure. For each finite S C I
and s: S — 2, put

Ns ={f: fldom(s) = s},

noting that the AVy’s form a clopen basis for 2/ and u(N;) = 2719°0()| where
|A| = card(A). As
v Ns = N’y-s>

it follows that pu is shift-invariant. To see that p is ergodic with respect to the
shift, we will actually show the stronger fact that it is mizing, that is,

Jim p(y - AN B) = p(A)u(B),

for A, B C X Borel. (That mixing implies ergodicity follows from the fact that,
when A = B is invariant, mixing implies u(A4) = u(A)?, thus u(A) € {0,1}.)
Given A,B C X and € > 0, we can find A’, B, each a finite union of basic
clopen sets, such that

w(AAA"), W(BAB') < e,

where A denotes symmetric difference. Thus, it suffices to show the mixing
condition when A, B are finite unions of basic clopen sets. Say A is supported
by S and B by T, where S,T C I are finite. Then off a finite set of 7’s,
v-SNT =0, thus v - A, B are independent and

u(y-ANB) = p(y- A)u(B)
= u(A)u(B).

Example 3.2. Suppose G is an infinite compact metrizable group, A < G
is a dense subgroup, and p is Haar measure on G. For example, we could
take G = ZY and A = Z5N. Then A acts by left-translation and y is clearly
invariant. To see that  is ergodic, consider L*(G) and its dual L>=(G). G acts
on L(G) via left shift, i.e.,

g-p(h) =p(g~"'h).
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This is a continuous action, i.e., if g, — ¢ in G and p, — p in L'(G), then
Gn - Pn — g -p in LY(G). So, by duality, it induces a continuous action of G
on the unit ball of L>°(G), with the weak*-topology, given by

g-Alp) = A(g™" - p).

Now, if A C G is A-invariant, let x4 = A € L*°(G), so that
VoeA(G-A=A).

But since A is dense in G and the action is continuous, this means that
YgeG(g-A=A),

or equivalently, that

Vg h (xalg™ h) = xa(h))
where “V},” means “for y-almost all.” It follows from Fubini’s Theorem that
VihVig (g the As he A),
so if p(A) > 0 we can find h € A such that
Vig(go'the As he A),

thus u(A) = 1.

It should be noted, however, that translation is not mixing! To see this,
fix 0, € A with §, — g # 1, and let N be a sufficiently small compact
neighborhood of 1 such that N N gN = (). Then

w(NN§, N)—O0,
while u(N)u(8, - N) = p(N)? > 0.

For each countable Borel equivalence relation E on X, let Zr be the set
of invariant probability measures for F, and let £Zg be the set of ergodic,
invariant probability measures for E. Then we have:

Theorem 3.3. (Ergodic Decomposition — Farrell [F], Varadarajan
[V]) Let E be a countable Borel equivalence relation on X. Then Ig,ETR
are Borel sets in the standard Borel space P(X) of probability measures on
X.

Now suppose Iy # 0. Then EZg # 0, and there is a Borel surjection
m: X — ELg such that

1. m is E-invariant,

2. if Xe ={z: n(x) = e}, then e(X.) =1 and E|X, has a unique invariant
measure, namely e, and

3. if p € Ig, then p= [n(z) du(z).

Moreover, m is uniquely determined in the sense that, if @ is another such
map, then {x : w(x) # 7' (x)} is null with respect to all measures in Ig.



6 Orbit Equivalence

4 Isomorphism and Orbit Equivalence

We say that (X, E), (Y, F) are (Borel) isomorphic (E =p F) if there is a
Borel bijection 7 : X — Y such that

Ve,y € X (xBy < w(x)Fr(y)) .

We say that (X, E, ), (Y, F,v) are (Borel almost everywhere) isomorphic if
there are conull Borel invariant sets A C X, B C Y and a Borel isomorphism 7
of (A, E|A) with (B, F|B) such that 7. = v. Note that ergodicity is preserved
under isomorphism. If I" acts in a Borel fashion on X,Y, then the actions are
(Borel) isomorphic if there is a Borel bijection 7 : X — Y such that

Ve e XVy eI (n(y-x)= n(zx)).

Finally, if I" acts in a measure preserving fashion on (X, u), (Y,v), then the
actions are (Borel almost everywhere) isomorphic or conjugate if there are
conull Borel invariant sets A C X, B C Y and a Borel isomorphism 7 of the
actions of I' on A, B such that m.u = v. It is a classical problem of ergodic
theory to classify (e.g., when I' = Z) the probability measure preserving,
ergodic actions up to conjugacy. (Recall here the results of Ornstein and oth-
ers.) Actions of I, A on X, Y, respectively, are orbit equivalent if Ex =g EY.
Similarly measure preserving actions of I, A on (X, ), (Y, v), respectively, are
orbit equivalent if there are conull Borel invariant sets A C X, B C Y and a
Borel isomorphism 7 of Eft, ER with m.u = v.
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Amenability and Hyperfiniteness

5 Amenable Groups

Suppose X is a set. A finitely additive probability measure (f.a.p.m.) on X is
a map
u : Power(X) — [0, 1],

where Power(X) = {A : A C X}, such that u(X) = 1 and (AU B) =
w(A) + u(B), it AN B = 0. A fa.p.m. pu on a countable group I' is left-
imnvariant if

Vy € IVA C I' (u(vA) = p(A)) ,

and a countable group I is amenable if it admits a left-invariant f.a.p.m.
Example 5.1. Suppose I is finite. Then

u(A) = [Al/IT
defines a left-invariant f.a.p.m. on I', thus I" is amenable.

Example 5.2. The group I' = Z is amenable. Let &/ be a non-atomic ultra-
filter on N. Then

AN {=n,... n}
pA) = limy 2n + 1

defines a left-invariant f.a.p.m. on I'. Here lim,,_s a,,, where {a,, } is a bounded
sequence of reals, denotes the unique real a such that for each neighborhood
N of a the set {n:a, € N} is in U.

A mean on I is a linear functional m : {*°(I") — C such that

(i) m is positive, i.e., f > 0= m(f) >0, and
(ii) m(1) = 1, where 1 denotes the constant function with value 1.

Proposition 5.3. If m is a mean, then ||m|| = 1.

A.S. Kechris and B.D. Miller: LNM 1852, pp. 7-53, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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Proof. For f € [°°(I'), find a € T such that am(f) = |m(f)|. Then

< |Re afle
< llafllso
< [fllos;
and the claim follows. =

There is a canonical correspondence between means and f.a.p.m.’s, given
by associating to each mean m the f.a.p.m. defined by

p(A) = m(1a),

where 14 = the characteristic function of A, and by associating to each
f.a.p.m. p the mean defined by

mif) = [ 1 d
A mean m is left-invariant if
vy € I'(m(y- f) =m(f)),
where v - f(§) = f(y~16). Thus
Proposition 5.4. I' is amenable < I' admits a left-invariant mean.

By considering v — ~7!, it is easy to see that left-invariance can be
replaced with right-invariance in the definition of amenability. In fact,

Proposition 5.5. I' is amenable < ' admits a 2-sided invariant f.a.p.m.

Proof. Let 1 be a left-invariant f.a.p.m. on I', define p,.(A) = (A1),
and observe that

u(A) = /uz(Av’l) dpr(7)

gives the desired 2-sided invariant f.a.p.m. -

Next we turn to closure properties of amenability.
Proposition 5.6. Suppose I' is a countable group.

(i) If I' is amenable and A < I', then A is amenable.

(i) If NI, then I' is amenable & N,I'/N are amenable. In particular,
it follows that the amenable groups are closed under epimorphic images
and finite products.

(i1i) T is amenable < every finitely generated subgroup of I' is amenable.
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Proof. To see (i), let i be a left-invariant f.a.p.m. on I', let T C I" consist
of one point from every right coset Ay, v € I', and note that

v(4) = u(AT)

is a left-invariant f.a.p.m. on A.
To see (=) of (ii), it remains to check that if I" is amenable, then I'/N is
amenable. But if u is a left-invariant f.a.p.m. for I", then

v(A)=pu (U A)

defines a left-invariant f.a.p.m. on I'/N.
To see (<) of (ii), let u be a left-invariant f.a.p.m. on N. Then p induces
a f.a.p.m. pue on each C' € I'/N, given by

pe(A) = p(y A,

where v € C. As p is left-invariant, u¢ is independent of the choice of . Now
let v be a left-invariant f.a.p.m. on I'/N, and observe that

A(4) = /P L HelANC) dv(C)

defines a left-invariant f.a.p.m. on I

To see (iii), suppose that {I},}nen is an increasing, exhaustive (i.e., whose
union is I') sequence of amenable subgroups of I, let u, be a left-invariant
f.a.p.m. on I',, fix a non-atomic ultrafilter &/ on N, and observe that

u(A) = lirri{ un(ANTy)
defines a left-invariant f.a.p.m. on I'. -

Corollary 5.7. Solvable groups are amenable.

Proof. First, we note that abelian groups are amenable. By Proposition
5.6, it suffices to show that finitely generated abelian groups are amenable.
But all such groups are direct products of finite groups with copies of Z, and
are therefore amenable by Proposition 5.6 and Examples 5.1 and 5.2.

Now suppose G is solvable. Then we can find

{1}=Hy<9H, <---4H, =G

such that H;41/H; is abelian, for all i < n, and the corollary now follows from
repeated applications of Proposition 5.6. o

Given two sets X, Y C I, we write X ~ Y if there are partitions
Xq,...,X, of X and Y3,...,Y, of Y and group elements ~y,...,v, € I’
such that v, X; =Y;, for all 1 < i < n. A group I is paradozxical if there are
disjoint sets A, B C I' such that A~ B ~ I.
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Proposition 5.8. If I' is paradozical, then I' is not amenable.

Proof. Suppose that p is a left-invariant mean on I', fix disjoint sets
A, B C I' such that A ~ B ~ I'; and note that

u(I') = p(AU B)
= n(A) + u(B)
= 2M(F)7
contradicting the fact that u(I") = 1. a

In fact, we have (see, e.g., [W]):
Theorem 5.9 (Tarski). I' is not amenable < I is paradozical.

In particular, to see that F3 is not amenable it suffices to observe
Proposition 5.10. Fs is paradoxical.

Proof. Let a,b be the generators of Fy. For each = € {a®!,b*1}, let S(z)
denote the set of reduced words which begin with z. Clearly F; is the disjoint
union of these sets with {1}. Noting that

a-S(a1) = B\ S(a),
it follows that S(a) U S(a™!) ~ Fy, and similarly, S(b) U S(b~1) ~ Fy. -

It follows that no group which contains an isomorphic copy of F» can
be amenable. Day conjectured that this is the only way that a group can
fail to be amenable (this became known as the Von Neumann Conjecture).
Although Tits showed that this conjecture is true for linear groups (subgroups
of GL,,(F), where F is a field), Olshanskii showed that the conjecture itself
is false (see [W]).

A countable group I" satisfies the Reiter condition if

Ve > O0Vy1,...,vn € T3f € 1) (f > 0,]|f]ls =1, and
Vi<i<n (|If =7 flh<e),

or equivalently, if there is a sequence {f,}, oy of elements of I'(I") such that
Vn € N(fp, > 0 and ||f,||1 = 1), and

Vy e I(||fn =7+ falll — 0).

A countable group I" satisfies the Fglner condition if

|vi FPAF| < 6) ’

Ve > 0Vy1,...,3F C I finitevl §i§n< 7]

or equivalently, if there is a sequence {F},}, o of finite subsets of I" such that
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[y FroAF,| . O) '

Vyel <
| Pl

Such a sequence {F),}, oy is called a Folner sequence.

Remark 5.11. We could similarly say {F,}, oy is a right Folner sequence if

|Fry AF,| . O) '

Vyel <
| Pl

There is a canonical correspondence between Fglner sequences and right
Fglner sequences, given by {F,}nen — {F;'}n.en. In particular, a group
I' admits a Fglner sequence if and only if it admits a right Fglner sequence.

Remark 5.12. If I = (v1,...,7,) and

)
Ve > 03F C I finiteVl <14 < nV§ € {£1} (@ < e> ,

then I' satisfies the Fglner condition. For if v = fygi = -’yg: and
SFAF
V1 <i<nV¥se {1} (WT < e/m) ,

then

WFAF| _ el -y FAF|

|F| |F|
5 8 5 5
< Dicm Ve "'Vk,iiFAVki e Fl
- |F|
&4
 icm My, FAF
|F|
< €.

Example 5.13. A Fglner sequence for G = Z* is given by F,, = [-n,n]*.

Theorem 5.14. Suppose I' is a countable group. Then the following are equiv-
alent:

(i) I is amenable.
(it) (Day) I' satisfies the Reiter condition.
(iii) (Fglner) I" satisfies the Folner condition.

Proof. To see (iii) = (i), let {F,,}, cy be a Folner sequence, let U be a
non-atomic ultrafilter on N, and observe that
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 JANE,
WA =l TR

defines a f.a.p.m. on I'. Noting that

ANF,| - |ANF,
n(vA) = u(A)| = lim I -t H

n—U ‘Fn‘
. JANyTIF| = [ANF,|
= lim
n—U |Fn‘
—1
n—U |Fn|
= O7

it follows that p is left-invariant.
To see (i) = (ii), we will use

Theorem 5.15 (Mazur). In a Banach space, the weak closure of a convex
set is the same as its norm closure.

Proof. If A is convex and z ¢ A, then it follows from the Hahn-Banach
Theorem that we can find x* such that

Re 2™ (x) < (111612 Re z*(a),

which implies that = & A", -

Set K = {f € IM(I") : ||fll1 = 1,f > 0}, and fix a mean m € [*°(I)*.
Clearly m is in the unit ball of [°°(I")*.

Claim 5.16. m is in the weak*-closure of K.

Proof. Suppose not. As K" is compact convex, it follows from the Hahn-
Banach Theorem that there exists ¢ € [°°(I") separating m from K, i.e., such
that

Vi e K (Re (¢o, f) < Re {(¢g,m) —¢€),

for some € > 0. By replacing ¢g with Re ¢y, we may assume that ¢ is real-
valued. Let ag = sup(¢p). Then ag > ¢o(v0) > ag — €/2, for some vg € I'. If
f= Tvoys then

ag > m(¢o)
= (¢o,m)
> (¢o, f) +¢€
=¢o(v)+e>ap—€/2+¢
=ag +¢/2,
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a contradiction. -

It follows that there is a net f; —* m (ie., (fi,¢) — m(¢p) for all ¢ €
[°°(I), with f; € K.

Next we observe that v - f;
To see this, note that

Dy fi8)eE) = Y fily8)e(s)

oer éer

= 3 fi(0)e0

oer

= > L@y 6(0)

ser
= (fi,7 " 9)
—m(y™" - ¢)
=7 m(¢).
So fi—~-fi =™ 0, hence f; —~- f; = 0, as the subspace topology on ' (I")
(when viewed as a subspace of (I°°)* with the weak-x topology) is the same

as the weak topology.
Fix now € > 0, 71,...,7» € I'. Note that

{{f_’Yi'fhgign:fEK}

—"" ~.m =m, where v - m(¢) = m(y~ - ).

is convex in (I1(I"))™. (Note that when X is a Banach space, the weak topology
on X" in the n-fold product of the weak topology on X.) Then 0 € (I*(I"))"
is in the weak closure of

{{f_'yi'fhgign:fe[(}“

So by Mazur’s Theorem it is in the strong closure, so there is an f € K such
that
Sllf =i flh<e
1<i<n

which completes the proof of (i) = (ii).
To see (i) = (iii), fix € > 0 and v1,...,7, € I'. We will find a finite set

F C I' such that
| Ay, P < >
——— <e€].
|F|
Fix f € I}(I") such that f >0, ||f||1 = 1, and
Vi<i<n(|f—v-flh <(e/n)fllL=¢/n).

Consider the truncation function

nggn(
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lift > a,
Ea(t) = {Oift < a.
Note that fo ) da =t, for t > 0, and also

v, t' >0 <|t —t'|= / |Ea(t) — Eo(t')] da) :
0
Setting

fa(’y):anf( )

:{1iff(’y)
0if f(v) <

= lyer:f(y)zaps
it follows that

JADIACEEACIRTED DY IO EEAN GRS

yel’ yel’

=Y 1f() =i - f()]

yel’
=lf = fll
< (¢/m)[If]lx

=(¢/n)Y_ ()

yel’

:e/nZ/ fa(v) da

yel’

:e/n/ > fa(y) da

yel’
= (e/n) [ Mfalls da
0
thus for some a > 0 we must have

V1 <i <nl||fa =i+ falli <ellfall1)-

Setting F = {v : fo(v) = 1} = {7 : f(v) > a}, it follows that F is a non-
empty, finite subset of I, and

[FAYF| = |[fa =i+ fallt <éllfally = €| F],

which completes the proof of Theorem 5.14. -

Proposition 5.17. Fvery countable amenable group I' admits an increasing,
exhaustive Falner sequence.
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Proof. Clearly we may assume that I" is infinite. Let {F},}, . be a Fglner

sequence for I'. We begin by noting that |F)| — co. To see this, fix k € N, let
1, -.,7k be distinct elements of I', and choose IV € N sufficiently large that

Vn > NV1 <i <k(|vFL,AF!|/|F,| <1/k).

Given n > N, it follows that if any of the above ratios is non-zero, then
|F!| > k. But if all of the ratios are zero, then y17,...,vy are distinct
elements of F), for any v € F}, so again |F},| > k.

Thus, by passing to a subsequence, we may assume that for all n > 0,

|F!| > 2n <n+ 1+>° F;|> .
i<n
Let {75 }nen be an enumeration of I'; and define
Fo.={v0,--,Wm}UF U---UF)).
Noting that for all v € I,

[Pl 7 |FL

2(n+ 1+ 5,0, |F) | hELAR

- |7 |7
1 F!'AF)

o1, hEAF
n I

- 9

it follows that {F),},en is an increasing, exhaustive Fglner sequence. o

A graph G with vertex set X is a set G C X? such that (z,7) € G and
(z,y) € G & (y,z) € G, for all 2,y € X. The boundary of F C X with respect
to G is

O0cF =0F ={x € F:3y ¢ F((z,y) € G)}.

The graph G is amenable if for all € > 0, there is a non-empty finite set ¥ C X
such that
[OF|/|F| <e,

or equivalently, if there is a sequence {F), }, .y of non-empty, finite subsets of
X such that |0F,|/|F,| — 0. Such a sequence is called a Fglner sequence for
the graph.

Proposition 5.18. Fvery countable amenable graph with no finite connected
components admits an increasing, exhaustive Folner sequence.
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Proof. Suppose G is such a graph, let {F),

n

}nen be a Folner sequence for

G, and note that |F)| — oo, since G has no finite connected components.

Thus, by passing to a subsequence, we may assume that for all n > 0,

IF'|>n (n +1+) aF;> ,

i<n
for all n € N. Let {x, }nen be an enumeration of X, and define
F,={zo,...,on} U(F,U---UE}).
Noting that

OF,| _ n+1+ %, 10F

[Ful — | F
_nH 1Y, 0F] R
= 7] 7]
1 |oF)]
n ' |F]
— 0,

it follows that {F,},y is an increasing, exhaustive Fglner sequence.

#

Given a countable group I and ~1,...,7, € I, the Cayley graph induced

by 71, ..,7vn is the graph, with vertex set (71,...,7vn), given by

(1,0)€Chyymy &1 <i < n('y'y:ﬂ = 0).

i
Proposition 5.19. The following are equivalent:

1. I' is amenable.
2. For all yi,...,mm €I, C,, . ~, is amenable.

Proof. By Proposition 5.6, it suffices to show that if I' = (v, ...

then
I' is amenable & C,, .., is amenable.

The main observation here is that
OF| < U FAJAF| < (2n+1)|0F)|.
1<i<n,6€{+1}

To see this, simply observe that

OF = U F\Fy
1<i<n,fe{*1}

7FYTL>7
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by the definition of boundary, and
U m\Fl<:m| | F\FY|
1<i<n,de{*1} 1<i<n,de{*1}

as every vertex of C, . -, is of degree < 2n.
To see that if I" is amenable, then C, . -
finite set ' C I" such that

is amenable, fix € > 0, find a

n

V1 <i<n¥ € {£1} (|F/  AF|/|F| < ¢/2n),
and observe that

|OF|/|F| < > |FYAF|/|F| <
1<i<n,de{+1}

To see that if C,, . -, is amenable, then I' is amenable, fix € > 0, find a
finite set ' C I" such that

|OF|/|F| < €e/(2n+ 1),
and observe that
[Py AF|/|F| < (2n + 1)|OF|/|F| < e,

for all 1 <i<nand § € {£1}. Thus I" is amenable by Remark 5.12. -

6 Hyperfiniteness

Our goal is to show that any two non-atomic probability measure preserving
ergodic actions of amenable groups are orbit equivalent. This will be done in
two steps:

1. (Dye) Any two non-atomic probability measure preserving ergodic ac-
tions of Z are orbit equivalent.

2. (Ornstein-Weiss) Any probability measure preserving action of an am-
enable group is orbit equivalent to a probability measure preserving ac-
tion of Z.

We will start with step 1, by studying, in some detail, the equivalence
relations induced by Z-actions.

A Borel equivalence relation E on X is smooth if it admits a Borel sepa-
rating family, i.e., a sequence {B,,}, .y of Borel subsets of X such that

Ve, y € X (eEy < VneN(z € B, <y € B,)).
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By considering the map x — {1p, (z)}nen, it is easy to see that F is smooth
if and only if there is a Borel function ¢ : X — Y, with Y standard Borel,
such that

Vo,y € X (zEy < ¢(x) = ¢(y)) -
An invariant Borel set A C X is smooth (for E) if E|A is smooth.

Example 6.1. Every finite Borel equivalence relation E is smooth. To see
this, let < be a Borel linear ordering of X, and define ¢ : X — X by

@(x) = the <-least element of [z]g.

Remark 6.2. Suppose E is countable and smooth, as witnessed by ¢ : X —
Y. As ¢ is countable-to-1, it follows from Exercise 18.14 of [K] that rng(¢) is
Borel. Thus, we may assume that ¢ is surjective.

Given any Borel equivalence relation E on X, we use X/E to denote the
set of equivalence classes of E, equipped with the quotient Borel structure
(i.e., A C X/FE is in the quotient Borel structure iff [ J A is Borel in X).

Proposition 6.3. A countable Borel equivalence relation E is smooth if and
only if its quotient X/FE is standard Borel.

Proof. To see (=), suppose that ¢ : X — Y is a surjection verifying the
smoothness of E and let q~$ be the induced bijection from X/F to Y. It suffices
to check that gg induces an isomorphism of the quotient Borel structure of
X/E with the standard Borel structure of Y. Noting that ¢ is countable-to-1,
it follows from Exercise 18.14 of [K] that ¢ sends Borel sets to Borel sets.
Thus, an E-invariant set B is Borel if and only if ¢(B) = ¢(B) is Borel.

To see (<), note that if the quotient Borel structure on X/FE is standard
Borel, then in particular, we can find a countable family {B,, },en of sets in
the quotient Borel structure on X/FE which separates points. But any such
family clearly induces a Borel separating family for E. -

A complete section for E is a set B C X which intersects every class of E.
A transversal for F is a set B C X which intersects each class of F in exactly
one point. A selector for E is a function f : X — X, whose graph is contained
in F, and whose image is a transversal. Clearly a Borel equivalence relation
admits a Borel transversal iff it admits a Borel selector, and if it admits a
Borel transversal, then it is smooth (but not conversely, see [K], 18.D).

Proposition 6.4. If E is countable Borel and smooth, then E admits a Borel
selector. Moreover, if all of the classes of E are of size n € NU {oo}, then
there is a sequence {f;}i<n of Borel selectors for E, whose images partition
X.

Proof. Let ¢ : X — Y be a surjection witnessing that E is smooth, and
define RCY x X by
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(v,7) € R o(x) = y.
As R is Borel and has countable sections, it follows from Theorem 18.10 of
[K] that there is a Borel uniformization f : Y — X of R. It follows that f o ¢
is the desired Borel selector.

Now suppose all of the classes of E are of size n € NU{oo}. Then it follows
from 18.15 of [K] that there is a sequence {f;};<n of Borel uniformizations of
R with disjoint ranges whose union is X, thus {f; o ¢};<, is a sequence of
Borel selectors whose images partition X. -

A countable Borel equivalence relation F on X is hyperfinite if there is an
increasing, exhaustive sequence {F,}, y of finite Borel subequivalence rela-
tions of F, i.e., if there exists a sequence of finite Borel equivalence relations

Example 6.5. The equivalence relation Ey, on 2%, given by
2Eoy < In € NVm > n(zm = ym),
is hyperfinite, as witnessed by the equivalence relations
zFhy < VYm > n(Tm = Ym)-

But Ejy is not smooth. To see this, notice that if A = Z;N,G = 75 are
as in Example 3.2 and A acts by translation on G, then the corresponding
equivalence relation is Fy. It follows that p (as in 3.2 again) is Fy-ergodic,
which easily implies that there can be no Borel transversal T for Ej, since
then the probability measure v on T defined by v(A4) = u([A]g,) would be
non-atomic and 2-valued, which is clearly impossible. (Here we use [A]g to
denote {x € X : Jy € A(zEy)}, the E-saturation of A.)

Theorem 6.6 (Slaman-Steel [S?], Weiss [We]). Suppose E is a Borel
equivalence relation. The following are equivalent:

1. E is hyperfinite.
2. E is induced by a Borel Z-action.

Proof. To see (1) = (2), we begin with the case that E is smooth. By
breaking F into countably many invariant Borel pieces, we may assume that
every E-class is of cardinality n € NU{oco}. Suppose n € N. Fix a Borel linear
ordering < of X. Letting ™ denote the successor of z in the restriction of <
to [x]g, it follows that

B v if 3y € [z]le(z <vy),
T(z) = {min<[x]E otherwise,

is as desired. If n = oo, then we can partition X into Borel transversals
{Bn},cz of E. Put T'(x) = y, whenever 2Ey, x € By, and y € By y1. Then T'
is a Borel automorphism that induces FE.
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Now suppose {F}, }, oy is an increasing, exhaustive sequence of finite Borel
subequivalence relations of E, with Fy = Ax = equality on X. As X/F, is
standard, we can find a Borel linear ordering <,, of X/F,,. Given distinct zEy,
let n(x,y) denote the largest n € N such that (z,y) € F,, and define

r<y<x#yand zFy and [gc]pn(zyy) <n(z,y) [y]Fn(I’y).

It is clear that < discretely orders the classes of F. The set of E-classes on
which < has a least or largest element clearly forms a Borel invariant set on
which E is smooth. So we may assume that < is a Z-ordering on each of the
classes of E. It follows that the successor function for < is the desired Borel
automorphism that induces F.

To prove (2) = (1), we first need some preliminaries. Given any Borel
equivalence relation F, a vanishing sequence of markers is a decreasing, van-
ishing (i.e., having empty intersection) sequence of Borel complete sections for
E. A countable Borel equivalence relation is aperiodic if its classes are infinite.
We now have:

Lemma 6.7 (Marker Lemma). FEvery aperiodic countable Borel equival-
ence relation admits a vanishing sequence of markers.

Proof. (Slaman-Steel) We can assume our equivalence relation E lives
on X = 2N, Let s,(z) denote the lexicographically least s € 2" such that
|[z] e N Ns| = oo, and define

x € Ay & zln = s,(x).

It is clear that {A,},, y is a decreasing sequence of Borel sets, each of which
intersects every class of F in infinitely many points. Noting that

A:ﬂAn

neN

intersects each class of E in at most one point, it follows that B, = A, \ A is
as desired. —

Now suppose, without loss of generality, that E is induced by an aperiodic
Borel automorphism 7. Note that on any smooth for E invariant Borel set it is
easy to find an increasing, exhaustive sequence of finite Borel subequivalence
relations. In each F-class C' we define the Z-ordering

r<cy<In>0T"(z) =y).

Then we can assume that there is a vanishing sequence of markers { B, }nen
such that for each such C, B, NC' is unbounded in both directions in <. This
is because, starting with a vanishing sequence of markers {A,, },en for E, the
union of the set of all classes C in which A,, NC has a least or largest element
in <¢, for some n € N, is an invariant Borel set on which F is smooth.
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Let F}, be the finite subequivalence relation of E defined by
zFy < x=yor (zEy and if C = [x]g = [y]g, then [z,y] avoids B,,),

where [x,y] denotes the closed interval between x,y in <. It is clear that
{F,}nen is an increasing, exhaustive sequence of finite Borel subequivalence
relations of F. a

Remark 6.8. It follows that an aperiodic countable Borel equivalence rela-
tion is hyperfinite exactly when there is a Borel assignment of Z-orderings to
its classes. In fact, suppose that £ C F is a Borel forest of lines, such that any
two E-related points z,y are connected via a path through £ (so £ arranges
the classes of E like Z-orderings, but there is no distinguished direction.) Then
the above proof shows that E is hyperfinite.

It should be noted, however, that not every such £ is induced by a Borel
automorphism. (An example of this sort was first pointed out by S. Adams.)
That is, one can find £ C E as above, such that for every Borel automorphism
T of the underlying space, there is some (z,y) € £ such that y & {T+(z)}.
To see this, let o be the odometer on 2V, that is, the automorphism given by

| 0"y if z =1"0y,
U(I)_{OO...if;czll....

Intuitively, o is “addition by 100 ... with right carry”. Note that, off of the
eventually constant sequences, the equivalence relation induced by o is Ej.
Let i : 2¥ — 2N be the map which flips each digit of its input, and let F
be the equivalence relation induced by 4. As i is an involution, F' is smooth.
Set E = (E, V F)/F (here E, V F denotes the smallest equivalence relation
containing F,, F'), and define £ C F by

([z]r; [ylr) € £ < 3m € {0,1},n € {£1}(z =" 0 0" (y))-

It follows easily from the fact that i 0 0 = ¢! o that £ is a Borel forest of
lines, and that any two E-related points are connected via a path through L.
Now suppose that 7" : 2V /F — 2Y/F is a Borel automorphism, and let A; be
the E-invariant set on which 7" induces L, i.e.,

u€ AL & V(y,2) € L0 ([u]e x [ule)(y € {TH(2)}),
and let A C 2" be defined by
x € As [z]p € Ay,

so that A is Borel and (E, V F)-invariant. It is enough to show that if u
is the usual product measure on 2%V, then A is p-null. Otherwise, since p is
E,-ergodic, so (E, V F)-ergodic, u(A) = 1. Define B C A by

z € Beo(x) € T([z]r).
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It is easily verified that B is E,-invariant and consists of exactly one E,-
class of every (E, V F)|A-class, thus BN i(B) = § and BUi(B) = A, so
w(B) =1/2. Since B is E,-invariant, this is a contradiction. See [M] for more
on Borel forests of lines.

Proposition 6.9. Below E and F are countable Borel equivalence relations
and B is a Borel set.

(i) If E CF and F is hyperfinite, then E is hyperfinite.

(ii) If E is hyperfinite, then E|B is hyperfinite. If B is a complete section
for E and E|B is hyperfinite, then E is hyperfinite.

(ii) If E and F are hyperfinite, then E x F is hyperfinite.

Proof. The proofs of (i), (iii), and the first part of (ii) are straightfor-
ward. To see the second part of (ii), let {F},}, .y be an increasing, exhaustive
sequence of finite Borel subequivalence relations of E|B, let { f,},cy be a se-
quence of Borel involutions whose graphs cover E, let n(x) be the least n € N
such that f,(x) € B, and set f(z) = fu(y) (). Defining F;, C E by

eFy < x =y or (f(z)Fnf(y) and n(z), n(y) < n),

it follows that {F} }, .y is an increasing, exhaustive sequence of finite Borel
subequivalence relations of E, thus E is hyperfinite. -

Remark 6.10. If E is hyperfinite, then we can find an increasing, exhaustive
sequence { Fy, }, oy of finite subequivalence relations of £ such that |[z]x, | < n,
for all n € N and x € X. To see this assume, without loss of generality, that £
is aperiodic, let {F},}, . be an increasing, exhaustive sequence of finite Borel
subequivalence relations of E with Fj; = Ax, and for each x € X and n € N,
define

kn(2) = max{k € N : [[z]/ | < n}.

Define F,, C E by
ey & aFy ()Y

Noting that 2 F,y = k,(z) = kn(y), it follows that {F), },en is as desired.

Given (X, E, u), we call E hyperfinite p-a.e. if there is an invariant conull
Borel set A C X such that E|A is hyperfinite.

Theorem 6.11 (Dye [D], Krieger [Kr]). Suppose E is the union of an
increasing sequence of hyperfinite Borel equivalence relations and p € P(X).
Then E s hyperfinite p-a.e.

Proof. The proof hinges on the following lemma.

Lemma 6.12. Suppose E is the union of an increasing sequence of hyperfinite
Borel equivalence relations, R C E is a Borel subrelation of E with finite
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sections (not necessarily an equivalence relation), u € P(X), and ¢ > 0. Then
there is a finite Borel subequivalence relation F' C E such that

p{r e X: R, Clz|r}) >1—k¢,
where Ry, = {y € X : (x,y) € R}.

Proof. Let {E,}, .y be an increasing, exhaustive sequence of hyperfinite
subequivalence relations of F, and fix n € N sufficiently large such that

u{xreX:R, Clzlg,})>1—c¢

Now let {F,},,cn be an increasing, exhaustive sequence of finite Borel sube-
quivalence relations of E,, choose m € N sufficiently large that

u{re X : R, Clz]p,}) > 1—c¢,
and set F' = F,,. =

By 1.3, we can find an increasing, exhaustive sequence {R,}, .y of Borel
subrelations of £ with finite sections. Set [y = Ax, and define {Fy,},
recursively, as follows. Given a finite Borel subequivalence relation F,, C F, it
follows from Proposition 6.9 that E/F,, is the union of an increasing sequence
of hyperfinite subequivalence relations. By Lemma 6.12, we can find another
finite Borel subequivalence relation F' of E/F,, such that

pr, ({[z]r, € X/Fy: ([Ru]F, xF)))r, C l2]F,]r}) >1—1/n,

where pup, is the measure, on X/F,,, induced by u. Letting F), 1 be the equiv-
alence relation on X induced by F, it follows that

{x eX:[zlg g U [x]pn} = U ﬂ {re X (Rn)s € [2]Fii}s
neN neNm>n

and this latter set is clearly null. As {F), },en is clearly increasing, it follows
that E is hyperfinite a.e. -

Problem 6.13. Is the union of an increasing sequence of hyperfinite Borel
equivalence relations always hyperfinite?

7 Dye’s Theorem

In this section, we show

Theorem 7.1 (Dye [D]). All non-atomic probability measure preserving er-
godic actions of Z are orbit equivalent.
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Remark 7.2. In view of 6.6, this can be equivalently formulated as fol-
lows. Let (X, E, u), (Y, F,v) be almost everywhere aperiodic hyperfinite Borel
equivalence relations with invariant, ergodic probability measures. Then they
are isomorphic.

Note that in the presence of the other conditions, almost everywhere ape-
riodicity is equivalent to saying that u, v are non-atomic.

Before we present the proof of Theorem 7.1, we develop some preliminaries
which are also important in their own right. An fsr (finite partial subequiv-
alence relation) of a countable Borel equivalence relation E is a finite Borel
equivalence relation F', defined on a Borel set dom(F') C X, such that F' C E.
Let [X]<° denote the standard Borel space of finite subsets of X, and let
[E]<* denote the Borel subset of [X]<> of pairwise F-related finite subsets
of X. Given a set ¢ C [E]<>°, we say that an fsr F C E is $-mazimal if

1. Vz € dom(F)([z]r € @) and
2. VS € [X \ dom(F)]<°(S & D).

Lemma 7.3. Suppose E is a countable Borel equivalence relation and ¢ C
[E]<*° is Borel. Then E admits a ®-mazimal fsr.

Proof. Define a graph G on [E]<* by
(S, TYeGe S#Tand SNT #0.

We begin by noting that G admits a Borel Ry-coloring, i.e., a Borel map
c: [E]<® — I, with I a countable (discrete) set, such that

(S, T) € G=¢(S) #c(T).

Let {gn}tnen be a sequence of Borel involutions whose graphs cover E, and
let < be a Borel linear ordering of X. Given S € [E]<*°, let {z;};<n be the
<-increasing enumeration of S, and let ¢(S) be the lexicographically least
sequence {k;;}; j<|s| of natural numbers such that

Vi, j < |S|(gk,, - xi = ;) .

Now suppose, towards a contradiction, that c¢ is not a coloring. Then we can
find (S,T) € G such that ¢(S) = ¢(T). Clearly |S| = |T, so let {z;}icn,
{yi}i<n be the <-increasing enumerations of S, T', and fix 4, j < n such that
z; = y;. Then

1<)z <
& xp < Gy, (74)
< Yj < g, (Y5)
< Yj <Yi
&g <,
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thus ¢ = j, and x; = y;. It follows that for all [ < n,

Ty = Gk (xl)
= Gk (yi)
=Y,

thus S =T, contradicting our assumption that (S,T") € G.
We can of course assume that ¢ : [E]<*° — N. Now recursively define a
sequence {F, }, .y of fsr’s by putting xF,y if

S ed (c(S) =nand z,y € S and SN U dom(Fy,) —(D>.

m<n

Noting that dom(Fy,) N dom(F,) = 0 for m # n, it follows that

F:UFn

neN

is an fsr of E. It is also clear that [z]r € @, for all z € dom(F'). Now suppose
that S € [E]<* and S € &. Then ¢(S) = n for some n € N, and it follows
that S intersects dom(F,), for some m < n, thus F' is ¢-maximal. =

One useful corollary of this lemma is the following.

Proposition 7.4. Suppose n > 0 and E is an aperiodic countable Borel equiv-
alence relation. Then E contains a finite Borel subequivalence relation, all of
whose classes are of cardinality n.

Proof. Say F lives on X. By Proposition 7.3, we can find a maximal fsr
F whose classes are of cardinality n. Let

A ={z € X :[z]g is the union of F-classes}.

It is clear that C'\ dom(F') has at most n — 1 elements, for each E-class C. So
X \ A is a smooth set and we can easily define a finite Borel subequivalence
relation E/ C E|(X \ A), whose classes are of cardinality n. Then (F|A) U
E'|(X \ A) is as desired. .

Theorem 7.5 (Rokhlin’s Lemma). Suppose T is an aperiodic Borel au-
tomorphism, u € P(X), n > 1, and € > 0. Then there is a Borel complete
section A C X such that

(i) TH(A)NTI(A)=0,if0<i<j<mn,
(i) (X \U;c, T'(A)) <€, and
(i) u(A) < 1.
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Proof. Let {A,,},,cy be a vanishing sequence of markers. As it is clear
how to proceed when Er, the equivalence relation induced by T', is smooth,
we may assume that each A, is doubly recurrent for T, i.e.,

Vo € A, Ji <0< j(THx), T (2) € Ap).
Given a doubly recurrent Borel complete section B C X, define
di(z, B) = min{k € N: T~*(z) € B},d,(x, B) = min{k € N: T"(z) € B}.
Now define
x € By & di(x, Apy) <mor d.(z,Ap) < n.

As the A,,’s are vanishing, it follows that the B,,’s are vanishing as well. In
particular, we can find m € N such that u(B,,) < e. For each k < n, put

x € Cy < di(z, Ap) = k(mod n) and d,(z, Ap) > n.

As these sets are pairwise disjoint, it follows that u(Cy) < 1/n, for some
k < n. It is clear that A = C}, satisfies (i), and (ii) follows from the fact that
X\ B € Ujcn T'(A)- a

For Borel automorphisms S,T on X, u € P(X), let
du(5,T) = p({z € X : S(x) #T(x)}).

Corollary 7.6. Suppose T is an aperiodic Borel automorphism on X, u is a
non-atomic probability measure on X, n > 1, and € > 0. Then there is a Borel
automorphism S in [Er], of period exactly n, such that d,(S,T) < 1/n+e.

Proof. Let A’ C X be the set obtained by applying Theorem 7.5 to T,
set A=T-(1(A’), and observe that

(i) TH{ANTI(A)=0,if0<i<j<n,

(i) w(X\ B) <e, where B =J,_, T*(A), and

(iii) u(T"1(4)) < 1/n.

Define 71 : B — B by

<n

T(z) ifxg¢ T Y(A),
Ti(z) = {T(nl)(x) otherwise.

As it is clear how to proceed when Er is smooth, we may assume that X \ B
intersects every class of Ep in infinitely many points. It follows from Propo-
sition 7.4 that we can find a Borel equivalence relation F' C E|(X \ B), all of
whose classes are of cardinality n. We can clearly find a Borel automorphism
T5 of period n which generates F. It follows that

[ T(x)ifx € B,
T(z) = {Tg(l‘) otherwise,

is as desired. 4
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By using a little ergodic theory, we can strengthen Theorem 7.5. A Borel
set B C X is (e, n)-Rokhlin if {T"(B)}i<n partitions a set of measure > 1 —e.

Proposition 7.7. Suppose T is an aperiodic Borel automorphism on X, i is
a T-invariant probability measure, n > 1, ¢ > 0, and u(A) > 1 —¢€. Then A
contains an (€,n)-Rokhlin set.

Proof. By the Birkhoff Ergodic Theorem,

mate) = i A0 iz

exists p-a.e., is T-invariant, and

u(A) = /mA dp.
Fix 0 <0 < (u(A) — (1 —€))/2 and for almost all € X, put

AN {T @)} ick-n]
k

l(x) = min{l >n:Vk>1 ‘mA(x)

< 5} |
Choose [ € N sufficiently large that
A={reX:l(z)<I1}

is of measure > 1 — §. By throwing away a null set, we can assume that A’ is
doubly recurrent for T'.

zeA” Tk1 (@) () Tk2 (@) () TR @) (z) V(@) (z) A"

Let {A}}rxen be a vanishing sequence of markers for Ep|A’. Again, by
throwing away a null set we may assume that each Aj, is doubly recurrent
for T. For each k € N and = € A}, let I} (z) be the least positive natural
number such that T%®)(z) € A}, choose k € N sufficiently large that the
Ep-saturation of

A" ={x € A}, : l(x) > 1}

is of measure > 1 — ¢, and let I”(z) be the least positive natural number such
that TV (®)(z) € A”. Then I"(x) > l},(z) > I, for x € A”. Once more, we may
assume that A” is doubly recurrent, by throwing away a null set. For each
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x € A", put ko(z) = —n and let k;41(z) be the least natural number such
that T%+1@)(z) € A and k;(x) +n < kip1(x) < 1”(2z) — n, if such a number
exists.

Set B = {T*) () : i > 0 and k;(z) is defined}, and note that {T%(B)}i<n
is a pairwise disjoint family whose union contains

C={T'(z)eA:xec A" andi<!"(x) —n}.

For simplicity, put [A”]r = [A"]g,.. For x € [A"]r, let ¢(x) = T~ (), where
i € N is the least natural number such that T~%(z) € A”. Then

u(C) = /W] lo(z) du(x)

_ / 1O T @)} icrr )] dule)

_ / |C N {TH () bicar (0
[A”]T

D)
() dplz)

_ ‘AH{TZ( (x))}z<l”(¢(m n‘ d
B /[A//]T 7o()) ule)
> [ mao(e) duo) -5

[A"]r
= / ma(z) du(z) — 6

A“]T

/mA du(x) — 26
— 20
> 1 — €,
thus B is an (e, n)-Rokhlin set. -

Remark 7.8. In the statement of Proposition 7.7, the requirement that u is
T-invariant can be dropped. First, it can be weakened to T-quasi-invariance
(see Section 8) by using the Hurewicz Ergodic Theorem in place of the Birkhoff
Ergodic Theorem. The general case then follows from the same trick as used
in the proof of Corollary 10.2.

Remark 7.9. As in Theorem 7.5, we can modify the above proof so as to
ensure that the (e,n)-Rokhlin subset of A is of measure < 1/n.

We need one more basic fact before we start the proof of Dye’s Theorem.

Lemma 7.10. Suppose E is a countable Borel equivalence relation on X and
u € P(X) is E-invariant and ergodic. The following are equivalent:
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(i) p(A) = pu(B).
(i1) 3¢ € [[E]] (dom(¢) C A,rng(é) C B, and

(A \ dom(¢)) = p(B \ rng(¢)) = 0).

Proof. It suffices to show (i) = (ii). Let I" = {7, } be a countable sequence
of Borel involutions whose graphs cover E, and define pairwise disjoint Borel
sets A, C A recursively by

A, = (A\ U Am> Nyt (B\ U vm(Am)>.

m<n m<n

Set A’ =|J An, let ¢ : A’ — B be the Borel injection which sends € A, to
¥n(2), and put B’ = rng(p).

The main observation here is that for any z, either A N [z]p C A’ or
BnNlz]g C B'. To see this, suppose that y € [x]gNA\ A’, z € [x]gN B\ B" and
find a natural number n such that 7, (y) = z. Then y € A,, a contradiction.

It follows from ergodicity that, by neglecting an invariant null set and
reversing the roles of A and B if necessary, we may assume that A = A’. But
it then follows from invariance that u(B\ B’) = 0. -

One could show the preceding lemma using a simpler exhaustion argument.
The advantage of the argument presented above is that it produces a ¢ which
simultaneously works for every invariant, ergodic measure v with the property
that v(A) = v(B).

We now describe the setup for the proof of Dye’s Theorem and prove some
basic technical lemmas.

Given a countable Borel equivalence relation E on a space X with a non-
atomic probability measure u, which is E-invariant and ergodic, an array (see
[Kr] or [Su]) is a system

A: <A0>‘-‘7An—17¢0>“‘7¢n—1>

of Borel sets and ¢; € [[E]] such that

(i) {A;}i<n is a partition of a conull subset of X, and
(11) ¢z : Ao — Ai, gbo = identity|A0.

Given an array A, we use |JA to denote Ag U ---U A,_1, and ¢;; to de-
note ¢; o ¢;1 : Ay — Aj. It is useful to think of ¢;; as a link between A;,
Aj. The rank of A is given by rank(A) = n. A refinement of A of rank k
is a system B = (By, ..., Bk_1,%0,...,%r_1), where {B;} is a partition of a
conull subset of Ag. This gives rise to a subarray AB of A defined by

AB = (B(.3)> $.0)) (s jy <
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where (i, j) = ik +j, ¢ 5y = ¢i 0¥y, By = Bo, and By; jy = ¢ ;) (Bo), for
1 < n,j < k. Note that

Pi gy, (irgy = Piir|Bligy

i.e., the link of (i,j), (i,j) is the same as the link of 4,7’ (restricted to its
domain). For almost all z € X, put

Orbit4(z) = {¢ij(z) rx € A; and 0 < j <n —1}.

If {Cy,...,Cr_1} are pairwise disjoint, § > 0, then A €5 {Cy,...,Ci_1}
means that there exists I C {0,...,k — 1} such that

m (AA U cl-> <.
i€l
We use A €5 A to denote A €5 {Ao, ..., An—1}.

Lemma 7.11. Suppose A is an array, A C X is Borel, and 6 > 0. Then for
all sufficiently large k, there is a refinement B of rank k, such that A €5 AB.

Proof. Set r = rank(A), let {Sp,...,S,—1} be the atoms of the Boolean
algebra generated by {¢; (AN A;) : i < r}, and suppose k > n/d. Choose
natural numbers pg, ..., p,—1 such that

Vi < n(pi/kr < p(S;) < (pi +1)/kr).
For each ¢ < n, let {S;; : j < p;} be a pairwise disjoint collection of subsets

of S;, each of measure 1/kr. It follows from Lemma 7.10 that we can find a
refinement B of A of rank k which includes all of the S;;’s. Now set

A = Jom(Sij) :m <78 C ¢ (AN Ap),j < pil}-

Clearly A’ C A and

AN A < p | (Hom(Si\ | Sij) :m < i< n}

J<pi
< rz 1/kr
i<n
< 6,

thus A €5 AB. —

Now suppose T': X — X is a Borel automorphism which induces FE.
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Lemma 7.12. Suppose A is an array and § > 0. Then for all sufficiently
large k, there is a refinement B of rank 2%, such that

p({z: T(x) & Orbit 4g(z)}) < 4.

Proof. Let T' : Ay — Ay be a Borel automorphism which induces E|Ajg.
We can assume that T” is aperiodic by throwing away a null set. Apply Corol-
lary 7.6 to obtain a sequence {7, }nen of Borel automorphisms of Ag, such
that T, is of period exactly 2" and d,,, (1", T,) < 1/2"7!, where y is the
normalized restriction of p to Ag. Then

m U {z € Ay : Ty (z) # T'(x)}

neNm>n

is clearly null, so by neglecting an invariant null Borel set, we may assume
that for all x € A there exists k such that

Vm > k(T (z) = T'(x)).

Let ¢ be the map which sends # € A; to ¢; '(x) € Ag. Then for all z €
dom(¢) = |J,; A, there exists k such that

vm 2 k(¢(z)Er,, ¢(T (x))).
Thus, by taking k sufficiently large, we can ensure that
pfz e X : ¢(x)Eq, ¢(T(2))}) > 1 - 6.
Letting By be a transversal of Er, , it follows that
B = (Bo, Tu(Bo),... T~ (Bo), T, T ., TE ).
is the desired refinement. —

We are now ready to prove Dye’s Theorem.

Theorem 7.13 (Dye [D]). All non-atomic probability measure preserving
ergodic actions of Z are orbit equivalent.

Proof. For n; > 2, n; € N, let n; = {0,...,n; — 1} have the uniform
measure and []n; have the product measure. Define E (,,,) on [[n; by

2By, (n,)y & InVm > n(Tm = Ym),

so that Fy = Ejp 2, where 2 denotes the constant 2 sequence. Note that

2 , Eo, 112), (H2 Eov(gmi),/j(gmi)) are isomorphic,
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for any m; > 1. So it is enough to show that if 7" is an aperiodic Borel
automorphism on X, p € P(X) is T-invariant and ergodic, and T induces the
equivalence relation F, then there exist m; > 1 such that

(X, E, ), (H 2™ By (2mi), /J(zmi)) are isomorphic.

Fix a sequence {X;};en of Borel subsets of X which separate points, and
in which every X; appears infinitely often. Find, by Lemmas 7.11 and 7.12,
indices m; > 1 (i > 0), and arrays A; (¢ > —1) such that

(1) A_; = (X, identity),

(2) A;y1 = A;Bit1, where B, is a refinement of rank 2™+t (; > —1),
(3) X; €9-i A;, (i >0), and

(4) pu({z : T(x) € Orbity, (2)}) >1—-271 (i > 0).

Write the elements of A; as A, .. q4,), Where a; < 2™, and denote by
¢<a0 a),(alyral) the corresponding links. Then for any finite sequence s,
yees @i )5\ Qg e Ay

(et}

the link of {ag,...,a;)" s, {a},...,a}) s is the same as that of {(ao,...,a;),
(ag, . ..,a}) (restricted to its domain). Let
Xl = n UA’M
ieN

noting that u(Xy) = 1. For z € Xy, let ¢(z) € [[2™ be given by ¢(z) =
(ag,ai,...), where x € (), Aqq,....a,)-

Claim 7.14. ¢ is injective a.e.

Proof. For each ¢ € N, fix X/ in the Boolean algebra generated by the
sets of A;, such that u(X;AX!) < 27% Now set

N = UJ&;ax)),
€N j>i
and observe that IV is a null set off of which ¢ is injective. -
Also note that, because of (4),
u({x : Ji(T(x) € Orbit 4, (x))}) = 1.
So fix a conull invariant Xy C X3, such that ¢ is 1-1 on Xy and
Vo € Xo3i(T(z) € Orbitu, (z)).

Put Yy = ¢(Xo) C [[2™, ¥ = ¢.p. Then for any basic open set N
2.

-

g, Ak—1) =

V(‘N’(ao,...,akfﬁ) = M(¢_1(A<ao7,,,,ak,1> N Xo))
= (6™ (Aga,.ax 1))

— 9—Mo— " —Mk_1
=2 ,

thus v = pig,(2mi). Also g, (2mi)(Yo) = 1.
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Claim 7.15. Yy is Ey (om:)-tnvariant.

Proof. Fix (ag,a1,...) € Yy and z € Xj such that ¢(z) = (ag,as,...). If
(bo,b1,...) Ey 2mi) (a0, a1, ...), then Vi > k(a; = b;), for some k € N. Put

Blag,san—1),(bossbr_1) (T) = Ys

S0 Y € Agy,....b,_y), for all i > k. Since yEx, we have that y € Xy, and since
¢(y) = <b0, by, .. .>, it follows that <b()7 by, .. > €Y. =

It remains to show that for all z,y € X,

By < ¢($)E0,(2mi)¢(y)~

To see (<), say ¢(z) = (aog,a1,...),P(y) = (bo,b1,...), and a; = b; for all
1 > k. Setting
y/ = ¢<a07~~~7ak—1>v<b07---7bk—l>("’C)7

it follows that y' € Xy and ¢(y') = (bo, b1, ...) = ¢(y), thus y = ¢/ Ex.

To see (=), it suffices to show that ¢(x) Ey, om:ypoT(x). Since x € X, let i
be such that T'(z) € Orbit 4, (x). If ¢(z) = {(ag,a1,...), poT(x) = (bo, b1, ...),
then

gb(ao,...,ai,aprl,...,ak>,<bo,...,bi,ai+1,...,ak)(x) = T(:L‘),

for all k£ > i, thus
poT(x) = (bo,...,bisQit1,...),
so Vk > i+ 1(ar = bx), and ¢(x)Eg (amiy¢p o T'(x). .

8 Quasi-invariant Measures

We will now embark on proving the second result mentioned in the beginning
of Section 6, i.e., that measure preserving actions of amenable groups are orbit
equivalent to Z-actions. We will actually consider a more general version of
this result in which invariance of the measure is not assumed and which also
applies to a wider class of equivalence relations.

Consider (X, E, u), where E is a countable Borel equivalence relation and
p is a probability measure. We say that p is E-quasi-invariant if [A]g is
null whenever A is null. For measures pu,v on X, p < v (u is absolutely
continuous with respect to v) means that every v-null set is p-null. Also, p,v
are equivalent, y ~ v, if © < v and v < u. The next fact is easily proven as
in Proposition 2.1.
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Proposition 8.1. The following are equivalent:

(a) 1 is E-quasi-invariant,

(b) p is I'-quasi-invariant (i.e., yop ~ p for all v € I'), whenever I is a
group acting in a Borel fashion on X such that E = E3,

(¢) w is I'-quasi-invariant for some countable group I' acting in a Borel
fashion on X such that E = E3, and

(d) V¢ € [[E]] (p(dom(¢)) = 0 = u(mg(¢)) = 0).

Assume p is F-quasi-invariant. We define two measures M,,M; on FE as
follows:

M) = [ |4,] dita),
where A C E is Borel, A, = {y € X : (x,y) € A}, and |B| = card(B).
Equivalently, for any nonnegative Borel f,

[ty dattag) = [ 52 1w duta),
yelzle

Let also

M(4) = [ 14%] duty),
where AY = {z € X : (z,y) € A}. Note that for ¢ € [[E]],

Mi(graph(¢)) = p(dom(¢)), My (graph(¢)) = p(rmg(¢)),

thus M;, M,. are o-finite.
Proposition 8.2. M; ~ M...

Proof. Let A C E be a Borel set such that M;(A) = 0. By Theorem 18.10
of [K], we can find a sequence {¢;} of Borel functions in [[E]] whose graphs
partition A. So

My(A) = Z M(graph(¢;)) = 0,

therefore M;(graph(¢;)) = p(dom(¢;)) = 0, thus p(rng(¢;)) = 0 and it follows
that

M, (A) = ZMr(graph(QZ)i))
= ulrng(¢:))
=0.
Thus M, < M;, and M; < M, by the same argument. =

Similarly one can see that if p is actually E-invariant, then M, = M;.
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Consider the Radon-Nikodym derivative
D#(xa y) = D(I,y) = (dMl/er)(l‘7y)’

for (z,y) € E. D is a Borel map from F to R*, and for any Borel f : E — RT,

/f(:c,y) dMl(x>y) = /f(as,y)D(x,y) er(x>y)7

so for Borel A C E:
MZ(A) :/ D(%ZI/) er(iU,y)y
A

and D is uniquely characterized M,-a.e. by this last property. Also D=1 =
dM,./dM;, M;-a.e. (equivalently, M, -a.e.)
Using D we can define the measure | - |, on each [y]g by

|zly = {}y = D(z,y).

Then for Borel A C E:
M) = [ Dea.y) bt (o)

/Z La(z,y)D(z,y) dp(y)

z€[ylE

= [ 147, dutw)

so My(A) = [|As| du(z) = [ |AY], du(y).
In partlcular for any ¢ € [[E]] and Borel B C rng(¢), we have

n(¢~ " (B)) = Mi(graph(¢|¢~" (B)))

/D y) du(y).

So, if f € [E], then (df.p/du)(y) = D(f~1(y),y), p-a.e.
A map o : E — G, where G is a group, is called a cocycle if

a(z, z) = aly, 2)a(z,y),

for tEyFEz. If this only happens on an E-invariant set A with pu(A4) = 1, we
say that « is a cocycle a.e.

Proposition 8.3. D : E — R¥ is a cocycle a.e.

Proof. We begin with a lemma.
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Lemma 8.4. If p, o are probability measures on X, g is a Borel automorphism
of X and p < o, then g.p < g«o and d(g.p)/d(g«0) = (dp/do)og™!, g.o-a.e.

Proof. The first assertion is obvious. To prove the second, note that for
any Borel nonnegative h,

/hd(g*p)=/hogdp

_ / (h o g)(dp/do) do

~ [ Wgta))dp/do)(@) doo)

_ /h(g(x))(dp/da) o9~ og(x) do(x)
_ / h(z)(dp/do) 0 g~ (x) d(g.o(x)),

so d(g«p)/d(gs0) = (dp/da) o g~', g.o-a.e. s

It follows that if f, g € [E]:

d((fg)«p)/d(fep) = d(fi(gepr))/d(fips)
= (d(g«p)/dp) o f 1, p — e,

so by the Chain Rule:

d((fg)«p)/dp = ((d(geps)/dp) o f 1) (d(fups)/dp) , pu — ae.,

D(g~ " f "), y) =D(g~ F W), f W) D (), y), 1 — ae.

It follows that there is an E-invariant Borel set A with p(A) = 1, so that for
xFEyEz in A we have D(z,z) = D(y, z)D(z,y). .

9 Amenable Equivalence Relations

We will now define a notion of amenability for equivalence relations, in the
presence of a measure, originally due to Zimmer. There are several equivalent
definitions of which we will consider one used in Kaimanovich [Ka], which is
the analog of the Reiter condition. See also [JKL] where an appropriate purely
Borel version was (independently) developed.

Let E be a countable Borel equivalence relation on X and p € P(X).
We say that (X, E, 1) is amenable, or E is p-amenable, if there is a sequence
A" . E — R of non-negative Borel functions such that
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(i) A? € !([z]g), where \?(y) = A"(x,y), for zEy,

(11) H)‘ZHl =1, and

(iii) there is a Borel E-invariant set A C X with u(A) = 1, such that
[[\z = Ay[li — 0 for all zEy with z,y € A.

Remark 9.1. If p is E-quasi-invariant, then (iii) is equivalent to ||A? —
Aylli — 0, Mi-a.e.

Proposition 9.2. Let I' be a countable amenable group acting in a Borel way
on X and p € P(X). Then E3 is p-amenable.

Proof. By the (right) Reiter condition for I', we can find a sequence

{fn}nEN with fn € ll(F)> fn > 07 an”l =1 and an_’Y*anI - 0> ny € F>
where v x f(0) = f(dv). It follows that

Nay) = > fa(y)
yeEl',y-x=y

witnesses the amenability of E3. -

Proposition 9.3. If (X, E, u) is amenable and Y C X is Borel with u(Y") >
0, then so is (Y, E|Y, py), where py = (p|Y)/u(Y).

Proof. Let {\"} witness the amenability of E. We can assume that Y is
a complete section, so let F': X — Y be Borel with F(z)Ex, and note that
oMay) = Y N(z2)
zeF~1({y})

witnesses the amenability of (Y, E|Y, uy). !

Example 9.4. Suppose that I' = F, acts on X = 2F2 via the shift and px is
the usual product measure. Then El)f is not pu-amenable. To see this, suppose
that {\"} witnesses that E5 is y-amenable, and define

fuly) = / N1y - 2) dp().
Then

Wl =30 /A;w-x) dp(z)

yel'

~ [ S 6+ a) duta)

yel’
= 17
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and, recalling that v * f(§) = f(57),

an _’V*anl = Z

[ 26 -a) dute) ~ [ N2y ) duta)

éer
- (; /)\" (6-z) du(x) — /A;tl.,;(é-x) dp(z)
< g/ NEF ) = X0, (60| dp()

= [ =20l duta)

contradicting the fact that F» is not amenable.

We will consider below Borel graphs G C E| where FE is a countable Borel
equivalence relation on X and p is an E-quasi-invariant probability measure
on X. We will denote by Gy the set {z € X : G, # 0} (here G, = {y : (z,y) €
G} is the set of all G-neighbors of z). We call G bounded if there is a constant
M > 0 such that

1/M < D(x,y) < M,

for all (z,y) € G, and the degree of each vertex in G is bounded by M. (Here
D is the Radon-Nikodym derivative as defined in Section 8.)
Recall that the boundary of A C X is defined by

A={zec A:Jy((z,y) €eGand y & A)}.

We say that G satisfies the Folner condition if, for every E-class [z]g and any
€ > 0, there is a finite, non-empty set A C [z]g such that

|0 A|:/] Al < e.

Here ||, is the measure on [z]g defined in Section 8. Note that, neglecting null
sets, if we choose another point 2’ € [x]g, then as D(y,z’) = D(y, z)D(z,z'),
it follows that

106 Al2/|Als = |0g Alor /| Alar

Following [Ka], we say that (X, E, u) satisfies the Falner condition if for every
bounded Borel graph G C E, there is an invariant Borel set Y with p(Y) = 1,
such that G|Y satisfies the Fglner condition. For the next lemma, see [CFW],
Lemma 8 and [Ka], p. 1003.

Lemma 9.5. If (X, E, u) is amenable, where p is an E-quasi-invariant prob-
ability measure, then (X, E, u) satisfies the Folner condition.
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Proof. Assume (X, F, 1) is amenable. Fix a bounded graph G C F and € >
0. By a simple exhaustion argument, it is enough to show that for a positive
set of z’s, there is a non-empty finite set A C [z]g with |0gA|./|Al. < 2e. We
can also assume that u(Go) > 0. Fix {A\"},en witnessing the amenability of
E.

Claim 9.6. There exists n € N such that
v =g vt < [zl dute

Proof. Note that M;(G) < co and [[A} — AP[[1 — 0, Mi-a.e., so by the
Lebesgue Dominated Convergence Theorem,

/\M;—AzHldMl(x,y)eo,
g

/ 2 du(w)Z/ dji = 1(Go) > 0
Go Go

so if n is large enough,

while

L0 =X ate) < [0 dute
which completes the proof of the claim. o

Put A(z,y) = A"(z,y), with n as in the claim. Recall that

1ift > a,
Ea(t)_{Oift<a.

For a € [0,00] and (x,y) € E, put

Fu(z,y) = Ea(A(z,y)) = {é L ﬁigi o

Noting that
| B0 da=r [ B - Bt da= o]
for t,# > 0, it follows that [ Fy(z,y) da = A.(y) and
|12 = Fuly ) da= 14,) = 4,00

If 11, = {(z,y) € E: Fy(z,y) =1} = {(z,y) € E : A;(y) > a}, then notice
that |(II4)s| < oo, for each a > 0, and
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L 1meam,) de) ansto < [ (710021 da) duto)

To see this, notice that for (z,y) € E:

[ lteaut) ) do= [T S IR - )] da

z€lz]p=[y]r

= Y [(IRe R @

z€lz]p=[y]E

= Y ax) - 4,()

z€lz]p=[y]E

= (42 = Ayll1,

and similarly for any z,

| = [ > Rl

> /OOO F(z,2) da

zE€[z|E

> Aulz)

zE€[z|E

1Az l1-

So, by Fubini,

[ e [ auto = [ im.aimy) aite] do>o

thus there ex1sts a > 0 such that, putting IT = II,, we get

/\HwAHy\ dM;(z,y) < e/ |I1;| du(z) < oo.
g Go
Now note that

/\HAH\dMl:cy / > AL dp(x)

0 yeg,
= [ X ) - tnly.2) dute)
g‘)yegzze[w
= [ 3 Y ) - tnly.2) dute)
goze [z]p YE€EG
— [16,@ 3 ltn(e.) - 1ay,2)] dde,2)
YEGs

2/ |G \ [T?| dM(z, 2),
I3
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where the latter inequality holds since, if (z,2) € II and y € G, \ II%, then
lg(z,2) —1n(y,2)|=1and y € G, so

(2, 2) |G \ IT7| < 1gy(2) Y [lm(w,2) = 1(y, 2)]-
YEG.

If we let
(x,2) € Ogll & (x,2) € IT and Fy((z,y) € G and y & II?),
so that (OgII)* = OgII*, we have
logm(x,z) < 1p(x,2)|G, \ IT7],

since if (z,z) € g1, then (x,2) € II and |G, \ II*| # 0. So
/ G, \ IT?| dM (2, =) = / Lz, 2)|Ga \ IT7| dMi(z, 2)
II

> /lagn(x,z) dM(x, z)
= M;(0gII)

— [ 10emyL. duce)

To summarize,

/ 1AL dMi(z,y) > / 06117, dpu(=).
g

Also
L 1l ) = 1 G < X))
= 1010 G0 x X)), du(2)
— [ 06l dutz),

/\3gHZ|Z du(z) < e/|Hz N Gol, du(z) < oo.
It follows that for a set of positive measure of z’s, we have
(i) 0< |II*NGyl: < oo and
(ii) €lIT* N Gy, > |0gIT?|, = |0g(IT* N Gp)| -

Let B = ITI* NGy C [2]g and choose a finite A C B with |B|, < 1.5|4],
and |B\ A|, < (0.5¢|A|,)/M?, where 1/M < D(u,v) < M for (u,v) € G
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and the G-degree of any z is < M. Then, if u € JgA, either u € dgB or
all G-neighbors of u are in B and at least one is not in A, so there is a G-
neighbor of u in B\ A, and, as every element has at most M neighbors, and
lul, = D(u,v)lv], < MJv|, (since we can assume, throwing away a null set,
that D is a cocycle), when (u,v) € G, (u, z) € E, we have:

|0gAl. < |0gB|. + M?*|B\ Al
< ¢€|B|. + (M?*-0.5- ¢ Al|.)/M?>
< 1.5¢|Al; + 0.5¢| 4],
= 2¢|Al,

which completes the proof of Lemma 9.5. -

A graph G C FE generates E if the connected components of G are the
E-classes, i.e., if any two E-related elements of X are connected by a path
through G. We note below that any countable Borel equivalence relation can
be generated by a graph with the Fglner condition.

Proposition 9.7. Suppose E is a countable Borel equivalence relation on X
and i 1s an E-quasi-invariant measure. Then, neglecting null sets, there is a
Borel graph G, satisfying the Falner condition, which generates E.

Proof. Neglecting null sets, we can assume that E is aperiodic and D =
D, is a cocycle. Let { Ay, }r.en be a vanishing sequence of markers with 49 = X,
and set

B, =A,\4,11.

By neglecting an invariant Borel set on which F is smooth, we may assume
that each E|B,, is aperiodic. By Proposition 7.4, we can find finite Borel
equivalence relations F,, C F|B,, such that each Fj,-class is of cardinality n.

Let T be a Borel transversal of ' = J,,cy F» with the property that

Ve € TVy € [z]p(D(y,z) > 1),

let G’ be a Borel graph that generates E|T, let G” = F'\ Ax, and put G =
G'UG". Tt is clear that G generates E. Noting that for each E-class C there are
infinitely many n € N such that dom(F,) N C # (, it follows that G satisfies
the Fglner condition. o

Remark 9.8. By the remarks at the end of Section 3.4 of [JKL], every count-
able Borel equivalence relation is generated by a locally finite Borel graph,
i.e., a graph in which every point has only finitely many neighbors. By using
such a graph for G’ above, we obtain a locally finite graph which satisfies the
Fglner condition and generates E. An argument similar to that given in Sec-
tion 3.4 of [JKL] shows that if E is generated by a bounded Borel graph, then
so is the restriction of E to any Borel set. It follows from this and the proof
of Proposition 9.7 that, in the context of 9.7, if F is generated by a bounded
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Borel graph, then it is generated by a bounded Borel graph which satisfies the
Fglner condition, neglecting null sets. As every countable Borel equivalence
relation is the union of an increasing sequence of bounded Borel graphs (by
Theorem 1.3), it similarly follows that, in the context of 9.7 again, we can
find an increasing, exhaustive sequence {G, } nen of bounded Borel subgraphs
of E which satisfy the Fglner condition.

10 Amenability vs. Hyperfiniteness

We will next prove the result of Connes-Feldman-Weiss [CFW], which identi-
fies amenability and hyperfiniteness in the measure theoretic context. It was
historically preceded by the result of Ornstein-Weiss [OW] that proves the
same conclusion when E is induced by a Borel action of an amenable group.

Theorem 10.1 (Connes-Feldman-Weiss [CFW]). Let E be a countable
Borel equivalence relation on X and p an E-quasi-invariant probability mea-
sure. If E is u-amenable, then E is hyperfinite u-a.e.

Corollary 10.2. Let E be a countable Borel equivalence relation on X and
w € P(X). If E is u-amenable, then E is hyperfinite p-a.e.

Proof. Let G = {g,}nen be a countable group of Borel automorphisms
which generates E, and set

W= (gn)eps/2"F,

neN

so that p < ¢/, ¢’ is E-quasi-invariant, and u(A) = p/'(A) for any invariant
Borel set A. In particular, E is /-amenable. By Theorem 10.1, E is hyperfinite
i'-a.e., and it follows that E is hyperfinite p-a.e. -

Remark 10.3. Corollary 10.2 can be also proved by noticing that if y €
P(X), then there is a Borel complete section A C X with pu(A) = 1 such that
p|A is E|A-quasi-invariant (and using 9.3 and 6.9). This fact can be shown
as follows (by adapting an argument of Woodin from the Baire Category
context): We may assume, without loss of generality, that X = [0,1] and
1 is Lebesgue measure. Let U, enumerate the rational intervals. Also, fix a
sequence of Borel automorphisms f,, : X — X such that

E = | graph(fa).
neN

For each pair of natural numbers (m,n) for which it is possible, fix a Borel
set By C Uy, such that pw(Byn) > u(Un)/2 and wu(f,;H(Bmn)) = 0. Define

B =X\ {J £ (Bun),

m,n
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and suppose, towards a contradiction, that there is a Borel null set B’ C B
such that [B']gp is non-null. Set B, = BN f,;'(B), and note that

[Beis = |J fa(B' N By).
neN

In particular, it follows that there exists n € N such that
u(fn(B'NB,)) > 0.

By the Lebesgue density theorem, there exists m € N such that

p(fn(B" N Bp) NUm) > (U ) /2-
It follows that B,,, exists, and since pu(Bn) > u(Uy,)/2, we have that
fn(B"NBy) N By # 0.

It then follows that B N f,;1(Bmn) # 0, a contradiction. Thus, the set
A=BU(X\[B]g)

is the desired complete section.

Let E be a countable Borel equivalence relation on X, suppose p is an E-
quasi-invariant probability measure and D is the Radon-Nikodym derivative
as defined in Section 8. The proof of 10.1 is immediate from the following two
lemmas.

Lemma 10.4. The following are equivalent:

1. For any bounded Borel graph G C E and any € > 0, there is finite Borel
equivalence relation F C E such that u({x € X : G, Z [z]r}) <.
2. E is hyperfinite p-a.e.

Proof. The proof of (2) = (1) is straightforward. To see (1) = (2), let
{gn}nen be a sequence of Borel involutions whose graphs cover E, with go =
identity. For each m > 0 and n € N, put

Xmn={z€X:1/m<D(z,gn(x)) <m}.

Let {k, }nen be a sequence of natural numbers in which every natural number
appears infinitely often, and define G,, C E by

(z,9) € Gn & Im < n(z,y € Xon k,, and y = g, ().

It follows that {G,, }nen is an increasing, exhaustive sequence of bounded Borel
subgraphs of E. Now let {F), },cn be a sequence of finite Borel subequivalence
relations of E such that, for all n € N,
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p{z € X2 (Gn)a & [2]r,}) <1/2%

Setting F,, = ﬂm>n F,,, sothat £y C F; C --- are finite Borel subequivalence
relations of F', it is clear that, for all n € N,

p({z € X : (Gn)x € [2]p,}) < 1/2™
Thus

{CL‘EX:[:E]E Z U[:L‘]En} c U m {reX:(Gn)e € [7]E, }

neN neNm>n

and this latter set is clearly null. It follows that F is hyperfinite u-a.e. o

Lemma 10.5. Suppose E is p-amenable, G is a bounded Borel subgraph of
E, and € > 0. Then there is a finite Borel subequivalence relation F C E such
that

u{z e X: G, € lalr}) <e.

Proof. Fix a natural number M — 1 witnessing that G is bounded, and
recursively define a sequence {F), },en of fsr’s of E by putting

X, =X\ | dom(F,,),

m<n

G, =GN (X, x X,), and letting F,, be a maximal fsr of F|X,, such that
Vo € dom(F,) |0g, (7], |+/|[x]F, [« < /M.

Noting that {dom(F},)}nen is pairwise disjoint, it follows that

FOO:UFn

neN

is an fsr of E. Put Xoc = X \ dom(Fix) = (,, X» and suppose, towards a
contradiction, that u(Xs) > 0. Setting Goo = GN (Xoo X X ), it follows from
9.3 and 9.5 that we can find x € X, and a finite set S C [2]g N X such that

‘agoos‘a:/|s‘$ < 6/]\/[3'

As S is finite and G is locally finite, we can find n such that dg, S = 0g__ S,
thus
0g,,512/15]2 < 6/M37

contradicting the maximality of Fj,.

Thus, throwing away a null invariant Borel set, which is harmless as we
can define F' to be equality in that set, we can assume that X = dom(F),
i.e., F = F is a finite Borel subequivalence relation of E. We will show that
this F' works.
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First note that if G, € [x]r = [z]F,, where € dom(F},), then there is
y € G, with y & [2]p,. Say y € dom(F,,). If m > n, clearly y € X,,, so
x € g, [x]F,. If m < n, then y € 9g,, [y]F,,. Thus

{reX:G, ¢ 2]p} C | J{reX:3ye{a} UGy € dg,[ylr,)}

We will now use the following.

Sublemma 10.6. (i) If B C X is Borel, then pu (,cp{z} U Gs) < M3u(B).
(ii) If 2 is a Borel transversal for a Borel fsr R of E, then for any A C
dom(R), u(A) = f_Q |[z]r N Al du(2).

Granting this, it follows that if
By ={y € dom(F,) : y € 0g, [ylr, },

then, using 10.6 (ii) for R = F,,, A = B,,, and A = dom(F,,), we have

1(Bn) [z] 7, N Bule du(x)

=/ |
Q

:/ ‘agn[flf}Fn‘a; d/i(l')
2

< 37 [, llelr. - dua)

dom(Fy)).

€
WM(
Next, using 10.6 (i), we have that

p({r € X :3y € {a} UGa(y € 0g, [W]r.)} = 1 ( U {=}u gz>

x€B,
< M?u(Bn) < ep(dom(Fy)).

Therefore
p{z e X : G, € [z]r}) < Zeu(dom(Fn)) =c

and the proof is complete, modulo the

Proof of Sublemma 10.6. (i) Applying 18.15 of [K], we can find a
sequence { f, }m<n of Borel functions with domains Borel subsets of B such
that for z € B,

{z} UGy = {fm(x) :m < M and fp,(x) is defined}.

Clearly each f,, is at most M-to-1, so again by using 18.15 of [K], we can find
Imn € [[E]] (m < M,n < M) such that graph(f,,) is the disjoint union of
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graph(g;.!,),n < M. Thus dom(gmn) € U,ep{z} U Gs, mg(gmn) C B, and
Usepir}UGs =U,,,, dom(gm,n). Now, by Section 8,

pldom(gnn)) = [ Digh(w).y) duty) < Mu(B)

ng(gm,n)

50 pt (Upeplz} UGs) < M? - Mu(B) = M°u(B).

(ii) Write (2 as a disjoint union of Borel sets 2 = |J,, {2,, such that for
x € 2, |[t]rRNA| = n. Let then @7, ..., ¢ € [[E]] be such that dom(¢}) = §2,,
and [z]g N A = {7 (x),...,0"(x)},Vx € £2,. Then, by Section 8,

= / D(97(y),y) du(y),
C

for any Borel C' C dom(¢}) = 2, and A is the disjoint union of ¢ (§2,), so

ZZ/ D67 (), 2) dyu(x)

n =1

—Z/ ,x) du(z)
_ Z/Q o) N Al dpz)

|[z]r N Ale dp(z),
17}

which completes the proof. -

By putting together the results of Sections 7 and 10, we now have

Theorem 10.7 (Dye [D], Ornstein-Weiss [OW]). Any two non-atomic,
probability measure preserving ergodic actions of amenable groups are orbit
equivalent.

Hjorth [H1] has recently proved the converse of this result, so that we
have that a (countable) group is amenable iff it has exactly one, up to orbit
equivalence, non-atomic probability measure preserving ergodic action.

11 Groups of Polynomial Growth

Weiss [We| raised the question of whether a Borel action of an amenable
group gives rise to a hyperfinite equivalence relation. (This is in the pure
Borel context; no measures are present.) Weiss (unpublished) proved this for
the group Z™ and this was later extended to all finitely generated groups of
polynomial growth.
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Theorem 11.1 (Jackson-Kechris-Louveau [JKL]). Let I' be a finitely
generated group of polynomial growth. Then for any Borel action of I on a
standard Borel space X, El)f is hyperfinite.

Proof. We begin with a lemma.

Lemma 11.2. Let E, F' be countable Borel equivalence relations on X with
E C F and [F : E] < o0, i.e., every F-class contains only finitely many
FE-classes. If E is hyperfinite, then so is F.

Proof. We can assume that for some & > 1, each F-class contains ex-
actly k E-classes. Let {g,}nen be a sequence of Borel involutions whose
graphs cover F. Recursively define f1,...,fr : X — X by fi(z) = x and
fix1(x) = gn(x), where is N is least such that (gn(x), fj(z)) ¢ E, for all
j < i. Then fi(x),..., fr(z) belong to the different E-classes contained in
[z]F. Let {Ey, }nen be an increasing, exhaustive sequence of finite Borel sube-
quivalence relations of E. Put

rFuy Vi < k(fre) (@) Enfi(y)),

where 7 is the unique permutation of {1,...,k} such that fr(z)Efi(y),
Vi < k. Tt follows that {F}, }hen is an increasing, exhaustive sequence of finite
Borel subequivalence relations of F'. o

Let E be a countable Borel equivalence relation on X. A cascade is a
sequence of Borel complete sections X = Sy D S1 D - -+ and Borel retractions
fntSn — Sni1 (ie., fn]Sny1 = identity).

A cascade {S,,, fn} defines a sequence of equivalence relations F,, given by

xEny<:> fnfn—l fo(l’) = fnfn—l fO(y)

Clearly {FE, }nen is an increasing sequence of smooth Borel subequivalence
relations of E, and if each f,, is finite-to-1, then each E, is finite. Thus F, =
Unen En is hyperfinite.

Suppose now a locally finite Borel graph G C F generates E. A kernel for
G is a set B C X which is maximal with the property that no two points of
B are G-neighbors.

Claim 11.3. G admits a Borel kernel.

Proof. First note that G admits an Rg-coloring: Let {X,, },en be a se-
quence of Borel sets such that for any distinct z,x1,...,xx € X there is n
with ¢ € X, 21,..., 2, € X, and define ¢ : X — N by ¢(x) = least n with
r € X, and G, N X,, = (. Clearly c is a Borel coloring. Put C,, = c=({n}),
and define inductively By = Cp,

Byi1 =B, U (Cpri1 \ {z: y((z,y) € Gand y € B,)}).
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Then B = |J,, By is a Borel kernel. .

Let G" = {(z,y) : the distance from z to y in G is < n}, and note that
for any Borel Y C X, there is a Borel kernel for G"|Y". For any fixed sequence
0 < kg < ky <---, we can therefore define a cascade {S,, f,}, with S, 1 a
Borel kernel for Gk|S,,, and (z, f,(z)) € G**, so that any two elements of
Sp+1 have distance > k,, in G and f,(z) has distance < k,, from z. For any
z € X, put

(x)n = fofn-1-+" fo(iﬂ) € Sn+1‘

We clearly have that the distance from x to (), is < ko + k1 + - k.

Suppose we could choose {k,} so that there is a constant ¢, such that for
infinitely many n and any x € X, if we consider the ball of radius kg + k1 +
-+ kp_1 42k, around x in G, then there are no more than c elements in it, any
two of which have distance > k,, from each other. Then it is easy to see that,
if {E,} are the equivalence relations associated with {S,, f}, then there are
at most ¢ elements in each F-class which are pairwise Eo-inequivalent. Thus
[E : Ex] < 0o and E is hyperfinite. Indeed, if zg, z1,...,z. are F-equivalent
but pairwise Eo-inequivalent elements, and the distance from x( to each z;
is < M, choose n large enough so that the above condition holds and n > M.
Then (z¢)n, - - -, (zc)n are distinct elements, any two of which are at distance
> k,, apart, and they are in the ball of radius

M+ko+ki+ 4 kn <ko+kyi+- - +kn1+2ky

around xg, a contradiction.
Return now to (I, X, E5¥). Fix a finite symmetric set A = {a1,...,an}
generating I such that

NA(n): ‘{’yEFZH’yl,...,’}/n EA(’Yl""Yn:’Y)}‘

grows polynomially, i.e., Na(n) < kn?, for some d,k € N and all n € N. We
will use B4(n) to denote

{yel:3Im,....meAln-m=7}
Let G be the graph induced by A, i.e.,
(r,y) eGeTac Ala-z =y).

Clearly G is locally finite and generates E = E. Choose S, f,, as above,
associated with this G and k,, = 2", so that

ko4 ki +- -+ kn1 + 2k, <272,

We claim that there is a ¢ such that, for infinitely many n, there are no more
than ¢ elements in any ball of radius 2”72 in G, any two of which are of
distance > 2™ from each other. Indeed, if we have a sequence z1,...,z. of
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distinct such elements in the ball of radius 2"*2 around z, find v1,..., 7. in
B4(2"2) with 7; - © = ;. Then clearly

BA(Qn_l)’yl, ey BA(Qn_l)’yC

are pairwise disjoint and contained in B4 (2""3), so N4 (2"F3) > cNa(2"71).
Thus, if the claim fails, then for any c¢ there is ng such that N (2"+3) >
eNa(2" 1) for n > ng + 1, so for all £ > 1,

NA(24A€+TL0) Z CENA(2n0)7

thus
(167/¢)" > Na(2")/(k - 2%,

a contradiction if ¢ > 167 =

12 Generic Hyperfiniteness

In this and the next section we will see that countable Borel equivalence rela-
tions behave dramatically different with respect to Baire category compared
with measure. Generically, i.e., on a comeager invariant Borel set, they are
hyperfinite and admit no invariant probability measure.

Theorem 12.1 (Hjorth-Kechris [HK], Sullivan-Weiss-Wright [SW?2],
Woodin). Let E be a countable Borel equivalence relation on a Polish space.
Then there is a comeager invariant Borel set C such that E|C' is hyperfinite.

Proof. The proof below is a simplification (in particular, avoiding forcing
by using the Kuratowski-Ulam theorem) of an argument of Miri Segal.

Let {gn}nen be a sequence of Borel involutions whose graphs cover E, and
fix a Borel linear ordering < of X. For each Borel set S C X and each n,
define the equivalence relation on S:

foy@z:yorgn-z:y.

BEach F?-class has at most 2 elements, so let @, (S) be the subset of S con-
sisting of the smallest element of each class, and let f2 : S — &,,(S) assign to
each z € S the smallest element of its F7-class. So f is a Borel retraction.
Notice that if S is a complete section, so is @, (.5).

Associate to each a € NV the cascade {S2, fo} defined by S§ = X,
Sii1 = Pan)(Sy), and f = f&gf Let { E%}.en be the associated equivalence
relations, and put ES = |,y £yy- We will show that there is an « and a
comeager invariant Borel set C' with ES |C = E|C. This follows immediately
from the following claim, where “V*” means “for comeager many.”
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Claim 12.2. V*a € N"W*z € X ([z]p = [2]pa ).

Indeed, by the claim, we can find o € NN such that C = {z € X :
[z]p = [z]ge } is comeager. Clearly C' is a comeager E-invariant Borel set
with E%|C = E|C.

To prove the claim, note that, by the Kuratowski-Ulam theorem (the ana-
log of Fubini for category), it is enough to show that for all z € X,

Vo € N¥([z]g = [2]pa ).
As the intersection of countably many comeager sets is comeager, it is enough
to show that for any fixed y € [z]g

V*a € NY(y € [2]ga ).

Clearly A = {a € NV : y € [2] e = |, [z] =} is open, so it is enough to show
it is dense. So fix a basic neighborhood N = {a € NY : s C a} of NV, where
s € N**t1, Consider the finite cascade Sy, fo,S1,...,Sn, fn, Sns1 associated
(in the obvious way) to s. Then ©/ = f,,fn—1- - fo(®)Efnfn-1-- foly) =¥,
so find k with gi(2') = y'. Fix ag 2 s with ag(n+1) = k. Then clearly ap € A
(as (z,y) € Eny), so ANN, # 0. B

13 Generic Compressibility

Let E be a countable Borel equivalence relation on X, and let D : E — R*
be a Borel cocycle. E is D-aperiodic if |[z] |, is infinite, for all z € X, where
| - | is defined as in Section 8. The following extends a result of Wright [Wr].

Theorem 13.1 (Kechris-Miller). Let E be a countable Borel equivalence
relation on a Polish space X and let D : E — R be a Borel cocycle. Suppose
FE is D-aperiodic. Then there is an invariant comeager Borel set C such that
for any E-quasi-invariant probability measure p whose induced cocycle is D
p-a.e., we have p(C) = 0.

Proof. We first note that if F' is a smooth D-aperiodic Borel equivalence
relation on a Borel set A C X, F C F, and pu is an E-quasi-invariant proba-
bility measure whose induced cocycle is D p-a.e., then p(A) = 0. To see this,
let Ag € A be a Borel transversal for F' and let {¢,} C [[F]] be such that
dom(¢y,) = Ao, {rng(gbn)} is a partition of A, and gbo = identity on Ay. Then,

by Section 8, p(rng(éy,)) on ,Y) d,u( ), s

= 3 pidom(éu)) = /A el du(s)

It follows that u(Ag) =0, and thus p(A) = 0.
Next fix a Borel Rg-coloring ¢ : [E]<*° — N for the graph
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(S,T)eG & S£Tand SNT £ 0

(see the proof of 7.3). For each n € N and S € [E]<>°, S # (), note that there
is at most one T € [E]<*°, T D S with ¢(T) = n; denote it by &,,(9), if it
exists.

Let now {A,, }nen be a vanishing sequence of markers for E. Set ko(z) =0
and

kn+1(x) = mln{k eN: Akn(a;) N [Z‘]E g Ak},
and define B,, C X by

T € Bn =T cC Akn(a:) \Ak?nJrl(w)'

Then {B,}nen is a partition of X into Borel complete sections for E. If
|[z]g N By|s < 00, then {y € [z]g N By, : D(y,x) > Dy, x),Vy € [z]g N By}
is finite, non-empty and independent of z in its E-class (since D is a cocycle).
It follows that there is a smooth invariant Borel set Xy € X such that for
z € X1 =X\ Xo and each n, | B, N [z]g|s = .

For each a € N we will define next an increasing sequence of fsr’s { £} ,en
of F| X1, so that BoN X, is a transversal for each F2 and for each b € ByN Xy,
[b]Fa € BoU---U B,,. We start with

F§* = equality on By,
Assume F2 is given, in order to construct F%, ;. For each b € By, we define
[b}FfL)‘+1 = Qa(n)([b}Fﬁ‘)a

if @4 (n)([b]Fs) is defined and is of the form [b]pa U S, with S C By11 N [b]Eg.
Otherwise, [b]pa,, = [b]ps. It is easy to check that this makes sense, i.e., if
by 7& by € By, then [bl}FfL"+1 N [bQ]Fngl =0.

For a € NN, put F¢ =, F°.

Claim 13.2. V*a¥V*z[r € X, or (z € X; and Vb € By N [z]g(|[b]ra [ = 00))].
Granting this claim, it follows that we can find a € NN such that
C=XyU {LL' € X1:Vbe Bypn [x]E(Hb]Fgé‘b = OO)}

is an invariant Borel comeager set. If now p is an E-quasi-invariant probability
measure on X whose induced cocycle is D p-a.e., then p(C) = 0, by applying
the remarks at the beginning of this proof to A =C, F = E|XqU F2.

It remains to prove the claim. By Kuratowski-Ulam, it is enough to show
that for any = € X,

V*aVvb € By N [x]E(Hb]Fgé‘b = OO)

Since the intersection of countably many comeager sets is comeager, it is
enough to show that for any x € X1,b € By N [2] g,
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Ve a(|[b]rg b = o0).

Now {a : |[b]pa | = 0o} = (), {a : [[b]ra [ > n} and the latter sets are clearly
open, so it is enough to show that each

{a:[[b]rglo > n}

is dense. Fix then a basic open subset N of N, with s € N™. Define F§, ..., F$
by using the same recipe as before. Since |Bp4+1 N [b]gls = 00, we can find a
finite S C By41 N [b]g with |S]p > n. Let then o O s be such that a(n) =
c([b]ps U S). Then clearly [b]pe,, = [b]p: U S, so |[b]pe, [v > n and thus
bl o | > n, therefore o € Ny N {a : |[b]pa [ > n}. 8

For D = 1, the above result says that there is an invariant comeager Borel
set C such that F|C admits no invariant probability measure. Nadkarni [N]
showed that an aperiodic countable Borel equivalence relation E admits no
invariant probability measure if and only if F is compressible, i.e., if there is
a map ¢ € [[E]] such that dom(¢) = X and X \ rng(¢) is a complete section.
We therefore have

Corollary 13.3. Suppose E is an aperiodic countable Borel equivalence rela-
tion on a Polish space X. Then there is an invariant comeager Borel set C
such that E|C is compressible.

It should be noted that Nadkarni’s Theorem is unnecessary to derive this
as a corollary, as any countable Borel equivalence relation which contains an
aperiodic smooth equivalence relation defined on a complete Borel section is
clearly compressible.

Corollary 13.4. Suppose E, I are aperiodic countable Borel equivalence rela-
tions on Polish spaces X,Y | respectively, such that for any invariant comeager
Borel sets AC X, BCY, E|A, F|B are not smooth. Then there exist invari-
ant comeager Borel sets C C X, D CY with E|C =5 F|D.

Proof. By 12.1, 13.3, and Theorem 9.1 of [DJK]. o
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Costs of Equivalence Relations and Groups

14 Preliminaries

We review here some standard terminology and notation.
A relation R on a set X is a set of ordered pairs from X, R C X2. If R is
a relation, we write interchangeably

2Ry < (z,y) € R.

We also let Ry, = {y: (z,y) € R}, RY = {x: (z,y) € R}. If R is a relation, its
inverse, R~1, is defined by R~ = {(y,z) : (z,y) € R}. Finally, if Y C X, the
restriction of R to Y, R|Y, is defined by R|Y = RNY?2

If f is a function, we denote by dom(f) and rng(f) its domain and range
respectively, and by graph(f) = {(z,y) : f(z) = y} its graph.

A graph G with vertex set X is a non-reflezive (i.e. (z,z) € G, Yz € X),
symmetric (i.e., G = G~1) relation on X . The neighbors of z € X in the graph
G are the y € X such that (z,y) € G. The cardinality of the set of neighbors
of X is called the degree of x, in symbols dg(x). Denoting by |A| = card(A)
the cardinality of A, we thus have

da(z) = |Gyl

A graph G in which dg(x) < oo, for every z, is called locally finite. A G-path
from z to y is a finite sequence of vertices * = xg,x1,...,T, = y such that
(@i, ziq1) € G, Vi < n, and z; # x; if i # j, except possibly for ¢ =0, j = n.
Consider the equivalence relation on X given by

rFy < 3 a G-path from z to y.

Its equivalence classes are the connected components of G. If there is only one
connected component, we call G connected.

A G-cycle is a G-path x = xg, z1,...,T, = g, n > 3, starting and ending
at the same point. A graph G is acyclic if it contains no G-cycles. An acyclic

A.S. Kechris and B.D. Miller: LNM 1852, pp. 55—128, 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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connected graph is called a tree. Thus G is a tree if for any x # y there is a
unique G-path x = xg,z1,...,2, = y. A rooted tree is a tree with a distin-
guished vertex xq, called its root. For any vertex x, let zg, z1,...,Tn_1,Zn =
be the unique path from xg to x. The neighbors of z different from x,,_; are
called the children of x.

15 Countable Borel Equivalence Relations

Let X be a standard Borel space. A Borel equivalence relation E on X is
countable if every equivalence class [z]g, z € X, is countable.

If I' is a countable group and (g,z) — ¢ - x is a Borel action of I" on X,
then the orbit equivalence relation

tEfy<3gel (g-z=y)
is countable. Conversely we have (see 1.3):

Theorem 15.1 (Feldman-Moore [FM]). If E is a countable Borel equiva-
lence relation on X, there is a countable group I' and a Borel action of I' on
X with El)f = E. Moreover, I' and the action can be chosen so that

tEyeIgel(*=1&g-z=1y).

We call a countable equivalence relation E on X aperiodic if every equiv-
alence class [z]g is infinite. The following is a most useful fact (see 6.7).

Proposition 15.2 (Marker Lemma). Let E be an aperiodic countable Bo-
rel equivalence relation on X. Then there is a sequence {S,} of Borel sets
S, C X such that

(i) So25 28 2...,

(iii) Each Sy is a complete section for E, i.e., it meets every equivalence
class.

We refer to such a sequence {S,} as a vanishing sequence of markers.
Finally, given Borel equivalence relations E, F' on X,Y respectively, we
say that E is Borel reducible to F', in symbols

E <B F7
if there is a Borel map f : X — Y such that

wBy < f(z)Ff(y).
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16 More on Invariant Measures

A measure on a standard Borel space X is a non-zero o-finite Borel measure
on X. If y is a measure on X, then p is finite if u(X) < oo and a probability
measure if p(X) = 1. If p is a measure on X and A C X is a Borel set,
then pu|A is the measure on A defined by (u|A)(B) = u(B), for any Borel set
B C A.

Let now E be a countable Borel equivalence relation and g a measure on
X. The following is easy to check.

Proposition 16.1. The following are equivalent:

(i) There is a countable group I' and a Borel action of I' on X with
E¥X = E such that p is I'-invariant.

(ii) For all countable groups I' and Borel actions of I' on X with EX = E,
wis I'-invariant.

(i) For all Borel bijections f : A — B, with A, B Borel subsets of X, such
that f(z)Ex, Yo € A, we have that p(A) = p(B).

(iv) For all Borel maps f : A — X, A a Borel subset of X, such that
f(z)Ex, Yz € A, we have u(f(A)) < u(A).

If these equivalent conditions are satisfied, we say that u is E-invariant.

We denote by [E] the set of all Borel automorphisms f of X with f(z)Ex,
for all z, and by [[E]] the set of all partial Borel automorphisms f : A — B,
A, B Borel subsets of X, with f(z)Exz, Vo € A. Thus p is E-invariant iff p is
f-invariant for all f € [E] iff p is f-invariant for all f € [[E]].

Suppose now p is E-invariant. We define a measure M on F as follows:

M(4) = / 1A, du(z),

for A C E Borel. Here |S| = card(S) (which is oo if S is infinite), and A, =
{y: (z,y) € A}. Of course we could also define M'(A) = [|AY| du(y), where
AY = {z: (z,y) € A}, but the invariance of y implies that M = M’. To see
this, recall from 15.1 that E = J,y graph(g;), with g; € [E]. So if A C E is
Borel, A = |J,cy[graph(g;) N A] and graph(g;)NA = graph(f;), with f; € [[E]],
so we can write A as a countable disjoint union of graphs of f € [[E]]. Thus
it is enough to show that M (graph(f)) = M’(graph(f)), for f € [[F]]. If
dom(f) = C, me(f) = D, then M (graph(f)) = j(C), M (graph(f)) = u(D),
so we are done.
Now define an equivalence relation F on F as follows.

(z,y)E(z,w) & zEz (& 2EyEzEw).

This is clearly a countable Borel equivalence relation on F.
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Proposition 16.2. M is E-invariant.

Proof. Let I' be a countable group acting in a Borel way on X so that
E{ = E. Then if I'* acts on E by (g,h)-(z,y) = (¢-2, h-y), clearly EE, = E.
So it is enough to show that this action preserves M. Now for A C E, A Borel,
we have

M((g,h)-A) = M({(g-2,h-y): (z,y) € A})
~ [ 18] duo).

where B = {(g-x,h-y): (z,y) € A}. But

yEBI<:>(x,y)€B<:>(g_1~:z:,h_1-y)eA
S hlye A,

so By = h-Ay-1.4, thus

M@wwm:/wﬂawm
:/muww:Mm»
by the I'-invariance of p. —

Finally, when p is also E-ergodic, i.e., every E-invariant Borel set is either
null or conull, we also have a converse to 16.1(iii), see 7.10.

Proposition 16.3. Let E be a countable Borel equivalence relation on X and
suppose a measure i is E-invariant ergodic. If A, B C X are Borel sets with
w(A) = p(B), then there is f € [[E]] with dom(f) = A’, rng(f) = B’, where
A CA B CBand u(A\A")=pu(B\ B')=0.

17 Graphings of Equivalence Relations

A (locally countable Borel) graph on a standard Borel space X is a graph G
on X, such that G C X2 is Borel, and every * € X has at most countably
many neighbors. Let E be a countable Borel equivalence relation. A (Borel)
graphing of E is a graph G such that the connected components of G are
exactly the F-equivalence classes. We then say that G generates E.

It will be also convenient to consider another concept of graph, which for
distinction we will call an L-graph (L stands for Levitt). This is simply a
countable family @ = {p;};er of partial Borel isomorphisms, ¢; : A; — B,
where A;, B; are Borel subsets of X. We call @ finite if I is finite. @ is an
L-graphing of E if & generates E, i.e., xEy < x = y or there is a sequence
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i1,...,ik € I and ey, ..., ex € {£1} such that x = ¢f! ... " (y) (in particular
each ¢; is in [[E]], which we can abbreviate as @& C [[E]]).

Note that for every L-graph & = {®;} one has an associated graph Gg,
which generates the same equivalence relation, defined as follows: zGgy iff
x # y & Jilpi(xz) = y or p;(y) = z]. Conversely, for every graph G we can
find an L-graph ®g such that G = Gg,. To see this, fix a Borel ordering < on
X and find a countable family of partial Borel functions {f;}ien with disjoint
graphs such that Va € X:

{(x,y) : 2Gy & = <y} = | graph(f,).

ieN

Now f; is countable-to-one, therefore let {g; ;}jek, be partial Borel auto-
morphisms with disjoint graphs such that graph(f;)~! = ; graph(g; ;). Let
Pg = {gi;}-

If v is E-invariant and G is a graphing of F|A for a conull E-invariant Borel
set A, then we call G a graphing of E a.e. Similarly we define an L-graphing
a.e.

We use the following notation concerning L-graphs. Let & = {¢; }icr, ¥ =
{%;};es be L-graphs. By & U ¥ we denote the disjoint union of @, ¥, defined
by replacing J by a copy J’, via a bijection j +— j’, so that I N J = {,
and letting & UW = {@;, ¥, Yicr jresr, where 1y = ;. Similarly we define
Do U P UPo ... We write @ C W if I C J and ¢; = ¥, for i € 1. In this
case we also let W\ & = {{}ieng. If @0 C &1 C ..., D5 = {@;}jer,, where
Iy C I C ..., then we let U, @» = {9;}jey, 1,- Finally, if A C X, we put
P|A = {pilA}ier.

18 Cost of an Equivalence Relation

We will now start the systematic development of the theory of costs originated
in Levitt [L] and mainly developed in Gaboriau [G1], [G2], [G3]. The results
of Levitt and Gaboriau discussed below are contained in these papers.

Let E be a countable Borel equivalence relation on X and g an E-invariant
measure. If G C F, we define its (u-)cost by

C,(9) = 3M(9)

(the factor 3 is a normalizing constant). Thus 0 < C,,(G) < oo, and 0 < C,(G),
if G is a graphing of F, provided that it is not the case that almost all E-
classes are singletons. (To see that C,(G) > 0, notice that G is a complete
section for E, so M(G) > 0.) Also C,,(G) is % of the integral of the degree
dg(z) of a vertex in the graph G, i.e., C,,(G) = & [ dg(z) du(x).

If now @ = {p;}ier C [[E]] is an L-graph, define its (u-)cost by
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= u(dom(p;))

iel
= ulrng(s))
el
Notice that
/Z (14,(x) +1p,(x)) du(x),

i€l

where A; = dom(p;), B; = rng(y;), and 14 = the characteristic function of A.
Thus if Gg is the graph associated to @, then [(Gg )| < Do/ (1a,(2)+15, (7)),
s0 Cy(Go) = LM(Gs) < Cu(®).

Conversely, let G C F be a graph and let @¢ be an associated L-graph, as
in Section 17. Then in the notation used there and noticing that (x,y) — (y, x)

is in [E], we have

Cul) = 3M(G) = M({(2,9) : 76y & = <))

=M (U graph(f; ) ZM graph(f;))

ieN 1€N
= ZM (graph(f;)~ Z Z M (graph(g; ;)) = Cu(®g).
€N ieN jeK;

Thus we have
inf{C,(G) : G is a graphing of E} = inf{C,(®) : ¢ is an L-graphing of E}.
This common quantity is called the (u-)cost of E, and denoted by:
C.(E).

Thus 0 < C,(E) < 0. Clearly Cy(Ax) =0, where Ax is the equality on X.
Note the following easy fact: If X = J,, A, is a countable partition of X
into E-invariant Borel sets of positive measure, then

Z (E|Ay)

We now compute an estimate for the descriptive complexity of the function
= Cu(E).

Proposition 18.1. Let E be a countable Borel equivalence relation on X, Ig
the standard Borel space of E-invariant probability measures on X (a Borel
subset of the standard Borel space of probability measures on X ). Then for
each v € R, the set

{pelg:Cu(E)<r}

s analytic.



Cost of an Equivalence Relation 61

Proof. Fix a countable sequence of Borel automorphisms {g;} in [E],
whose graphs cover E, fix a countable Boolean algebra of Borel sets {A}
which generates the Borel sets of X, let {6,,} be an enumeration of {gx|As},
and for each S C N, put Og = {0,,}.cs. We will show that

Cu(F) <r <3S CN(Og is an L-graphing of E p-a.e. and C), (Og) <r).

Of course, (<) is clear. To see (=), suppose that ¥ is an L-graphing of
E with C,(¥) < r, and fix € > 0 such that C,,(¥) < r — 2e. Note that, by
splitting up the domains of the elements of ¥, we may assume that ¥ is of
the form {g;,|Bx}, where each By is Borel. Let {k,} be an enumeration of
the natural numbers in which every natural number appears infinitely often,
and recursively choose ¢,, such that

7 AgnA Bkn\ U Agm <6/2n.

m<n,km=Fkn

This can be done because {A;} is dense in the measure algebra of u, by 17.43
of [K]. Find S C N such that Os = {g;,, |Ae, }, and note that for all &,

Z w(Ag,) = Z p Ae, 0| Br\ U A, | |+

kn=k kn=k m<n,km=kn

S4B U A

kn=k m<n,km=kn

<Z/J, B N Agn\ U Agm —I-ZG/?n
kn=k kn=Fk

m<n,km=kn

< p(Br)+ Y /2,

kn=k
thus

Cu(Os) =D D ulAs,)

k k=kn

<> (u(Bk) + Y e/2">

k kn=k
= Cu(@)+> /2"
= Cu(¥) + 2¢
<.

It remains to check that ©g is an L-graphing of E p-a.e., and this follows
from the observation that for all k, u(Bi \ Uy, —, Ae,) = 0. 4
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Problem 18.2. Is the function p — C,(E) Borel?

In connection to this problem, Hjorth proved the following result, which
shows that the question of whether p — C,(FE) is Borel is equivalent to the
question of whether {1 € Zg : C,,(E) < oo} is Borel.

Theorem 18.3 (Hjorth). Let E be a countable Borel equivalence relation
on X,Zg the standard Borel space of E-invariant probability measures on X.
Consider the analytic set

My = {p €Tp: Cu(E) < o).
Then p— Cy(E) is Borel on Mjy.

Proof. It is enough to show that for each r € R,
{pweMy: CuE) <r}

is co-analytic. To see this, it is enough to show, for ;4 € My and using the
notation of 18.1, that C),(E) < r exactly when

VS C N(@S is an L-graphing of E p-a.e. of finite p-cost = 35" C N finite
AN € N(Cy(Os UOs\qo,....n3 U{0:] D(0i, Os/) }iesno,...ny) <)),

where, for 6 € [[E]] and © an L-graph,
D(6,0) = {z € dom(0) : (z,0(z)) € Ro},

and Rg is the equivalence relation generated by 6.

To see (<), simply take S C N such that @g an L-graphing of FE p-a.e. of
finite cost and note that O/ U Og\(o,....ny U{0:|D(0s, Os) }icsngo,...,. N} 1s an
L-graphing of E p-a.e. To see (=), suppose Og~ is an L-graphing of F with
Cu(Ogr) < r —2¢, take S C N with Og an L-graphing of E p-a.e. of finite
cost, and choose IV sufficiently large that C), (95\{07,”71\[}) < €. Noting, for all
i € S and all z € dom(6;), that (z,0;(z)) € Reg,.,, ., for n sufficiently
large, it follows that for all ¢,

lim 1(D(0:,Os7n0,...n3)) = 0-

n—oo

Thus, for n sufficiently large, u(D(0;, Ogrn(o,...n})) < €/(N + 1), for all i €
SN{0,...,N},s058 =5"n{0,...,n} is as desired. -

We now use 18.1 to determine the behavior of cost under measure disin-
tegration.

Let X,Y be standard Borel spaces and f : X — Y a Borel map. Let u be
a probability measure on X and put v = f.u (i.e., v(A4) = u(f~1(A)). Then
there is a Borel map y — u, from Y into the standard Borel space P(X)
of probability measures on X such that (i) Viy(u,(f~1({y})) = 1) and (ii)
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p= [y dv(y), ie, p(Ad) = [, (A , for any Borel set A C X. This
y — py is unique, v-a.e. satlsfylng (i )7 ( ) (see 17.35 of [K]).

Now note that if is a countable Borel equivalence relation on X and f
is E-invariant, i.e., f(z) = f(y) whenever zEy, so that each fiber f=({y})
is also E-invariant, then pu, is E-invariant, v-a.e. Because if I" is a countable
group of Borel automorphisms of X so that xEy < 3Jg € I'(9(z) = y), and
Gully = vy, then v, (f71({y})) = 1, v-a.e., as f_ ({y}) is invariant under g.
Also for any Borel set A C X, u(A) = plg(A) = [py(g7(4)) dv(y) =
Jvy(A Soyy_uyyae ie. uylsFmvarlantuae

We now have the following formula connecting C,,(E) and C,, (E).

Proposition 18.4. Let E be a countable Borel equivalence relation on X and
u an E-invariant probability measure. Let f : X — Y be an E-invariant Borel
map, v = fip, and {py tyey the disintegration of p given by f. Then

Cu(B) = [ G, (B) vty

Proof. It is easy to check that if @ is an L-graphing of E p-a.e., then & is
an L-graphing of E py-a.e., for v-a.e. y, and

C,(@) = / Cp (@£ ({4})) dvly) = / C,, () du(y).

Now, given € > 0, find an L-graphing @ of E u-a.e. such that e+ C,(E) >
C,.(®). Then

e+ Cu(E) = Cu(®)

_ / C, (®) du(y)
/

> | Cu,(E) dv(y),
so Cu(E) > [ C,, (E) dv(y).

Now since y € Y — Oy, (E) is v-measurable (by 18.1), let ' : Y — R be
Borel with F(y) = Cy,(E) v-a.e. Let A CY be Borel with v(A4) = 1 such
that F(y) = Cy, (E), uy(f~'({y})) =1, and p, is E-invariant, Vy € A.

Fix € > 0. Then, for all y € A, there is an L-graphing @ of E p,-a.e. with
Cu,(®) < C,,(E) + e. Using the conventions and notations of 18.1, it follows
that for all y € A,

35 € N(Os is an L-graphing of E piy-a.c. and Cy, (Og) < F(y) +€).

Since the conditions in parenthesis are Borel, it follows, by the Jankov-
von Neumann Uniformization Theorem (see 18.1 of [K]), that there is a v-
measurable function S : A — Power(N) which, for y € A, gives S(y) satisfying
these conditions. By shrinking A a bit, we can assume that S is Borel.
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Put &, = Og,)|f " ({y}), so that Cy,, (®,) < Cy, (E) +¢€, Yy € A. Then

&= {9n|f_1({y 'ne S(y)})}new

is an L-graphing of E u-a.e., so

Cu(E) < Cu(@)

<

(Cpuy (E) +€) dv(y)

C,,(E)dv(y) +e

Je
—/%( ) dvly)
/
/

thus C,(E) < [ Cy, (E) dv(y) and the proof is complete. .

An important case of measure disintegration is the ergodic decomposition
of an invariant measure.

For a countable Borel equivalence relation F, we denote by £Zg the stan-
dard Borel space of E-ergodic invariant probability measures (again a Borel
subset of the standard Borel space P(X) of probability measures on X, see
[DJK], Section 4). Recall that a measure u is E-ergodic if every Borel E-
invariant set is either null or conull.

We now state the ergodic decomposition theorem of Farrell, Varadarajan
(see [F], [V]).

Theorem 18.5. (Ergodic Decomposition — Farrell [F], Varadarajan
[V]) Let E be a countable Borel equivalence relation on a standard Borel
space X and assume Ig # 0. Then ELr # O and there is a Borel surjection
w: X — ELg such that:

(i) = is E-invariant.

(i) If Xe = {z : w(x) = e}, fore € EIg, then e(X.) =1 (and in fact e is
the unique E-ergodic invariant measure on E|X.).

(iii) For any p € Ig, p= [7(z) du(z)(= [ e dv(e), where v = m.p).

We then have:

Corollary 18.6. In the notation of 18.4,18.5, for any u € Ik,

/Cz) d/i /C
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19 Treeings of an Equivalence Relation

A graphing 7 of an equivalence relation F is called a treeing if 7 is acyclic.
An L-graphing & = {;} of E is called a treeing if for each non-empty (formal)
reduced word w = @i ...p;"(e; € {£1}), in the symbols {i;}, the set {x :
z € dom(w) & w(z) =z} is empty.

If p is an E-invariant measure, then we say that 7 is a treeing p-a.e. if
p({z : T|[z]g is not acyclic}) = 0. Similarly @ is called a treeing p-a.e. if
p{z: 2z € dom(w) & w(x) = x}) =0, for all non-empty reduced words w.

Note that if @ is an L-treeing (resp., a.e.), then Gg is also a treeing (resp.,
a.c) and Cy(Ga) = Cu(@) s |(Ga)e] = Sicy(wa, () + x5,(2), (resp, acc.),
if & = {p;}icr, dom(p;) = A;, rng(v;) = B;. Also if T is a treeing (resp.,
a.e.), then @7 is a treeing (resp., a.e.).

The relevance of treeings to costs is illustrated by the following fact.

Proposition 19.1 (Gaboriau). Let E be a countable Borel equivalence re-
lation and let p be E-invariant with C,(E) < oo. If G is a graphing of E
which attains the cost of E, i.e., C,,(G) = C,(E), then G is a treeing of E
a.e. Similarly for L-graphings.

Proof. By the preceding remarks it is enough to prove this for L-graphings.
Indeed if Cy,(G) = Cu(E), then Cy(Pg) = Cu(G), so Cu(Pg) = C,(E) and
then ¢ is a treeing a.e. and as G = Gg,, G is a treeing a.e.

Let @ = {¢;} have C\,(®) = Cu(E) < oo, and let w = @i ... ;" be a
reduced non-empty word of least length with u({z € dom(w) : w(z) = z}) >
0, towards a contradiction. Then if w; = gpfj’ i, 1< <,

{z € dom(w) : w(z) =z and two of z,w(x),..., wy—1(x) are equal}

has measure 0 (by the minimality of n). So A = {z : € dom(w) & w(x) =
x & x,wi(x),...,wyp_1(x) are distinct} has positive finite measure. By chang-
ing the Polish topology of X but not its Borel structure, we can assume that
A and dom(e;), rng(yp;) are clopen and ¢; is a homeomorphism, for each 1.
It follows that we can find a Borel set B C A with co > p(B) > 0 and
B,wi(B),...,w,—1(B) pairwise disjoint. Then assuming e; = 1, without loss
of generality, &' = {@;}ier,izi U {wi, |(4i, \ B)}, where A;, = dom(yp;,) D A,
is still an L-graphing of E and C,(9') < C,(®), a contradiction. .

One of the main results of Gaboriau’s theory is the converse of this propo-
sition. We will prove later the following (see 20.1, 21.3 and 27.10).

Theorem 19.2 (Gaboriau). Let E be a countable Borel equivalence relation
and p an E-invariant measure. If T is a treeing of E a.e., then C\,(T) =
C.(E). Similarly for L-treeings.

Notice that this also implies a positive answer to 18.2, if F is treeable, i.e.,
admits a treeing.
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20 The Cost of a Smooth Equivalence Relation

Recall that a countable Borel equivalence relation F is smooth if it has a Borel
transversal, i.e., a Borel set meeting every equivalence class in exactly one
point. If y is a measure and there is a conull Borel set A C X such that E|A is
smooth we say that E is smooth p-a.e. Note that if u is finite and E-invariant,
then F is smooth p-a.e. iff F is periodic p-a.e. (i.e., for p-a.e. z, [z]g is finite).
This is because if an equivalence relation R on a space Y is smooth and
aperiodic and Z C Y is a Borel transversal, then there is an infinite sequence
fn : Z — Y of Borel injections such that z € Z & n # m = f,(2) # fm(2)
and f,(2)Ez, for all n and z € Z.

We can easily calculate the cost of a smooth equivalence relation as follows:

Proposition 20.1 (Levitt). Let E be a countable Borel equivalence relation
on X, u an E-invariant measure. If E is smooth and T C X is a Borel
transversal, then C,(E) = w(X \ T) and any treeing (resp. L-treeing of E)
realizes C,,(E).

Proof. Fix a graphing G of E. Since FE is smooth, we can easily find a
treeing 7 of E such that 7 C G. Thus C,(G) > C.(T). So it is enough to
show that if 7 is a treeing of E, then C,(7) = p(X \ T). Since the map
s(x,y) = (y,z) is in [E], it is enough to show that there is 7/ C 7 such that
s(THNT'=0,s(T"YUT' =T and M(T") = p(X\T).

For x € X \ T, let o(z) = the unique t € T such that Et. Define

T'yes e X\T&ifzg=mx,21,...,
Zn = o(z) is the unique path in 7

from z to o(x), then y = x;.

Clearly s(7")NT' = ) and s(7')UT’ = T, so it is enough to check that
M(T') = w(X \ T). But note that 27’y = =z € X \ T and Vz € (X \
T)3y(z,y) € T', so this is obvious. 5

In particular, if for all x € X, |[z]g| = n, then every transversal T' of
X has the property that n - u(T) = p(X), thus if p(X) < oo, C,(E) =
w(X) — p(X)/n = (1 — L)p(X). If on the other hand u(X) = oo, and n >
1, (X \T) = o0, so C,(E) = co. In any case,

1
Cu(E) = (1= 2 ) ).
using the convention 0 - oo = 0.
In general, for an arbitrary, not necessarily smooth E, let X,, = {x € X :
l[z]g] =n}, n=1,2,...,00. Then
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C,u(E) = CM\XOC (E‘Xoo) + Z CM\Xn (E‘Xn)

e 3 (1)

Remark 20.2. If G is a finite connected graph with vertex set V', then it is
an elementary fact that

2161 = 3 3 da@) 2 V] - 1, (¥

zeV

and equality holds exactly when G is a tree.

Proposition 20.1 can be viewed as a generalization of this fact. Indeed,
if we take X =V, E =V xV, T = {vy} for some fixed vg € V, u the
counting measure on X, then C,,(E) = inf{1|G| : G is a connected graph on
V}=|V]—1=pu(X\T), and any tree with vertex set V realizes C,(E).

We can also use (x) to prove 20.1, when g is a finite measure, in which
case |[z]g| < o0, pra.e. (x). Indeed, first notice the following simple fact:

If f: X — [0,00] is Borel, then

[ #@) dutz) = / S 1) | duto).

yEx

To see this, notice that, by the usual approximation arguments, it is enough
to prove this for characteristic functions, i.e., to show that if A C X is Borel,
then

W) = [ AN le] dufa).
€T
This is easy to prove, writing T' = |J,, Ty, where T,, = {x € T : |[AN [z]g| =

n}, n=1,2,...,00, and using the E-invariance of u.
So if G is any graphing of E, then

Cu(G) = %/dg(l‘) du(zx)

/ 2> doly) | duta)

yEr
z/mumm—l) e
=p(X\T),

and equality holds if G is a treeing.
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21 The Cost of a Complete Section

The following result is crucial for many computations.

Theorem 21.1 (Gaboriau). Let E be a countable Borel equivalence relation
on X, S C X a Borel complete section for E and p an E-invariant measure.
Then

Cu(E) = Cys(ELS) + (X \ 5).

We will derive this from the following, very useful in its own right, lemma
whose idea of the proof is due independently to Gaboriau, and Jackson-
Kechris-Louveau (who used it to prove the last statement of this lemma).

Lemma 21.2. In the notation of 21.1, for every graphing G of E, there is a
Borel subequivalence relation V' of E in which S is a transversal, a treeing
Ty of V with Ty C G, so that Ty N'S? =0, and a graphing Gs of E|S such
that Cp,(Tv) = p(X\S) and Cu(G) > (X \ S)+ C,.(Gs). Moreover, for each
graphing Gy of E|S, G5 U Ty is a graphing of E. Finally, if G is a treeing of
E, Gs is a treeing of E|S.

To see that 21.2 = 21.1, we note that C,,(G) > u(X \ S) + C,5(Fs) =
Cu(G) > m(X \ S) + Cys(E|S), so as G was an arbitrary graphing of FE,
Cu(E) > p(X\S)+Cys(E|S). Now fix a graphing G5 of E|S. Then GoNTy =
0, and G5 U 7y is a graphing of E, so Cy,(Gs UTy) = Cu(Gs) + Cu(Tv ), and
Cu(E) < Cu(Gs UTv) = Cys(Gs) + u(X \ S), so, taking the infimum over
Gl we get Gy (E) < Cyys(E]S) +u(X \ 5).

Proof of Lemma 21.2. Fix a sequence of Borel functions {g,} of X with
zEy < In(gn(z) = y). Fix € X \ S. Let n be the least length of a G-path
xy =, f,...,2), = z € S from z to S. Among all such paths, choose the
“lexicographically least one” defined as follows: For uFv let £(u,v) be the least
¢ with g¢(u) = v. Then z9g = x,21,...,2, = y is the lexicographically least
path if (¢(xo,21),l(x1,22),. .., l(xn_1,2y)) is lexicographically least among
all (0(xg, 1), ..., 0(x),_q1,2))) as above.

We call this zg = x, 21, ...z, = y the canonical G-path from = to S. Put
also 7(z) = y and define 7(y) =y if y € S.

Notice that if xg = z,21,...,x, = y is the canonical G-path from z to S,
then x1,xa, ...z, = y is the canonical G-path from z; to S (provided n > 2).

Let now V be defined by
2Vy e w(x) = n(y).

Clearly V is a subequivalence relation of E and S is a transversal for V.
Define now 7y as follows: Let 77 consist of all (z,z) such that x € X \ S

and x = xg,71 = 2/,...,x, = y is the canonical G-path from z to S. Let

T = (T) "t ={(2,2): (z,2') € Ty} and put 7y = 7 U T. Clearly 7Tyy C G.
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By the above observation, there is a Ty-path from any z € X \ S to n(x),
thus 7y is a graphing of V.

If p is the function with domain X \ S such that p(z) = 2z’ (in the
notation above), then 77 = graph(p), so clearly 7 is a tree. Moreover,
M(Ty) = M(graph(p)) = p(X \ S) and thus M(7Zy) = 2M(Th) = 2u(X \ 5),
so C(Ty) = n(X \ 9).

Now let G* = {(z,y) : Gy and 7(z) # 7(y)}. For (x,y) € G*, let p(z,y) =
(7(x), 7(y)). Then put Gs = ¢(G*). Clearly Gs C E|S and as o(z,y)E(z,y),
it follows that M (Gs) = M (o(G*)) < M(G*). Also G*NTy =0, G*UTy C G,
so M(G) > M(G*)+ M(Ty) > M(Gs) +2u(X \ 8), thus Cu(G) > Cpys(Ts) +
n(X\ S).

We now check that Gg is a graphing of E|S. Let z,y € S with zFEy.
Let 9y = z,21,...,2, = y be a G-path. Then clearly w(z¢) = 7(z) =
x, m(x1),...,m(xy) = w(y) = y is such that for each 4, either 7(z;) = w(xi+1)
or else x;Gsx;11. So there is a Gg-path from z to y.

Finally, assume G is a treeing, in order to verify that Gg is also a treeing.
If g = z,21,...,2, = x is a Gg-cycle, then by definition and the fact that
G is a treeing there is a unique sequence Yo, Y1, Y1, Yo, Y2, Ys - - - s Yn—1, Y), With
m(ys) = m(y;) = x4, for i < n, and y;Gy;,,, for i <n —1. As 7n(y;) = 7(y;)
there is a G-path from y; to y. contained in 7=({z;}), for 1 <i <n—1, and
a G-path from g/, to yo contained in 7~ !({xo}). This gives a G-cycle, which is
a contradiction. .

Corollary 21.3. If E is an aperiodic countable Borel equivalence relation on

X and p is E-invariant, then C,(E) > p(X).

Proof. Let, by 15.2, {S,,} be a vanishing sequence of markers. If G is a
graphing of E, then, by 21.2, C,,(G) > u(X\S,). But X = X\, S» = U,,(X\
Sp) and {X \ S,,} is an increasing sequence, so pu(X) = limy 00 (X \ Sn),
thus C,,(G) > pu(X). 4

Corollary 21.4. If E is a countable Borel equivalence relation on X, u an
E-invariant measure, and X, = {x € X : |[z]g| =n}, n=1,2,...,00, then
Cu(E) 2 300 (1 = (X)) + p(Xoo) > (X \ X1).

In particular, C,(E) =0 iff W(X \ X1) =0 iff E = Ax a.e

As a consequence, (X \ X1) = co = C,,(E) = oco. In view of this, we will
mostly restrict ourselves from mow on to finite measures .

22 Cost and Hyperfiniteness

A countable Borel equivalence relation E on X is hyperfinite if E = E for
some Borel action of Z on X or equivalently £ = {J,, En, Eo € E; C ...,
with each F,, a finite (i.e., having finite equivalence classes) Borel equivalence
relation (see 6.6). Note that every hyperfinite equivalence relation is treeable.
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Proposition 22.1 (Levitt). Let E be aperiodic and hyperfinite, and p be an
E-invariant measure. If T is a treeing of E, then C,(T) = C,(E) = p(X).
So any aperiodic hyperfinite E has cost C,,(E) = p(X).

In particular, if E is hyperfinite but not necessarily aperiodic, and X, =
{r € X :|z]g] =n}, n=1,2,...,00, then Cu(E) = Y07 (1 — H)pu(X,) +
W(Xss), and if T is a treeing of E, then C,,(T) = C,(E).

Similarly for L-treeings.

Proof. Write E = J,, En, By, € Epy1, E, finite. Let < be a Borel partial
order of X such that < |[x]g is isomorphic to the usual order on Z, Vx € X.
Let

x €T, < x is the < -least element of [z]g, .

Then T, is a Borel transversal for E,, To 2 T4 2 T2 2 ... and (), T, = 0.

Let 7, = 7 N E, and let F, be the subequivalence relation of F, whose
classes are the connected components of 7,,. Thus 7, is a treeing of F,,. Find
a Borel transversal S,, for F,, with S,, O T},. Then

Cu(Tn) = Cu(Fy)
= u(X\S,) (by 20.1).

Since X\ S, € X\ Ty, C,(7,) < (X \Ty). Now T =J,, T, and 7, € Ty,
so Cu(T) = lim, Cyu(7p) < limy, (X \ T,,) = p(X). So C(7T) < p(X), and,
by 213, u(X) = Cu(T) = Cu(E) = (X). i

The next result is the converse of 22.1.

Theorem 22.2 (Levitt). Let E be an aperiodic countable Borel equivalence
relation on X and let u be finite and E-invariant. Then the following are
equivalent:

(i) E is hyperfinite a.e. (i.e., E|A is hyperfinite for a conull Borel set A).
(i1) Cu(E) = p(X) and C,(E) is attained.

Proof. (i) = (ii): follows from 22.1.

(ii) = (i): (A version of the proof given in Gaboriau [G2], Proof of I11.3(2),
p. 59.) Let {5, } be a vanishing sequence of markers for E. By throwing away
a null set we can assume that E|S, is aperiodic for each n.

Fix a graphing G of E with C,(G) = Cu(F) = p(X). Apply 21.2 to
X, Sy to get a subequivalence relation V) C E, with transversal Sy, a treeing
Tv, = 7o € G of Vy and a corresponding graphing Gs, = Gy of E|Sp such
that Cp (7o) = (X \ So). As pu(X) < oo, [z]y, is finite a.e., so throwing
away a null set we assume that Vj is finite. Now apply the same procedure to
(So, E|So, 1|So, Go) and Sy, to get a finite subequivalence relation V; of E|Sy
with transversal S, treeing 77 C Gp and corresponding graphing G; of E|S7, so
that C,,(71) = p(So)—p(S1), etc. Let Ry, be the equivalence relation generated
by 7oU71 U- - -U7,. Inductively we see that S, is a transversal for R,,, and R,
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is finite. Also clearly Ry € Ry € Ro C .... From the construction in 21.2 we
also see that there is Borel m; : S;_; — S; (where S_; = X)) with m;(z) Ex, and
G C Gi—1\7; (where G_; = G) such that if 7;(z,y) = (m;(z), 7 (v)), 7:(G)) =
Gi. Let p; : G; — G! be a Borel inverse of 7;. Then 7y, po(71), pop1(72), ...
are pairwise disjoint subsets of G and 7o U po(71) U -+ U pop1 ... pn—1(Tp) is
a graphing of Ry, so To U po(71) U ---U pop1 ... pn-1(Tn) U... is a graphing
of |J,, Rn. But

Cu(ToUpo(T1)U---Upopr .. pn—1(Tn) U...)

= Cu(To) + Culpo(T1)) + Cpulpop1(T2)) + ...

=Cu(To) + Cu(T1) + Cu(T2) + . ..

= (u(X) = p(So)) + (1(So) — u(S1)) + (1(S1) — p(S2)) + - ..
= pu(X)

= Cu(9).

Since 7o U po(71) U - -- C G, this implies that M(G\ (7o U po(71)U...)) =0,
ie., G =ToUpo(71)U... a.e., which means that there is a Borel E-invariant
set A C X such that u(A) = u(X) and G|A = (To U po(T1) U...)|A and thus,
since G is a graphing of £ and 7o U po(71) U ... of |J,, Ry, it follows that
E|A =, R.|A, ie., E is hyperfinite a.e.

Alternative proof of (ii)= (i) in 22.2: (A version of the proof in Levitt [L].)
By 19.1, fix a treeing 7 of E with Cy(7T) = Cu(E) = p(X). Since C,(7) is
finite, dr(x) < oo a.e., so we can assume that 7 is locally finite.

First consider the special case where the degree dr(z) of a.e. vertex z is
> 2. Then, as

W(X) = CuT) = 5 [ dr(a) duo),

we have dr(z) = 2 p-a.e. So in this case, we may assume, without loss of
generality, that d7(x) = 2 for all z. Then, by the usual argument which shows
that every equivalence relation induced by a Borel Z-action is hyperfinite, we
can show that F is hyperfinite:

Fix a countable group I = {g,,} and a Borel action of I" on X inducing E.
Every 7 -neighbor of z is of the form g, - = for some n. We call the 7-neighbor
of & which is of the form g, - x for the smallest possible n the right neighbor
of x and the other one the left neighbor of x. We say that y € [z]g is to the
right of z if the unique 7-path from z to y passes through the right neighbor
of x. Similarly we define what it means to be to the left of x.

Now let {S,,} be a vanishing sequence of markers for E. Since (), S, = 0,
S, NC' is infinite for each E-class C. If, for some E-class C' and some n, there
is x € S, N C such that all other elements of S,, N C are to the right of =,
such an x is unique. So in the union of these classes, Y, we can define a Borel
selector, thus E|Y is smooth, so hyperfinite. Similarly with right replaced by
left. So we can assume that for every n and every x € S, there are elements
of S, to the right as well as to the left of x.
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Finally, for any xEy, let [z,y] = {x0,21,...,2,}, where the sequence of
points xg = x,x1,...,T, =y is the unique 7-path from x to y, and define

2By < x=yor [z,y] NS, =0.

Clearly E,, are finite Borel equivalence relations, E,, C E,+1 (as S, 2 Sn+1)
and {J,, B, = E (as [, Sn = 0), so E is hyperfinite.

We now consider the general case, where d7(z) may be < 2 on a set of
positive measure.

Define a sequence Xg = X D X; D --- D X,, D ... of Borel sets as follows:

r€ Xpp1 & e X, and drx, (z) > 2.

Let also
X =) Xn-

It is easy to check that T|X,, is a treeing of F|X,,. This is because, assuming
T|X, is a treeing of E|X,, X,4+1 is a convex subset of X,,, i.e., if z,y €
Xn+1,2Ey, then all the vertices in the unique 7| X,,-path from z to y are also
in X,41. Similarly for 7|X, and E|X,,.

As T is locally finite, it follows that

dr|x,(x) = lim drx, () > 2,

for all z € X,,.
Now notice that

CM(T|XTL+1) = Cu(T‘Xn) — (X0 \ Xny1),

so, for all n > 1,
Cu(T1Xp) = Cu(T) — p(X \ Xp),

and thus
Cu(T|Xy) = Cu(T) — p(X \ Xo).

This means that if p(X,,) > 0, then
C’,u|Xu (T|Xw) = C’,u|Xu (E‘Xw) = :U’(Xw)'

Thus we can apply the special case above to E|X,, to conclude that F|X,, is
hyperfinite a.e., and thus so is F|[X,]g. So it is enough to show that E|(X \
[Xw]E) is hyperfinite.

Recall that an infinite path through a tree T is a sequence x = {; };en
such that (z;,xi41) € T, for all 4, and x; # =z; if i # j. We call two such
paths equivalent if InIMmVi(x,+i = Ym+i). An equivalence class of paths is
called an end of T'. For each end e and vertex x of T there is a unique infinite
path x = {z; };eny with g = 2 and x € e, called the geodesic from z to e and
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denoted by [, €]. Finally, a line of T is a sequence {z; };cz with (2, z;41) € T,
for all ¢, and x; # x;, if i # j.

Now if x ¢ [X,|g, clearly T|[z]g has at most one end (since any two
distinct ends determine a line, which would then have to be contained in X,,),
and by Konig’s Lemma, which asserts that every infinite locally finite tree has
an infinite path, it has exactly one end. For each such x, let f(z) € XN be
the geodesic from z to the unique end of T |[z]g. Clearly for z,y & [X, &,

zEy & f(z)E(X")f(y),

where E;(XY) is the tail equivalence relation on X™:
{2} Ey(X ) {ye} & FRIVi(Tprs = Yrori)-

So E|(X \ [Xu]Eg) < E«(XY) via f, thus, as shown in [DJK], 8.1 and 5.1,
E|(X \ [Xu]E) is hyperfinite. o

The following is a corollary of the alternative proof of 22.2, (ii)=-(i).

Theorem 22.3. (Adams [A1]) Let E be an aperiodic countable Borel equiv-
alence relation on X and let u be finite and E-invariant. If E is hyperfinite
and T is a treeing of E, then T|[z]g has at most two ends for p-a.e. ().

23 Joins

We start with some useful lemmas.

Lemma 23.1 (Gaboriau). Let Ey C E be countable Borel equivalence rela-
tions on X with Ey aperiodic, and let p be an E-invariant finite measure. Let
€ > 0 and let Gy be a graphing of Ey with Cp,(Go) < Cu(Eo) + €. Then there
is a graphing G D Gy of E with C,(G) < C,(E) + (CL(Ey) — p(X)) + 3e.

Moreover, if Ey is hyperfinite but not necessarily aperiodic and Gy is a
treeing of Ey, then for every € > 0 there is a graphing G O Gy of E with
Cu(G) < Cu(B) +e.

Proof. Let S be a Borel complete section for Ey with u(S) < e. Find
a graphing Gg of E|S with C,(Gs) < C,5(E|[S) + €. Using 21.1, we get
Cu(Fs) < Cu(B) = (u(X) = u(S)) + € < Cu(E) — u(X) +2¢. Put GoUGs = G.
This is a graphing of E and

Cu(g) < Cu(go) + CM(gS)
< Cpu(Eo) + (Cu(E) — u(X)) + 3e.

To prove the second assertion, let X,, = {x € X : |[z]g,| = n}, n =
1,2,...,00, let, for n < oo, S, be a Borel transversal for Ey|X,, let So be

a complete section for Eo|Xo with p(Ss) < §, and put S = U, Sn U Se.
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Fix a graphing Gs of E|S with C,,(Gs) < C.(E) — u(X) 4 u(S) + § as before.
Then if G = Gy UGg,

Cu(9) < Cu(Go) + Cu(s)

= Cu(Fol X ) +i (1——) Xn) +Cu(Gs)

n=2

X+ 3 (1= 1) )+ Cul) + & = ) +(5)
(

n=2

X+

n=

- %) 1(X0) + Cu(E) +

[\v]

3|'—‘

g

=Cu(E) +e -

l\DIm
l\DIm

Lemma 23.2 (Jackson-Kechris-Louveau [JKL]). Let E be an aperiodic
countable Borel equivalence relation. Then there is an aperiodic hyperfinite

Ey CE.

Proof. (Miller) Let {S,} be a vanishing sequence of markers. Let also
E = EF for some countable group I' = {7, } and Borel action of I" on X.
Given x € X, let n(z) be least such that x ¢ S,,(,), let m(x) be least such that
Ym(z) * T € Sn(a), and put g(x) = Ypm(q) - . Suppose i < j, set S = S, (gi(a))s
and note that g*(z) ¢ S but ¢/(x) € S. In particular, ¢g*(z) # ¢’(z). Now
define
wBoy < 39" (x) = g (y))-

Clearly FEy is an aperiodic subequivalence relation of F and Ey <p F:(X N)7
via the map = — (g*(z)), so, as in the last paragraph of the proof of 22.2, F
is hyperfinite. -

Remark 23.3. Note that the first proof of (ii)=-(i) in 22.2 actually shows
that for any graphing G of a countable aperiodic Borel equivalence relation F,
there is an acyclic subgraph Gy C G which generates an aperiodic hyperfinite
subequivalence relation Ey C F. Indeed, in the notation of that proof, each R,,
is smooth with transversal S,,, and ToUpo(71)Upop1(T2)U- - -Upopi - -« pr—1(T7)
is a treeing of R,,. Put Ey = J,, Rn, G0 = ToUpo(T1)Upop1(T2)U. .. Then Gy C
G, Go is a treeing of Ey, Fy is hyperfinite by [DJK] 5.1, being the increasing
union of a sequence of smooth countable Borel equivalence relations, and
finally Ey is aperiodic, since every Ey-class meets every S, and (), S, = 0.

If {R;i}ier is a family of relations on a set X, we denote by \/,.; R; the
smallest equivalence relation containing all the R;’s, and call it the join of
{R;}. If I = {1,2} we simply write Ry V Rs.
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If 11 is BV Es-invariant, where Fq, Fo are equivalence relations on X, then
C,(E1V E3) < Cu(Ey)+C,(FE>), and there are examples to show this is best
possible in general (see 27.2). However, we have

Proposition 23.4 (Gaboriau). Let E1, Ey be countable Borel equivalence
relations with FE1 N Ey aperiodic and p a finite (E7 V Ey)-invariant measure.
Then

Cu(ErV Es) < Cu(Er) + Cu(E2) — p(X).

In particular, if C,,(E1) = Cu(E2) = (X)), then Cu(Eq V Ey) = p(X).

Proof. Find aperiodic hyperfinite £y C E; N Ey by 23.2. Then let Gy
be a treeing of Ey of cost C,(Go) = Cu(Ep) = p(X). Find then for each
e >0, G; O Go, a graphing of E; with C,(G;) < Cu(E;) +¢€, ¢ = 1,2. Then
G1U (G2 \ Go) is a graphing of E; V E5 of cost < C\,(G1) + C,(G2) — Cr(Go) <
C.(Er) +Cu(E2) — u(X)+2¢. So C (Er V Ey) < Cu(Er) + Cu(E2) — p(X).

There are examples where C,(Ey) = C,(F2) = (X)), E1 N Ey = Ax and
C.(E1V E3) > pu(X) (see again 27.2).
We also have the following generalization.

Proposition 23.5 (Gaboriau). Let E,{E,}n,>1 be countable Borel equiva-
lence relations on X with E = \/,, E,, and [, Ey aperiodic, and let j1 be a
finite E-invariant measure. Then

Cu(B) — p(X) <> (Cu(En) — p(X)).

In particular, if Cu(E,) = w(X), for all p, then C,(E) = p(X). Also if
E, C En41 for each n, so that E = J, En, and Cu(E,) — w(X), then
Cu(E) = (X).

Proof. Let Ey C (), B, be aperiodic hyperfinite. Fix a treeing Gy of Ep
of cost C},(Go) = p(X) and, for each € > 0,n > 1, let G,, D Go be a graphing
of E, with cost C,(G)) < Cu(En) + 57 If G = G, \ Go, then Cu(G),) =
C(Go) + Cl(Gl\ Go) < Cp(Fn) + 5, 50 1(X) + Co(Gn) < Co(Fn) + 5 or
Cu(Gn) < Cu(En) — u(X) + 57, thus, since GoU Gy U ... is a graphing of E,

Cu(E)<C,(GUGLU...)

Go) + > Cu(G

n>1

X)+ Z(Cu(En) — (X)) + €,

n>1

50 Cu(E) < p(X) + 32, (Cu(En) — p(X)).

If the E,, are increasing and C,,(E,) — p(X), then for each € > 0 we can
find a subsequence {k,} with C,(E,) — p(X) < 57 so Cu(E) < u(X) + €
(using the above estimate for {E}, }) and thus C,(E) = p(X). -
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Note that the proof of 23.5 also shows the following.

Proposition 23.6 (Gaboriau). Let E, {E,}52, be countable Borel equiv-
alence relations on X with E = \/, Ey, and let p be a finite E-invariant
measure. If By C (', Ey is hyperfinite, then

Cu(E) = Cu(Ey) < i Cu(Eo))-

24 Commuting Equivalence Relations

Let R, S be relations on a set X. We say that R, S commute, in symbols R[S,
if RoS = SoR (where (z,y) € RoS & 3z[(z,2) € R & (2,y) € S]). The
following is easy to check:

Proposition 24.1. The following are equivalent for all equivalence relations
R,S:

(i) ROS,

(i) RoS=RVS, and

(#i) within each RV S-class, every R-class meets every S-class.

Let now FE4, F» be countable Borel equivalence relations on X, let £ =
E, V Ej, and let i be E-invariant. Then the trivial estimate C,(E; V Es) <
C,.(E1)+C(E>), which is in general best possible, even if E, Ey are aperiodic,
can be improved if F1F;.

The next result was originally proved by Pavelich, in a weaker form
(Cu(E) < Cu(Ey) +2C,(E2) — 2u(X)), and improved in the current version
by Solecki.

Theorem 24.2 (Pavelich [P], Solecki). Let Ey, Ey be commuting aperiodic
countable Borel equivalence relations on X, let E = E1V Fs, and let p be a
finite E-invariant measure. Then

Cu(E) < Cu(Er) + Cu(Ez) — p(X).
So, if Cu(Er) = Cpu(E2) = p(X), then Cy(E) = p(X).

Proof. Let
A={z € X :[z]g g, is finite}.

If ©(A) =0, we are done by 23.4. So we can assume that p(A) > 0. Note that
{z € X : [z]g, N A is non-empty and finite}

has p-measure 0 (since F; is aperiodic), so we can assume that it is empty, i.e.,
we can assume that E;|A is aperiodic. Let then, by 15.2, {S,} be a vanishing
sequence of markers for Fq|A (in particular S,, C A).
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By 23.2, let F' C Es be aperiodic hyperfinite. For each n, consider the set
{z € X : [z]Fp NS, is non-empty and finite}.

As before it has p-measure 0, and so we can assume that it is empty, i.e., we
can assume that for each n, F|S, is aperiodic.

Claim 24.3. For each n, (E1 V F|S,) N By is aperiodic.
Granting this, we have, from 23.4,

Cou(E) < Cu(Br V FIS,) + Cu(Es) — p(X)
< Cu(Ey) + Cu(FIS,) + Cu(B) — p(X).

Now p(Sp) — 0 as n — oo, and since C\,(F|Sy) = p(Sy), it follows that
Cu(E) < Cu(E1) + Cu(B2) — u(X).

Proof of 24.3. We have to show that for each x € X, [2](g,vF|s,)nE, 13
infinite.
Case 1. ¢ ¢ A. Since

[T](B,vFIS)nE:s 2 [T]EinE,,

we are obviously done in this case.

Case 2: € A. Since S, is a complete section for Ej|A4, find y € S,
such that ©Eyy. Now, since F|S, is aperiodic, the set [y]F NS, is infinite. If
u,v € [y]g N Sp, then uFv, so also uEsv, and u,v € A. Thus E1|([y]r N Sp)
has finite classes, so we can find an infinite subset {u1,uz,...} C [y]F NSy, so
that (us, uj) & En, if ¢ # j. Now zE1yFEsu;, so, by commutativity, we can find
v; such that xEov; Equ,. Since (u;,uj) & Ev, if ¢ # j, it follows that v; # v;, if
i # j. Also v; € [z]m, N [z](B,vF|s,) = [Z](E\vF|S,)nE., 50 this set is infinite,
and we are done. =

Thus, by 23.4 and 24.2, we have the same estimate for F; V E5 if either
F1 N E5 is aperiodic or F1, E» are aperiodic and commute.

There are examples of E1, By with Ey0F,, and C, (1) = 1,Cu(E2) =
00, Cy(Er V Eg) > 1 for some (E; V Ej)-invariant measure p (see the para-
graph after 33.1). There are also examples of Eq, Fo with E10F5, such that
every (E1 V Es)-class contains only finitely many E:-classes and C,(E1) >
1,Cu(E2) =1 and Cu(E; V Es) > 1, for some (E; V Ep)-invariant measure p.
To see this, consider the free group F» = (a,b) with two generators, and the
shift action of Fy on 22

g- l‘(h) = x(gilh)a

restricted to its free part

X={ze2l2:VgecFRg#1=g 2 #2)}.
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Let E; be the equivalence relation induced by this action. For z € 22 let
Z(g) =1 — x(g). Let also A = (a) be the subgroup of F, generated by a, and
let Eo be the relation on X defined by

By < 3JgeAlg-z=yorg-z=7).

Noting that for any g € Fy, x € 22,

g-r=g-,

it is easily seen that this is an equivalence relation, £10F5, and if £ = E 1V Es,
then
2By dge Fa(g-x=yorg-ax=7).

Thus, if u is the usual product measure on 2f2 (with 2 = {0,1} having
the (1/2,1/2)-measure), then p-almost every E-class contains exactly 2 Fi-
classes. Now by 27.10, C,,(E1) = 2 and so, by 25.4, C,(E) > 1, while by 22.2
C,.(E3) = 1, since E» is hyperfinite.

However the following is open:

Problem 24.4. Let p be a probability measure on X, F;, F; commuting
aperiodic countable Borel equivalence relations on X, let £ = E; V Es and
assume g is E-invariant. If C,(E1),Cu(E2) < oo and each E-class con-
tains infinitely many FE1-classes and infinitely many FEs-classes, is it true that
Cu(E) < min{C,(E1), Cu(E))?

We do not even know a counterexample to the following stronger version:

Problem 24.5. Under the hypothesis of 24.4, is it actually true that C,,(E) =
1?7

As an application of 24.2, we have:

Corollary 24.6. Suppose E is a countable Borel equivalence relation on X,
p is a finite measure on X, and E is p-invariant. If E = \/,.y E;, where
each E; is an aperiodic Borel equivalence relation with C,(E;) = u(X), and
E,0F;i1, Vi €N, then C,(E) = p(X).

Proof. By 24.2, C,(E; V Eiy1) = p(X). Let F, = \/|_, E;. We prove,
inductively on n, that C,(F,) = p(X). Indeed, for n = 0 this is true by
assumption. Assume C,(F,) = p(X). Now Fp,p1 = F, VE, 41 = F, V(E, V
Eni1), and F, N (E, V E,41) 2 E, is aperiodic, so C,(Fny1) < Cu(F,) +
Cu(En V Eny1) — p(X) = Cu(Fr) = p(X), so Cu(Fry1) = p(X).

Since F,, C Fy41 and E = J,, F;, it follows from 23.5 that C,,(E) = p(X).

_|

We now prove the following lemma, due to Kechris.
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Lemma 24.7. Let F1, Es be countable Borel equivalence relations on X and
let p be (E1V Es)-invariant. Let G be a graphing of Ey with C,,(G1) < oo, and
assume that for every (a,b) € Gi \ Ey there are infinitely many (a’,b") such
that aE2a’G b Esb. Then for every € > 0, there is G C Gy with C(G)) < €
such that for any graphing G of an equivalence relation E) O Es, Gy UG} is
a graphing of E1 V Eb. In particular, this is true if Gy o E3 = E5 0 Gy and Es
s aperiodic.

Proof. If G; C FEs there is nothing to prove. Otherwise, on X1 = G \ E>
define the equivalence relation

(a,b)F(c, d) < {[a]E27 [b]EQ} = {[C}Eza [d]EQ}

We claim that this is aperiodic. Indeed, if (a,b) € Gy \ E2, then there are
infinitely many (a’,b’) such that [a]g, = [¢']E,, [b]E, = [']E, and (a/, V) € G1,
thus (a,b)F(a’,b").

Then using a vanishing sequence of markers for X; and using the fact
that M(X;) < oo, we see that there is G] C Gy \ Ex with M(G]) < 2¢, thus
C.(G1) < €, and G} a complete section for F'. This clearly works. -

Corollary 24.8. Let E1, Ey be countable Borel equivalence relations on X
and let p be finite and (E1 V Eq)-invariant. Let G; be a graphing of E;, with
Cu(G;) < 00, and let E} C E; (i = 1,2) be aperiodic hyperfinite, with GioE4y =
Eé 0G1, Goo Ei = Ei 0Gs. Then Cu(El \/Eg) = ,u(X)

Proof. Fix graphings G{, G} of Ef, E) resp. of cost u(X). For € > 0 find,
by 24.7, G C Gy of cost < € such that G UG) graphs Ey V Ej and G5 C G of
cost < € such that G] UGY graphs E{ V Ey. Then G UG5 UGy graphs Eq V Ey
and has cost < p(X) + 2e. .

If R is a countable Borel equivalence relation on X and p is R-invariant
and S is a countable Borel equivalence relation on Y and v is S-invariant, then
if RxS = {((z,y),(@",y)) € (X xY)?:2Ra',yRy'}, px vis R x S-invariant.
Notice that if E1 =Rx Ay, E2 = AX X S, then E1 \/E2 = Rx .S and E1|:|E2.
Actually we have a much stronger commutativity here: If R C R, S’ C S,
then (R’ X Ay)o (Ax x 8") = (Ax xS8)o (R x Ay)=R' x 5.

We can now prove the following (somewhat stronger form of a) result of
Gaboriau.

Theorem 24.9 (Gaboriau). Let R, S be countable aperiodic Borel equiva-
lence relations on X,Y resp. and let pn be an (R x S)-invariant finite measure
on X xY. Then Cy(Rx S) = pu(X xY).

Proof. We can assume of course that u is a probability measure. Let
mx,Ty be the two projections of X x Y and let pux = (mx)«pt, pry = (7y)spt.
Then it is easy to check that ux is R-invariant, and uy is S-invariant. Clearly
(using 23.2) R is an increasing union R = |J,, R, of aperiodic equivalence
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relations of finite cost and similarly we can write S = J,, Sn. As R x S is
the increasing union of { R,, X S, }, we can assume (using 23.5) that R, .S have
finite cost. So fix a graphing G of R of finite cost, a graphing H of S of finite
cost, and aperiodic hyperfinite subequivalence relations ' C R, S’ C S. Let
gl:gXAy,gngXXH,Ei:R/XAy,Eé:AXxS/,ElzRXAx,
E2 = AX x S. Then Cu(gl) = C’MX(Q), Cu(gg) = CMY(H)7 SO gl,gg have
finite cost, thus all the hypotheses of 24.8 are satisfied, and so C,(E1 V E) =
Cu(RxS)=1. -

We next provide some generalizations of this result.
Let E C F be two countable Borel equivalence relations on the standard
Borel space X. We say that F is normal in F, in symbols

E<F,

if there is a countable group of Borel automorphisms {g;}ieny of X which
generates I, i.e.,
cFy < Ji(gi(z) = ),

and each g; preserves F, i.e.,
xEy = g;(x)Eg;(y).

For example, if I" is a countable group acting in a Borel way on X, and
N < F is a normal subgroup, then clearly EJ)V( < El)f Also, in the notation
preceding 24.9, we clearly have R x Ay <R x S and Ax x S<IR x S.

Proposition 24.10. Let E, F' be aperiodic countable Borel equivalence rela-
tions on X and let p be an F-invariant finite measure on X. If E<F, then for
any Borel equivalence relation E' with E C E' C F', we have C,(E') > C,(F).

Proof. Let F' be generated by the Borel automorphisms {g; }ieny which
preserve E. Consider the graphing G,, = |Ji_, [graph(g;)U graph(g; ')]. Then
C,(Gn) < o0 and G,oFE = EoG,, so, by Lemma 24.7, if ¢ > 0 thereis G/, C G,
with C,(G),) < 5=, such that for any graphing G’ of E" we have that G, UG’
graphs E,, V E’', where E,, is the equivalence relation generated by G,,. Take
now G’ with C,(G") < Cu(E") +e. Then G = G' UJ,, G,, graphs F with cost
Cu(G) S Cu(E") 4+ e+, 5= = Cu(E') + 3e. So Cu(F) < Cu(E"). .

Corollary 24.11. Let E, F be as in 24.10 and assume that there is an ape-
riodic Borel equivalence relation Ey C F with cost C,,(E) = u(X) such that
E\ QEV E,. Then C\\(F) = u(X).

Proof. By 24.10, if E' = EV Ey, then E; < E’, so C,(E') = p(X) and
also C,(E") > C,(F), so C,(F) = p(X). .

Notice that 24.11 implies 24.9 by taking E = R x Ay, FF = R x S, E; =
Ax x Epy, where Fy C S is aperiodic hyperfinite.



Subequivalence Relations of Finite Index 81
25 Subequivalence Relations of Finite Index

If E C F are equivalence relations and every F-class contains exactly n E-
classes, we say that index of E in F' is n, in symbols

[F: E] =n.
We say that E has finite index in F', in symbols
[F:E] <

if every F-class contains only finitely many F-classes.

Here we will discuss the relation of C,(E), C,(F) if [F : E] < co. The
following facts have been noted, independently, by Gaboriau, Kechris, and
Miller, and partially generalize analogous results of Gaboriau [G2] for groups
(see Section 34).

Proposition 25.1. Let £ C F be aperiodic countable Borel equivalence re-
lations on X and let p be finite and F-invariant. If [F : E] < oo, then
Cu(F) < Cu(E).

Proof. It is enough to consider the case when [F' : E] = n, for some fixed
n > 1.

Fix ¢ > 0 and let A C X be a Borel complete section for E with
w(A) < 307y Define Borel f; : A — A i =1,...,n, so that fi(z) =
x, f2(x), ..., fn(x) belong to different E-classes. Fix a graphing G of E of cost
Cu(G) < C,(E) + €/2. Then G UJ;_, [graph(f;) U graph(fl)’ ] is a graphing
of F' and has cost < Cy,(G)+321_, i(A) < Cu(G)+(n—1) g5 < Cu(E) +

So O, (F) < C,(B). .

Corollary 25.2. If E C F are aperiodic countable Borel equivalence relations
on X and p is a finite F-invariant measure, then if [F : E] < oo,

Cu(B) = p(X) = Cu(F) = p(X).

Proposition 25.3. Let E C F be aperiodic countable Borel equivalence rela-
tions on X and let p be a finite F-invariant measure. If [F : E] = n, then

Cu(E) — m(X) < n(Cu(F) — (X))

Proof. We claim first that it is enough to show that C,,(E) < nC,(F).

Indeed, granting this, let A C X be a Borel complete section for F with
1(A) < e. Apply this inequality to E|A, F|A (which are aperiodic after throw-
ing away a null set) to get

Cuja(E|A) <nCpa(F|A)

or
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Cu(E) = (1(X) = (A)) < n(Cu(F) = ((X) = p(A)))
(Cu(F) = p(X)) + (n = Dp(A)
(Cu(F) = p(X)) + (n = 1)e.

IA A
S 3

So letting € — 0 we are done.

To prove C,,(E) < nC,(F), fix a graphing G of F. For each E-class C, let
D be the F-class it is contained in. Using the method of 21.2 assign to each x €
D, nc(z) € C, so that if for (z,y) € G with m¢ () # mc(y), we let po(z,y) =
(rc(x), mc(y)), then {pc(x,y) : x,y € D, nc(z) # nc(y), (z,y) € G} is
a connected graph on C. Thus G’ = {¢c(z,y) : (z,y) € G, C is an E-class
contained in [z]pme(x) # 7o (y)} is a graphing of E, so it is enough to show
that C,,(G") < nCL(G).

Let

(,y)R(u,v) & (x,y) € G, (u,v) € G’, and
ifC= [U]E7 then @C(xa y) = (U,U).
Then clearly for each (z,y) € G,

Ry = {(u,v) : (z,y)R(u,v)}
= {pc(x,y) : C is an E-class contained in [z]F},
80 |R(z,y)| < n. Thus there are n Borel functions Fy,...,F,, F;: G — G,
where G; C G is Borel, such that R, ,) = {Fi(z,y),..., Fa(z,y)} and so

G =Fi(G1)U---UF,(G,). Since F;(x, y)ﬁ’(x,y), we have that M (F;(G;)) <
M(Gi) < M(G), so Cu(G") < nCp(G). -

Corollary 25.4. Let E C F be aperiodic countable Borel equivalence relations
on X and let p be a finite F-invariant measure. If [F : E] < oo, then

Cu(E) = n(X) & Cu(F) = p(X).

Proof. Again it is enough to consider the case where [F' : E] = n. Then
the result follows from 25.2, 25.3. -

The following is open:
Problem 25.5. In the notation of 25.3, do we actually have
Cu(E) = w(X) = n(Cu(F) — u(X))?

As we will see later on (in 34.1), Gaboriau has shown that the analog of
this for groups is valid.

There are some special cases under which one can establish a positive
answer to 25.5. We call an equivalence relation F treeable if it admits a treeing.
If 14 is a measure, we similarly define what it means for F to be treeable y—a.e.
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Proposition 25.6. Let E C F be aperiodic countable Borel equivalence rela-
tions on X and let pu be a finite F-invariant measure. If [F : E] =n and F is
treeable, then

Cu(E) = p(X) = n(Cu(F) — p(X)).

Proof. As in the proof of 25.3, it is enough to show that C,(E) >
nCyu(F) — n?u(X) (we are using here the fact that treeability is preserved
under restriction to any Borel subset of X, which follows from 21.2).

Fix a treeing 7 of F. Then, by 19.2, C,,(T) = Cu(F). As in the proof
of 25.3, using the method of 21.2, assign to each FE-class C' and to each x €
D = [C]F, mc(x) € C, so that if for (z,y) € T with 7c(x) # 7c(y), we put
@C(xvy) = (ﬂc(l‘),ﬂc(y)), then {@C(l'7y) ca,y €D, (x’y) € g} is a tree
(connected acyclic graph) on C. Then if 77 consists of all ¢ (z,y) as C varies
over the E-classes C' C D, clearly 7" is a treeing of F, and thus, by 19.2 again,
it is enough to show that C,,(7") > nC,(T) — n*u(X).

Let 7o = {(z,y) € T : nc(x) # me(y), for all E-classes C' contained in
tlr}. T =T\ To.

We first check that C\,(71) < (n — 1)pu(X). For that it is enough to check
that there are n — 1 functions 6, : X — X, ¢ = 1,...,n — 1 such that
T, C U?:_ll [graph(6;) Ugraph(6;)~1]. First notice that there are n— 1 functions
fi(x), ..., fn_1(x), such that {mc(x) : C an E-class contained in [z]p and
x & C} ={fi(x),..., fn_1(x)}. Next, by the construction in 21.2, there is a
(unique) T-path zf =, 2,...,2) = fi(x), from = to fi(z). Put 6;(x) = 1.

Now assume that (z,y) € 7;. Then for some C, mo(x) = me(y) and thus,
by definition of ¢ (z), at least one of x, y is not in C' (else ¢ (z) = x, 7o (y) =
y). Say x &€ C. If y € C, then ¢ (x) = we(y) =y, so clearly y = 0;(z), where
fi(z) = me(x). So assume also that y ¢ C. Since there is a unique 7-path
from z to z = mo(x) = fi(x) (for some i) and a unique 7-path from y to
z = mc(y) = fj(z) (for some j), either y = 6;(z) or x = 6,(y), ie., (z,y) €
graph(6;) or (z,y) € graph(6;)~1, so we are done.

Now consider 7y. There are n functions p; : 7o — 7', i = 1,...,n, such
that {p;(z,y) : i =1,...,n} = {@c(z,y) : C an E-class contained in [z]Fr}.
Let U7, pi(ZTo) = T". Since T is a treeing, recalling again the construction of
21.2, for each (z/,y’") € T', if C = [2'] g, then there is a unique (x,y) € T with
vc(z,y) = (¢,y'). It follows that there is a unique ¢ and unique (z,y) € T
with p;(z,y) = (¢/,y'). Thus each p; : Ty — 7" is 1-1 and p;(7o) N p;(To) = 0,
i i # j. S0 Cu(T") = X1y Culpi(T5)) = S0y Co(To) = 1+ Co(To) (since
pi(z,y)F(z,y)). Thus we have

Cu(T") = CW(T")
=nCy(To)
= n(Cu(T) — Cu(Th))
> nC,(T) — n*u(X). 4
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Finally, another special case under which a positive answer to 25.5 can be
established is the following.

Proposition 25.7. Let I’ be an aperiodic countable Borel equivalence relation
on X and let u be a finite F-invariant measure on X. Let X = X; U---UX,
be a partition of X into complete Borel sections. Let E C F' be the equivalence
relation determined by this partition, i.e.,

zBy <z e F & Ji<n(x,ye€X;).
(Thus [F : E] =n.) We have
Cu(E) = p(X) = n(Cpu(F) — (X))

Proof. Since each X; is a complete Borel section for F, and F|X; =
E|X;, we have, by 21.1, Cyx,(E|X;) = Cux,(F|X;) = Cu(F) — (X)) +
p(X;). Since each X; is E-invariant, we have (see Section 18) that C\,(F) =
Yoy Cux, (B X5) = nCu(F) — nu(X) + p(X) and the proof is complete.

26 Cheap Equivalence Relations

Let E be an aperiodic countable Borel equivalence relation on X and p an
E-invariant finite measure on X. Then the smallest possible cost of E is pu(X).
In that case we will call E' cheap. Otherwise we call E' expensive. We have not
yet seen any examples of expensive E’s. This will be done in Section 27. Here
we will summarize the basic properties of cheap equivalence relations that we
proved in earlier sections.

Proposition 26.1. i) Every hyperfinite aperiodic Borel equivalence relation
is cheap and attains its cost. Conversely, every cheap Borel equivalence
relation which attains its cost is hyperfinite a.e.

ii) A countable Borel equivalence relation is cheap iff its restriction to some
complete Borel section is cheap iff its restriction to any complete Borel
section is cheap.

iii) The join of a sequence of cheap equivalence relations is cheap if their
intersection is aperiodic.

iv) The join of a sequence of cheap equivalence relations, which has the
property that each member of the sequence commutes with the next one,
is cheap.

v) The product of any two aperiodic countable Borel equivalence relations
s cheap.

vi) Any aperiodic countable Borel equivalence relation that has finite index
over or under a cheap equivalence relation is cheap.

Proof. i) is 22.2. ii) follows immediately from 21.1. iii) is a consequence
of 23.5. iv) is 24.6. v) is 24.9, and vi) is 25.4. .
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27 Free and Amalgamated Joins

Let E1, E> be countable Borel equivalence relationson X, F = F1V E5. We say
that Fy, Es are independent, in symbols F; | FEs, if for any sequence of points
X0, L1,L2,...,L2pn = To, N > 0, with :L‘QiEl.’L'Qi+1E2£L'2i+2 (Z = 0, 1, e, — 1),
there is some j < 2n with z; = z;41. Clearly then £y N By = Ax. No-
tice also that this condition is equivalent to saying that there is no se-
quence Zg,Z1,...,Tn, = xo with n > 1, x; # x;, if 0 < i < j < n, and
zoF1x1FoxoFyxs ... Thus this condition is also equivalent to saying that
EiNE; = Ax and if (z,y) € E, © # y, then there is a unique sequence
To =T, X1, ..., Ty =Y, with x; distinct, (z;,241) € B1UEy if j <n—1, and
ifn>1, LL’jEi:L‘j+1Ei/:L‘j+2, 0<5<n—-2,1 7& i e {1,2}

A typical example of independent equivalence relations is produced as
follows. First recall that an action of a group I" on a set X is freeif g-x # x
for g # 1. Let now I = Iy * I'; be the free product of two countable groups,
let I" act in a Borel way on X and suppose the action is free. Thus so are the
actions of Iy, I C I'. Let By = El)fl, FEs :Effz, E = Eff Then F = E,V Es.
Moreover Fy, E5 are independent. Indeed, if zg, 1, 2, ..., T2, = x violates
independence, let gg, g1,... be unique with ¢; - x; = ;41 (¢ = 0,...,2n —
1), gi € IM\{1}ifiiseven, g; € IL\{1},ifiis odd. Then gog1 - . . gan—1-To = Xo
so, by freeness again, gogi ... ¢gan—1 = 1, violating the fact that I" = I} % I5.

Another example of independent equivalence relations is the following: Let
T be a treeing of F and let 7 = 7; U7; be a partition of 7. Then if E;, E» are
the equivalence relations generated by 77,73, then £ = E;1V Ey and Ey | Es.

Notice that, in some sense, independence is orthogonal to commutativity. If
F1, E5 are independent and commute, then there is a partition of X into Borel
sets X = X1UXo, which are (E; V Es)-invariant, and Eq|X; = Ax,, Fa| X2 =
Ax,.

If E1, FE> are independent, then we call E = F1V E5 the free join of Eq, Fs
and denote it by

E = E1 * Eg.

If £y, E5 are independent (u-)a.e., i.e., independent when restricted to a conull
E-invariant set, then we say that E is the free join of E1, Fs a.e.

This concept can be generalized as follows: Let F;, F5 be as before and
let £5 C Ey N Ey. We say that Eq, Eo are independent over Es3, in symbols
Ey Lg, Es,if for any sequence xg, x1, . .., T2, = To (n > 0) as in the definition
of independence, we must now have some j < 2n with x; E32 ;1. Clearly then
E3 = Ey N Ey (as otherwise any (z,y) € (E1 N Ey) \ E3 would produce the
counterexample: z, y, ). Again this condition is equivalent to saying that there
is no sequence xg, z1,...,T, = o Withn > 1, (z;,z;) € B3, if0<i<j<n,
and l‘oElIlEgl‘QElIg e

Remark 27.1. For further reference, notice that if £y L g, Es, then for any
Lo, TL1y.-.,T2n = T, with n >0 and IQiE1I2i+1E21‘2i+2 (Z = 0, 1, B { 1)7
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there is j < 2n — 1 with (z;,2;41) € E3. This is easily proved by induction
on n.

Again a typical example of independent equivalence relations over their
intersection is produced by free actions of amalgamated products of groups.
If I' =11 *p, I3 and I" acts freely in a Borel way on X, then if EI)“i = FE;, we
have E1 J_E3 EQ.

Another example is as follows: If 7 is a treeing of F and 7 = 73 U7; with
Ty N7y = T3, then if F; is the equivalence relation generated by 7;, we have
Ey 1g, Es.

If F1, Es are independent over 3 = Fy N Es, we call E = E; V E5 the
amalgamated free join of Ey, E5 over E3, in symbols

E = E1 *Fq EQ.

We similarly define the a.e. notions.
The main result of Gaboriau’s theory is now the following.

Theorem 27.2 (Gaboriau). Let Eq, E> be countable Borel equivalence rela-
tions on X, let £ = E1V Ey, E3 = E1 N Ey and assume that By Lg, Es.
Let v be a finite measure which is E-invariant. Then, if F5 is hyperfinite, and
Cu(E;) < o0, i=1,2, we have

Cu(Er *p, Ea) = Cu(Er) + Cu(E2) — Cpu(Es).
In particular, if E1 L Es,
Cu(Ey x Ey) = Cu(Er) + Cu(Es).

The condition that E5 is hyperfinite is necessary. Let F,, (n = 1,2,...)
be the free group with n generators and let F,, be the free group with Ry
generators. Take I' = Fy g, F3 and consider a free action of I' on X with
invariant probability measure u (for example, consider the action of I" on 27
by shift, restricted to its free part, i.e., the set {z € 2!" : Vg # 1(g-x # x)}, and
1t = the product measure on 27, with 2 = {0, 1} having the (3, 1)-measure).
Then if Fy = Elfg, By, = Eifg, Es = Efw(a, and if the formula above was
correct, we would have C,(Ey *g, Es) = Cy(E1) + C,(E2) — C,(Es). But
it is easy to see, as an application of 27.10, that the cost of the equivalence
relation induced by a free action of F;, with respect to an invariant probability
measure is 1, so we would get C,(E1 *g, F2) = 243 —6 < 0, which is absurd.

Problem 27.3. Does 27.2 hold even without the restriction that C,,(E;) <
o0, 1=1,27

Proof of 27.2. First we note that

Cu(Er xpy E2) < Cu(Er) + Cu(E2) — Cpu(E3).



Free and Amalgamated Joins 87
This follows immediately from 23.6. So the main problem is to show that
Cu(El *py B2) > C#(El) + Cu(EQ) - Cu(ELS)-

Suppose R;p, Ry are countable Borel equivalence relations on some space
Y and let @ be an L-graphing of R = R; V Ry. We call & decomposable if
® = P, LI Py with 1 C [[Rlﬂ, &, C HRQH

Lemma 27.4. Let R1, Rs be countable Borel equivalence relations on'Y, R =
RV Rs, and let v be a finite measure which is R-invariant. Let R3 = R1 N Rs
and assume that Ry Lgr, Ro (so that R = Ry g, Ro) and Rs is hyperfinite.
Then if @ is a decomposable L-graphing of R, we have that C,(®) > C,(R1)+
Cy(R2) — Cy(R3).

Proof. We will derive this from the following sublemma.

Sublemma 27.5. In the notation of 27.4, and letting ® = @1 LU Do, where
&; C [[Ri]], i = 1,2, we can find L-graphs ¥y, W, with ¥1,Ws C [[R3]] such

that W UWs is an L-treeing of a subequivalence relation of Rs and @; UW; is
an L-graphing of R;,i =1,2.

To see that 27.5 implies 27.4, notice that C,(P) = C,(P1) + Cp(P2) =
CV(QPl (] Wl) + CU(¢2 L 472) — C’V(Wl |_|Q/2) Z CV(Rl) + CU(RQ) — CV(R3)7 since
if Rj is the equivalence relation generated by ¥, UWs, then Rj C Rs, so Rj is
hyperfinite, and so, by 22.1 and 23.1, C,(¥; U W) = C,(R%) < C,(R3).

Proof of 27.5. We will find ¥;,¥; such that ¥; LW, is an L-treeing of
a subequivalence relation of Rs, and if we let R} be the equivalence relation
generated by @; UV;, i = 1,2, then we have

R3N R} = R3N R, (%)

To see that this suffices assume, say, that Ry # R}, towards a contra-
diction. Then there is some sequence xg = Z,Z1,...,Tm, Tm+1 = Y, SO that
(1‘7 y) S Rl\Rll and (Ii, Ii+1) € REUR/Q (aS DDy, and so (gﬁll_@l)u(@gl_l@g),
L-graphs R; V Rs). Choose such a sequence with the least possible m. Then
clearly (z;, zi+1), (it+1, Ti+2) belong to different R} and (z, 1), (zm,y) € RS,
as (r,y) € Ry. If m = 0, then (z,y) € R, C Ra, so (x,y) € Rs, thus, by (¥)
(x,y) € R}, a contradiction. So m > 0 and m is even, say m = 2(n — 1), with
n > 1, and the sequence above is xg = =, 1, ..., Top—2,T2p—1 = y. Then since
Ry LR, Ro, there is some i < 2n — 2 (see Remark 27.1) with (x;,z;41) € Rs.
If (z;,2:41) is, say, in R}, then it must also be in Rj, and thus we can reduce
the length of this sequence by at least 2, a contradiction.

So it only remains to construct ¥y, Ws.

Let R3 = (J2° | R} with R} = Ay, and R} C Ry finite Borel equivalence
relations. We will inductively define L-graphs ¥, W3 such that ¥ C ¢!
and @) C w2 WP UWY is an L-treeing of a subequivalence relation contained
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in R%, and such that, if we denote by Rg the equivalence relation generated
by an L-graph @, we have

(z,y) € Ry =(1) (z,9) € Ropuwy = (7,y) € Ro,uwp N Re,uwy-
(2) If n is even, (x,y) € Re,uwpr = (2,y) € Ra,Lwp-
(3) If nis odd, (z,y) € Re,uwy = (z,y) € Ra,Lwp

Granting that these have been constructed, it is clear that ¥, = |J,, ¥7*, W2 =
U,, 3" works.

We start with ¥ = ¥ = (). We now assume we have constructed ¥J*, ¥4,
and we proceed to construct W{‘H,WQ”'H. The two cases being similar, we
assume that n+ 1 is even (when it is odd we interchange 1 and 2). Let D be a
Borel selector for the finite equivalence relation Rg‘“ NRe,uwr N Re,uwp . Fix
a Borel linear order < on X. We will define ¥, = {¢}, so that ¢ is a partial
Borel automorphism with graph contained in D?. Consider a Rg“ N Re,Lwp-
class C and the Rg”'l N Rg,uwp N Re,uwp-classes C1, ..., Cf contained in it.
Let DNC; = {x;}, i =1,...,k, and suppose C1, ..., Ck have been numbered
so that 1 < -+ < xg. Then put ¢¥(x;) = x4, for 1 <i <k — 1.

This defines 5. Finally let ™ = @', @)t = @l w5, Tt is straightfor-
ward to see that this works. (The verification that ¥}' ™' L@y is an L-treeing
uses (1) above.) .

Return now to Fi, Es. If we could find decomposable graphings of E =
F4 Vv E5 that approach the cost of E, then we would be done by 27.4. This
may not be possible directly for E but an unfolding trick can still be used to
apply 27.4.

Fix L-graphings (21, {25 of Ey, Es resp., of finite cost. Let 2 = (21 LI {25,
a graphing of E. Let now € > 0 and A be an L-graphing of E with C,(A) <
C,(E)+€/3. Then by decomposing, if necessary, the domain of each A € A into
countably many disjoint pieces, which does not affect C,,(A), we can assume
that each A € A is equal (on its domain) to a composition of members of {2
and their inverses (as both A, {2 are L-graphings of F). Now choose N large
enough so that Y,y C.({wi}) < §, where 2 = {w;}ier, with I CN.

Call a formal product wifl .. .wiikl, where w;; € {2, an 2-word, and similarly
define A-words. Enumerate the A-words in a sequence v1,v9,... and let for
1< N, i€l

Wi={zeX: wilx) ), Vi=1,..n}

Then W 2 Wi, and ), W, = 0, so u(W,}) — 0. Choose N with (W, ) <

m. Let Ao be the finite subset of A used in vy, ...,vn, and let
0=/AU {wi\Wf\,O}ieI, i<n U{witier, i>n-

Then C(0) < Cu(E)+ §+ (N +1) - 5575 + 5 = Cu(E) +¢ and © is an
L-graphing of F.
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Also © can be written as @ = Oy LI @1, where Oy = Ay is finite, every
0 € Oy can be written on its domain as an {2-word, and every 6 € ©; is equal
on its domain to an element of 2. If ©y was empty, then clearly © would be
decomposable, so C,,(0) > C,(E1) + C,(E2) — Cu(Es3) by 27.4 and we would
be done. We will show that this inequality is still true, even if ©y # 0.

For each 6 € ©, say 0 : Ay — By, we can find an §2-word equal
to © on its domain Ay and thus we can fix k() > 1, Borel sets A =
Ag, Aé,...,A@(e)f1 Ae(e) = By, and apg c Ab — AT (i < k(9)) par-
tial Borel isomorphisms, so that ¢} = wl G, 9 \Ae, for some wy(;g) € §2, and

0= (0) 14,0];(0) > @Y. Clearly {¢) : 0 € Oy,i < k(0)} U O, is decompos-
able, but it has too large of a cost, since each 6 € @y has been now replaced
by k(0) — 1 maps of the same cost. The trick here is to “disjointify” these ©h.

Fix a copy Aj of AQ, 0 < i < k(f), so that all A} are disjoint from each
other and from X Let X = X U |—|0€Oo 0<i<k(0) A Puttlng a copy of ulAj

on each Aj, this defines a finite measure [i on X (with |4} a copy of ,u|Az
and fi|X a copy of ). Let also @ : Ay — ALt (i < k(6)) be a copy of ¢},
where f_ll;(e) = By.

Define a projection 7 : X — X as follows: If x € X, n(x) = z. If 7 € A},
and T is the copy of z € A)), then 7(z) = z.

Let R, = n M(E;), i = 1,2,3, R = 7~ Y(E), where E = E; V By (=
E; g, Es). Clearly then R = Ry V Ry, R3 = Ry N Ry is hyperfinite (this
is obvious, since 7 is finite-to-1), and it is trivial to check that Ry L g, Ra,
so R = Ry *g, Re. Note also that R;|X = E;, R|X = E. Moreover, X is
a complete section for R;, R and so Cy(R;) — i(X) = Cp(E;) — u(X), and
similarly for R, E.

Consider the L-graph in X given by @ = {@)}oca,, i<ko) U O1. It is
clear that it is an L-graphing of R and this in particular shows that i is R~
invariant. It is also clear that © is decomposable. So by 27.4 (for Y = X, v =
i), Cu(0) > Cu(R1) + Ca(Rs) — Cu(R3). Thus

Cu(0) — i(X) = (Cu(Ra) — (X)) + (Ca(Re) — (X)) — (Ca(R3) — A(X)).
But clearly C(0) — i(X) = C,(0) — u(X), so
Cu(©) = w(X) = (Cu(En) + Cu(E2) — Cu(Bs)) — u(X),

or Cu(0) > Cu(Ey) + C,(E2) — C,(FE3), and since C,(0) < Cu(E) + €, we
have C,(E) + € > C,(E1) + C,(E2) — Cu(E3). Since € > 0 is arbitrary the
proof is complete. -

One can generalize the preceding to infinite joins. Let {F; };cr be a count-
able family of countable Borel equivalence relations on X and F a countable
Borel equivalence relation, F' C (), E;. We say that {E;} is independent over
F, in symbols 1% E;, if for any sequence xg,21,...,%, = g, with n > 1, if
l‘oEiol‘lEill‘Q .. .,InflEinill‘(), where 7}, # Tht1, ifk<n-— 2, and 7,_1 # 10,
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there is j < n, with 2;Fz;, 1. (Notice then that F = E; N Ej; (= (,c; Es) for
any i # j.) If this happens, we write

and call *%.E; the amalgamated free join of {E;} over F. An example of this
is an equivalence relation induced by a free Borel action of an amalgamated
product *%,G; of countable groups G; over H.

It is clear that if I = I; U5 is a partition of I, then (*}eh E)lp (*%EIZEi),
and *}EIEi = (*}611 E)xp (*}EIQEZ) Writing the formula of 27.2 as C\, (E1 * g,
EQ) - CM(EQ,) = (C[L(El) — Cu(Eg)) + (C#(Eg) — Cu(Eg)), and deﬁning the
relative cost of S over R, when S O R and R has finite cost, by

C’f(S) = Cu(S) - C'#(R),
we have C (B xp, Ea) = C[7(E1)+CJ*(E2). By a straightforward induction
then, we get that if I is finite, if F' is hyperfinite and each F; has finite cost,

then
*}GI E;) Z C, B
i€l
This also holds for infinite I, as noted by Kechris. (Earlier, Miller has pointed
out that this formula follows immediately from 27.2 under the additional

assumption that Y., CF(E;) < oc.)

Theorem 27.6. Let {E;}icr be a countable family of countable Borel equiv-
alence relations on X, let F = ﬂiel FE;, and assume that J_% FE;. Let
E =\, Ei (= «%E;) and let p be a finite measure which is E-invariant.
Then if F is hyperfinite and C,,(E;) < oo, Vi € I, we have

*FE ZC’F

Proof. The inequality C’F(*F i) <>, C’F( E;) follows from 23.6.
To prove the reverse mequahty, assume, Wlthout loss of generality, that
I=1{1,2,3,...}. We will need the following lemmas.

Lemma 27.7 (Hjorth-Kechris). Let E be an aperiodic countable Borel
equivalence relation and let p be an E-invariant ergodic probability measure.
Then Cy(E) < n+e€ (wheren=1,2,..., and 0 < e < 1) iff for each e <6 < 1
there is an L-graphing @ of E p-a.e. of the form @ = {¢1,...,pn, ¥}, where
vi € [E] and ¢ € [[E]] with p(dom(y)) < 4.

In particular, E has finite cost iff it can be generated a.e. by a Borel action
of a finitely generated group.
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Proof. The direction < is obvious.

=: By Zimmer [Z], 9.3.2 there is an aperiodic hyperfinite 1 C E, so
that p is still Ej-ergodic. Let ¢ € [E;] generate E7. By 23.1 and Section
18 there is an L-graph ¥ such that {1} U ¥ is an L-graphing of E and
n+e < Cu({p1}¥} = 14+C,(¥) < n+6, thus (n—1)+e < C,(¥) < (n—1)+4.
Say Cu(¥) = (n — 1) + p, with e < p < J. Since the measure p is non-
atomic, by splitting the domains of the 1) € ¥ into countably many pieces,
if necessary, we can assume that ¥ = {@b}}i:l’,,,,n,l;jeN U {t;}jen, where
>, Cu{vih) =1, 320, Cul{t}) = p. Fix Borel sets A}, A; such that u(A?) =
pu(dom(vp})) = pu(rng(¥})), u(A;) = p(dom(yh;)) = u(rng(y;)) and each of the
families {A%}jen, {A;}jen is pairwise disjoint. Thus (U, Al) = > u(A%) =
1, so by throwing away a set of measure 0 we can assume that | J F A7 = X.
Since p(A%) = p(dom(v})) = p(rmg(y?)), the Ej-ergodicity of p implies,
using 16.3, that, throwing away if necessary again sets of measure 0, there are
bijections 6%, w? € [[E1]] such that 6} : A} — dom(¢}),w) @ mg(¢h) — A,
and similarly 8;, w; € [[E1]] such that 6; : A; — dom(¢;), w; : rng(¢¥;) — A;.
Then @; 41 = Uj wioptol; € [E], ¢ = Uj wjojob; € [[E]] i=1,...,n—1)
and @ = {¢1,...,¢n, ¥} obviously works.

For the last assertion, note that if ¢ € [[E]], ¢ : A — B is as above,
then, since p(A) = p(B), we also have u(X \ A) = u(X \ B), so we can find
(modulo null sets) ¢' : (X \ A) — (X \ B), ¢’ € [[F1]]. Then if ¢,41 =
YUY, {p1,...,0n, ©nt1} generates E. o

Notice that ergodicity is necessary, as can be seen by using 27.10.

Lemma 27.8. Let E be a countable Borel equivalence relation on X and i a
finite E-invariant measure. Assume C,(E) < co. Let Ey C E be hyperfinite
and let @g be a finite Li-treeing of Ey. Then for each € > 0, there is a sequence
of finite Li-graphs {@n}52, with &9 C &1 C Py C ... such that & =, Pn is
an L-graphing of E, C,(®\ ®,) < % and if Rg,, is the equivalence relation
generated by D, then

Cu(@4) < Cu(Ra,) + .

Granting this last lemma, we can complete the proof of the theorem by
using a variant of an argument of Gaboriau (used in his proof of 27.10):

Fix € > 0 and a finite L-treeing ®¢ of Ey = F. Applying 27.8 to E;, i =
1,2,..., find finite L-graphs &, C &} C & C ..., so that &' = |J, §!, is an L-
graphing of E;, C,,(9"\ ®,) < 2 and Cy\(E;) — 5 < Cu(P%) < Cu(Rei ) + 5+

Let =" = L UP2 LI--- L7, so that #=" C ="+ and let & = J,, P=".
Clearly each <" is finite and @ L-graphs E.

Now consider an arbitrary L-graphing ¥ = {t¢1,%9,...} of E. We can
assume, without affecting C,,(¥), that each 1); is equal to a @-word on its
domain.

Fix m > 1, and let <™ = {¢1,..., 0, }, where k,, — oo. We can
find large enough N = N(m) and sets Di,..., Dy, of measure < 5i— so
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that for « in dom(p;) \ D;, wi(z) can be expressed as a Uy = {¢1,...,¥N}-
word (depending on z), for ¢ < k,,. Then we can find large enough n > m
so that each 7,/12 € Wy can be written as a ="-word on its domain. Thus
Wy U oy D YAy U (L \ 8L, ) L L (@ \ &) L (61 \ ) L+ - LI (&2 \ &)
is an L-graphing of Rg<n (as @0 C #=™) and has cost less than or equal to

> Cu@))

1=m-+1

C(¥n) + +ZC (@) \ @) —m)C,u(Dy),

so, as Cp, (P4 \ ®%)) < Cu(9°\ &%) < L5 and C,(P) = C,(F), it has cost
less than or equal to

n

> Cul®)

i=m-+1

km 1

CM(EPN)—I-QIC—W-FE‘F —(n—m)CM(F).

Now notice that we also have J_%S" Rgi (since Rgi C E;), s0 Cu(Rg<n) =
Cu(+F"Ras ) = (Y1) Cu(Ras)] — (n = 1)Cu(F).

Thus
Culin) + > Cul@L)| ~ (= m)Cu(F)
1=m-+1

> 1Y Cu(Ray) | = (n=1)Cu(F)
i=1

>3 [Cu@) — |~ (n = DCu(F)

> 1Y Cul(@)| — e~ (n—1)Cu(F),
i=1

and so
km 1 =
Cul@) 2 — g = — — e~ (m—1Cu(F) + ) Cu(®})

2km m 20
i=1
km 1 G
> i = — = (m = DCW(F) + | Y Cul(E)| —2e.
i=1
Since C,,(¥) > C,,(¥n), this gives
km -

C,(0)—-Cu(F) > Tk T m + Z [Cu(Ei) — Cu(F)] — 2,
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so, letting m — oo, we get

Cu(W) = Cu(F) = Z [Cu(Ei) = Cu(F)] = 2,

=1
thus -
Cu(E) = Cu(F) = > [Cu(E:) — Cu(F)],

i=1

and we are done.

Proof of Lemma 27.8. We can of course assume that € < 1. First fix a
Borel transversal S<, for the periodic part of Ey (i.e., the set of x € X with
[z] g, finite). Next notice that we can assume that E is aperiodic and p is a
probability measure. Let then 7 : X — £Zg be the ergodic decomposition of
E,asin18.5,v = mu, X, = n~'(e). Since, by 18.5, C,,(E) = [ C.(E) dv(e) <
00, we can assume, throwing away a null set, that there is a Borel partition
EIg = BiUByU---UB,U... (finite or infinite) such that v(B,) > 0 and
for some integers 1 < My, My, -+ < 00, Ce(E) < M, and (e(S<x) = 0 or
e(Scoo) > Min)7 for any e € B,,. Let A, = 7 1(B,) = Ueen, Xe-

Claim 27.9. We can find a finite L-graphing @), of E|A, with $o|A, C D),
such that C,(®;,) < Cya, (E|An) + 57

Granting this, let

by = ||(®;\ (P0]A:)) L 0.

-

i=1

Then &3 C 4131 - 5132 C ..., each §1~5n is finite, and @ = U;.Lo:1 €1~5n is an L-
graphing of E. Also Ry = E[(A1 U -~ UA,) U Ep|(X \ (A1 U---U Ay)).
So

Cu(Rs,) = CulE|(Ay U+~ U Au)) + Cu(Fol (X \ (A1 U+ U A,))

[Cu(@)

€

=]+ Cu@l(x \ (A1 U+ U AL)

M-

-
Il
—

NE

[Cu(® \ PolA;) + Cpu(Po|Ai)] — e+
Cu(Pol(X \ (A1 U---UAy)))

.
Il

Cpu (P \ ol Ai) + Cpu(Po) — €

I
M=

1
u(ggn) - ¢

.
Il

|
Q
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Finally,

CM(Q\én) = Z Cu(dsg\(@O‘Ai))

1=n+1
SRR
1=n+1
< 2_1[ | A E|A) 2

Since Y ;7; Cyia, (ElA;) = Cu(E) < oo, it follows that C’ (515 \&,) | 0 as
n — 00, so we can find ¢; < £y < ... with C’u@\@gn) < —%.Put o, = @g
This clearly works.

So it only remains to prove the claim. For notational convenience put
B =B, A=A, =71B), M = M,, § = 5. Using a vanishing sequence
of markers for the aperiodic part X, of Fy (i.e., the set of x € X with
[z]g, infinite), we can easily find for each e € B a Borel set Sooe C X,
which is a complete section for Fy|(Xe N Xe), and either e(X ) = 0 or else
% < €e(Soce) < % (notice here that E being aperiodic, e is necessarily non-
atomic). Moreover we can make sure that S . depends in a Borel way on e,
so that Soo = J.c 4 Soc,e is Borel. Now Se = (S<oo N Xe) US e is a complete
section for Fy|X. and thus for F|X,, for each e € B. Moreover

e(Se) = e(S<se) + €(Swe, )>m1n{ ! 5} 1

M’ 4 K’
for some K € N\ {0}. Put p = S 5- Then
_ Ces. (E]Se)  Co(E)—1+e(Se)
CP(E|S€) - G(Se) - G(Se)
_ Ce(E) -1

o) Tl<EM-DE1=N.
Since p is (F|Se)-invariant ergodic and E|S. is aperiodic p-a.e., 27.7 shows
that we can find an L-graphing &5, = {®}, ... i N1 of E|S., Wlth Cy(Ps,) <

Cp(E|Se) + gfsrys 50 Ce(®Ps,) < Ce(B|Se) + §. Put @, = Po| X UPs,. Then,
as in the proof of the second part of 23.1, &, is an L-graphing of E|X. and
C.(P.) < C.(E|X.) + 6. Since we can make sure that $g  depends in a
Borel way on e € B, if o' = J,cpl, i =1,...,N,and & = {o',... "},
then @' = (Py|A) U @ is an L-graphing of E|A, $o|A C &', and C,(P') =
Joea Ce(@r) dv(e) < [, 4 Ce(E|X.) dv(e)+6 = Cyja(E|A)+0, and the proof
is complete. -

In particular, if F = Ay, i.e., {F;} is independent, then, omitting the
superscript, and assuming that C),(E;) < oo for each i, we have
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Cu(+'Ep) = Cul(E).
i

As an immediate consequence, we have:

Corollary 27.10 (Gaboriau). Let E be a countable Borel equivalence re-
lation on X and u a finite measure which is E-invariant. If T is a treeing
of E a.e., then C,(T) = CL(E). Similarly for L-treeings. In particular, if
Cu(E) < 00, E is treeable a.e. iff C,,(E) is attained.

Proof. It is enough to prove this for L-treeings . By 27.6 we can assume
that & = {p} and then it follows from 22.1, since the equivalence relation
generated by @ is hyperfinite. -

For a shorter direct proof of this corollary, see Gaboriau [G1].

Corollary 27.11 (Gaboriau). There is a countable Borel equivalence rela-
tion E, having an E-invariant probability measure, which does not admit a
graphing G of bounded degree (i.e., for which there is some n so that the de-
gree of each vertex is < n).

Proof. Let E be an equivalence relation induced by a free action of the
group F, (the free group with Ry generators) with invariant probability mea-
sure f. Then by 27.10, C,,(E) = co. If E admitted such a graphing G of degree
<, clearly 2C,,(G) < n, a contradiction. =

Gaboriau-Jackson-Kechris-Louveau (see [JKL], 3.12 and Remark follow-
ing it) have shown that every countable Borel equivalence relation admits a
graphing which is locally finite (i.e., each vertex has finite degree).

Corollary 27.12 (Gaboriau). Let E be an aperiodic countable Borel equiv-
alence relation and p a finite measure which is E-invariant. If C,,(E) = u(X)
and E is treeable, then E is hyperfinite a.e.

Proof. This follows from 27.10 and 22.2. =

Corollary 27.13 (Adams [A]). Let R, S be aperiodic countable Borel equiv-
alence relations on X, Y, and let p be a finite (R X S)-invariant measure on
X xY. Then R x S is treeable a.e. iff R, S are hyperfinite a.e.

Proof. By 24.9 and 27.12. —

Corollary 27.14 (Jackson-Kechris-Louveau [JKL]). Let R, S, it be as in
27.13 and assume that R x S has a finite index subrelation which is treeable
a.e. Then R, S are hyperfinite a.e.

Proof. By 25.4, 27.12, and the fact that an equivalence relation that has
finite index over a hyperfinite one is also hyperfinite. b
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As a further corollary, we show that C,(F) can obtain any value > 1
(including oo) if E is aperiodic and g is a non-atomic probability measure,
which is E-invariant and ergodic. (If E is not aperiodic, then, by 20.1, C,,(E)
can obtain only the values 1 — %, n > 2, under these assumptions on p.)

Corollary 27.15 (Gaboriau). For each o € [1,00], there is an aperiodic
treeable equivalence relation E and a non-atomic probability measure p, which
is E-invariant, ergodic, such that C,,(E) = .

Proof. Write @« = n + ¢, where n € N\ {0}, and 0 < ¢ < 1, or else
n = 00, € = 0. Consider the free part X of the shift action of F, on 27>, and
let u be the usual product measure. Let Foo = {g;}, and let o;(z) = ¢; - z.
If n = oo, let E be the equivalence relation induced by this action, while if
n < 00, fix a Borel set A with u(A) = € and let E be the equivalence relation
generated by {¢1,...,¢0n} U {pnt1|A}. This clearly works. .

We next establish a partial converse to 27.6. As usual we say that {E;}
is independent over F' (C (), E;) a.e. if the condition of independence holds
for an (\/, E;)-invariant conull Borel set. This means that for a.e. z, if zg =
T,%1,...,Tyn = To, with n > 1, is such that zoE;,x1E;,x2 ... 2n—1E;, 0
where iy # ig+1, if K <n—2, and i,-1 # ip, then for some j < n, we have
z;Fx;y. If this happens, we write L% E;, a.e., and \/,; E; = «%LE;, a.e.

Theorem 27.16 (Gaboriau). Let {E; }icr be a countable family of countable
Borel equivalence relations on X and let F' C (\,c; E;. Let E = \/,.; E;
and let p be a finite measure which is E-invariant. Then if F s smooth,

> Cf(El) < 00, and
Cy(E) = Z Cy (Ey),

we have L% E; a.e., thus E = +%E;, a.e.

Proof. Assume I C N and J_% E; a.e. fails, towards a contradiction.
Consider first the case when F' = Ax. Then, as in the proof of 19.1,
we can find a Borel set of positive measure B C X, ig,...,in_1 € I,
where n > 1 and o € [[Ei]],-.,on-1 € [[Ei,_,]], with ix # ipqq, if
kE<n—1,i,-1 # i0, On—1¥n—2...90(x) = z, Yo € B, and so that the
sets B, ¢o(B), p100(B),...,on—2@n—3...po(B) are pairwise disjoint. Let
Jos---ydm (m < n —1) be the distinct indices among ig,...,i,—1 and let
D; = {prlgr—1...¢o(B) : ix = ji}, t = 0,...,m (where by convention
_1 = identity). Then &, is an L-treeing of a finite subequivalence relation
of E;, (as i # g1, if k <n—1, in_1 # i, all the partial automorphisms
in @;, have pairwise disjoint domain and ranges). Let G;, be the treeing as-
sociated with @;, as in Section 17, i.e., the union of the graphs of the partial
automorphisms in @;, and their inverses. Fix ¢ with u(B) > 2¢ > 0 and,
by 23.1, choose a graphing Gi 2 G;, of Ej, with C,(G} ) < CL.(Ej,) + 55

27t
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for t = 0,...,m, and let G} be a graphing of Ej, for j & {jo,...,jm}, with
Cu(G;) < Cu(Ej) + 57 Then if, by renumbering, jo = io, clearly

(G}, U--- UG )\ (graph(po| B) Ugraph(wo[B) DU |J G

j€{j07"'ajnl}

is a graphing of F, so

Cu(B) < [CulG],) = n(B)] +Cu(G}) + -+ CulGi, )+ Y Culg))
0 seersim}

<D CuE)+Y 5 —m(B)

<> Cu(E:) +2¢ — u(B)

< ZCM(Ei)7

a contradiction.

Now consider the general case when F' is smooth but not necessarily the
same as Ax. Let T be then a Borel transversal for F'. Then T is a complete
section for all F;, so

Cur(Ei|T) = Cu(Es) — (u(X) — u(T))

and similarly
Cur(E|T) =CJ(E).

Thus Cyr(E|T) = ), Cujr(E|T) and ), Cpr(E;|T) < 00, so, by applying
the special case to Ay, E;|T, E|T (it is easy to check that E|T =\/, E;|T),
we conclude that L¢ F;|T, a.e., thus (as it is easy to check again) 1% E;, a.e.

_{

See the last paragraph of Section 36 for a counterexample that shows that
the assumption that F' is smooth cannot be replaced by the assumption that
F is hyperfinite.

For further reference, note also the following fact.

Proposition 27.17. Let Gy, G1, ..., Fy, F1, ... be two sequences of countable
Borel equivalence relations, such that each G; is treeable and each F; is smooth.
Let By = Go, and En11 = E, V Gpy1. Assume that Eny1 = En *p, Gpy1.
Then E =, By, is treeable, and if p is an E-invariant finite measure, then
C.(Eo) < Cu(Ey) < ... andlimC,(E,) = Cu(E).
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Proof. It is enough to find for each n a treeing 7,, of E,, such that 7y C
T, C ... Then Cu(E,) = Cu(Ty) < Cu(Tny1) = Cu(Bngr), T = U, 7Tn will
be a treeing of E, and C,,(E) = C,(T) = limC,(7,) =lim C,(E,).

We take 7j to be any treeing of Gy. Given 7, let T,, be a transversal for
F,, and, since G, 41|T, is treeable (by 21.2), fix a treeing 7,/ for it. Then
take 7,11 =T, U7, . -

28 Costs and Free Actions

Recall here the characterization of cost, in the ergodic case, given in 27.7.

Proposition 28.1. Let E be an aperiodic countable Borel equivalence relation
and let p be an E-invariant ergodic probability measure. Then C,(E) <n+e
(where n = 1,2,..., and 0 < € < 1) iff for each e < § < 1 there is an L-
graphing @ of E p-a.e. of the form & = {¢1,...,pn, ¥}, where ¢; € [E] and
Y € [[E]] with pu(dom(y)) < 4.

In particular, E has finite cost iff it can be generated a.e. by a Borel action
of a finitely generated group.

It follows from 27.10 that any E induced by a free Borel action of the free
group with n generators F,, with invariant probability measure p has cost
C.(F) = n and is of course treeable. The following gives a converse to this
result, by providing a sharper version of 28.1 for treeable equivalence relations.

Theorem 28.2 (Hjorth [H]). Let E be an aperiodic countable Borel equiv-
alence relation and let u be an E-invariant ergodic probability measure. If E
is treeable and C\,(E) =n+€ (wheren =1,2,..., and 0 < e < 1), then there
is an L-treeing @ of E p-a.e. of the form & = {¢1,...,0n, ¥}, where p; € [E]
and v € [[E]] with p(dom(y))) = e.

In particular, E is treeable with C,(E) =n (n=1,2,...) iff E is generated
by a free Borel action of F,, a.e.

This follows immediately from the following result, by a simple induction.

Theorem 28.3 (Hjorth [H]). Let E be an aperiodic countable Borel equiv-
alence relation on X and let p be an E-invariant ergodic finite measure. Let
2 = dUVY be an L-graphing of E with C,(£2) = C,(E) < oo (thus 2 is
an L-treeing a.e.). If § = Cu(¥) < p(X), then we can find ¢ € [[E]] with
p(dom(p)) =3 such that @ U {p} is an L-graphing of E, a.e. If 6 = C,(¥) >
w(X), then we can find ¢ € [E] and ¥’ such that 2 = & U {p} U P is
an L-graphing of E a.e. with C,(2') = CL(E), and if ¥ = {4;}ic1, then
U = {y;|AL}ier, where AL is Borel and A, C dom(t;). Moreover, we can
decompose each dom(;)\ A} into countably many Borel sets on each of which
; can be expressed as a P U {p}-word.
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Proof. We will describe first a construction which will allow us to define
@ when § < p(X). If § > p(X), we will define ¢ by an infinite repetition of
this construction.

If the domain of every ¢ € ¥ is null, i.e., if C\,(¥) = 0, we can take ¢ to
have null domain as well. Otherwise fix a ¥y = ¥;, € ¥ with p(dom(ty)) > 0
and thus with pu({z € dom(tg) : ¥o(z) # x}) > 0, since {2 is an L-treeing
a.e. Then, as in the proof of 19.1, we can find a Borel set of positive measure
Ap C dom(thg) with 10(Ag)NAg =0, and u(Ag) < u(X)—96,if & < u(X) (note
here that p is non-atomic). Let @1 = 9| Ao, so that dom(¢p1) Nrng(p1) = 0.

A subtree of NN = |, .y N" is a subset 7' C N<N such that (} (= the
empty sequence) € T and

$=1(80y.-+y8n-1) €T and m <n = sjm=(sg,...,8m-1) € T.

If s = (80,...,8n—1) we let |s| = n be the length of s and for j € N we put
(5,7) = (805+ - 8n-1,7) € N*FL,

We will construct, by induction on n > 1, a finite subtree T, of N<N, a
map s — V', which assigns to each s € T}, a Borel subset of X of positive
measure, and a map t = (s,j) — P(s,;) which assigns to each ¢ € T, of length
> 1, amap pp € [[E]] with dom(p}) = W] C V" and rng(py) = V;"*, such
that the following conditions hold:

(i) TWCTyCTsC

(i) Ift €T, pp = pn+1 (so also W = Wt vpr = vrth),
(iii) V"ﬂV =0, if s # s, and

(iv) W, ﬂW(S] =0, if j # 4.

Denote by ¢, € [[F]] the map

Pn = U Pt

teTn [t|>1

We will also construct L-graphs ¥,,,n > 1, such that & U {p,} U ¥, is an
L-graphing of E of cost equal to that of E (i.e., the cost of @ LU ¥), such that,
it & = {¢;}icr, then ¥, = {1);|Al};cr for some Borel sets AT C dom(t);),
with A7t C A7 (some A? may be null). Moreover, each dom(1;) \ A% can be
decomposed into finitely many Borel sets on each of which v; can be expressed
as a @ U {¢, }-word.

Before we start the construction, we fix an enumeration (ay,)p>2 of all 5-
tuples of the form (s,i,¢,v,w), where s € NN\ {0},i € I,e € {£1},v,w are
words in @ U {¢} (¢ a symbol not in @), so that each such 5-tuple appears
infinitely often in this enumeration.

We now start by taking 71 = {0, (0)}, with Vj} = dom(p1) = Ao, V, (0) =
rng((pl),p(lo) = ¢1. (Note that this notation for 7 is consistent as the map
corresponding to 17, Ut€T17‘t|21 = p(lo) is indeed ¢;.) We also let ¥ = (¥ \
{¥o}) U {tho|(dom(vpg) \ Ap)}. Thus we have transferred 1| Ay from ¥ to ¢.
Clearly all the above conditions hold for n = 1.
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Assume now T),,s" — VIt — pik W, i — A% have been constructed
satisfying the above conditions. Let a,4+1 = (8,4, €,v,w). If € = +1 consider
the set

By={weA:w (@) eVi\ |J Wi, &vtix) ¢ |J Vi),

(8,J)ETn s'€T,

where it is understood that B,, = 0, if s ¢ T},, and the notation v,,, w, means
that v, w are evaluated in @ U {¢,}. If u(B,) = 0, we do nothing, i.e., we let

(Tn+17 ‘/ST/L+1>p?/+17 Lpn-i-bA?;) = (T’ru ‘/37’l>p;l’7 WTMAZ)

If 1(By) > 0, we define T,, 11 = T,,U{(s, j)}, where j is least such that (s, j) ¢
T,,, and define V(Ts‘t)l = v, (By), W@t; = w;l(Bn),p?;jl) = vnwiwn|W{;Z§,
U1 = (W \ {0l A7} {0l (A7 \ Bn)},

so that A}, = A} \ B,.

Thus, in effect, we have transferred ;|B,, from ¥,, to ¢,11. Note also
that, since u(By) = M(W(Z‘S), S U{ont1} UW,41 is an L-graphing of E with
cost equal to that of @ U {p,} UW,, ie., that of E. So it is clear that all the
conditions hold for n + 1.

If e = —1, define B,, as before but replacing A? by v;(A) and 1; by w;l,

and proceed to define T;,11 exactly as before and V(Z‘g)l = vpt); 1(Bn), W{;‘;;

exactly as before, pf, . = vnwflwﬂW(’;;;, Upt1 = (T \ {i| A2} U{| (AT \
¥; " (By))}, so that A7, | = A7\ ¢; '(B,). Again all the conditions hold at
n+ 1.

This completes the construction. Let Too = U,>1 Tn, V;° = V', if s €
T, p7° = pis it t € Ty, A = ﬂn31 A} Woo = {thil A7}, o0 = UnZl Pn-

We note the following fact, denoted by (x):

It is impossible to find i € I,e € {£1}, a non-null Borel set B’ C ¢(AX),
where e = 0if e = +1,e = 41 if e = =1, s € Teo, s # O, W/ C V> with
W' (U et Wesg) =0, and p’ € [[E]] with dom(p') = W', mng(p’) = V",
where V'NU, cp Vi = 0, and words v, w in @U{¢} such that p’ = voot) weo,
where ¢ = §|B’ (thus W’ = w}(B’)), and vs, ws means that v, w are
evaluated in @ U {0 }-

Indeed, otherwise, and taking e = +1 for definiteness (the other can being
similar), since oo = ;51 ¢n,Too = U,;>1 Tn, We can assume, by shrinking
B', if necessary, that for all large enough n,s € T,, and p’ = v,9'w,, where
Up, Wy, means that v, w are evaluated using ¢, instead of ¢,. Choose such n so
that moreover a,4+1 = (s,1,€,v,w). Clearly then B, D B’ (as V]* = V°) and
so W' C W{;J;;, for some j, and V' C V(ZJg)l - Us’eToo V5, a contradiction.

Let Ay, = U5 =, Vi for n € N. (Note the notation is consistent for n = 0,
as Vy© =V, = dom(p;) = Ag.) Let A =J,, A,. Then clearly A = dom (oo )U
mg(ps), and A, N A, = 0, if n # m. Note also that mg(pss) = U,,>1 4n,

and u(A\ dom(ips)) = p(A\ mg(pec)) = (o) > 0.
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We now claim that for a.e. x € A there is (a unique) n > 0 such that
o (z) & dom(pe ). Indeed, first note that if x € A,,, then ¢ " (x) € Ay, so if
C={ze€A:Vn2>0(p%(z) € dom(pu))}, then woo(C N A,) = CN Apiq,
so u(CNA,) =p(CnNAp). But the C'N A, are pairwise disjoint, so they are
null, i.e., C is null.

Now consider cases as § < (X)) or 6 > u(X).

(i) We first deal with the case 6 < pu(X). We argue then that u(A4) <
w(X). Otherwise, by dropping a null set, we can assume that A = X. Thus
dom (s )U rng(pes) = X and X\ rng(ps) = Ao, so, as p(dom(ps)) =
p(rng(peo)), we have that p(X\ dom(pss)) = pu(X\ mg(pe)) = u(Ao) <
pu(X) =96, so p(dom(pss)) > 6, ie., C,({pec}) > 0. But then Cp (P U {psc} U
VUs) > Cu(®) + Cu({pc }) > Cu(P) + 6 > Cu(E), contradicting the fact that
Ca(@ U {pn} ) = Cu(E).

Thus in this case we must have p(A4) < p(X).

Claim 28.4. If F is the equivalence relation generated by @ Ll {yx}, then F
is p-ergodic.

Granting this claim, we proceed as follows: If ¥, has non-0 cost, fix ¢
with p(dom(vy’)) > 0, where ¢/ = 1;|A°. Then find B C dom()’) with
0 < p(B) < min {p(A\ dom(ps)), (X \ A)}. By F-ergodicity and 16.3, we
can find @ U {¢o }-words v,w and B’ C B with u(B’) > 0 such that w™!
is defined on B’ and w=1(B’) C A\ dom(¢s), and v is defined on v’ (B’)
and v(y)'(B)) € X \ A. By shrinking B’, if necessary, we can assume that
w™H(B') = W' C V>, for some s € T, s # 0, and thus, since w=(B")N
dom(oo) = 0, w(B') N (U yer~ Wis.g)) = 0- Let p = vip'w|W’. Then i, e =
+1, B, s, W’ p',v,w violate (x), a contradiction.

So we must have that ¥, has zero cost, thus, since

Cu(E)=C,(P)+d=C,(P) + Cr{po}) + Ch(¥s),

we have C),({¢x}) = p(dom(ps)) = 0. So taking ¢ = @oo, we are done in
this case.

It only remains to prove the claim. Assume, towards a contradiction, that
1 is not F-ergodic. Let then X = X; UX3 be a partition of X into F-invariant
Borel sets of positive measure. Using that 0 < p(A) < p(X), we can assume,
switching X7, X» if necessary, that u(ANX7) > 0 and p((X \ 4) N X3) >
0. Thus there are A* C A,/ B* C X \ A with 0 < pu(A*)) < u(B*) and
[A*]F N B* = (. By E-ergodicity and 16.3, we can assume that there is a
reduced @ U {¢oo } U Poo-word defined on A* and sending A* onto a subset
of B*. This word must contain something in ¥, since [A*]p N B* = 0. Tt
follows that there is a Borel set A C A of positive measure, i € I,® Ll {po }-
words v,w and € € {£1}, such that, letting ¢’ = ¢;|A$°, we have v(¢’)w

is defined on A and v(¢)')w(A) N A = . Take, for definiteness ¢ = +1, the
other case being similar. We can also assume, using the fact that for a.e.
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r € A there is n > 0 with ¢ (7) ¢ dom(p), that for some fixed ng > 0
we have that ©20 is defined on A and ¢29(A) C A\ dom(¢w ), and in fact

that moreover for some s € To,s # 0,030 (A) = W' C V. Define then
P with domain W’ by p' = vy'we ™. Let B’ = w(A) C dom(v)'). Then
ie = +1, B, s, W’ p/ v, wp ™ violate (x), a contradiction. This proves the

claim and completes the proof of the theorem in the case § < u(X).

(ii) We now consider the case C,(¥) = ¢ > p(X). We will argue that
in this case we must have (in the previous notation) pu(A) = p(X). Indeed
assume, towards a contradiction, that p(A) < u(X). Then, exactly as in the
preceding paragraph, if u is not F-ergodic (where F is the equivalence relation
generated by @ U {p.}), we have a contradiction. So we can assume that u
is F-ergodic. Since @ U {poo} U Wo has the same cost as @ U ¥, and clearly
pldom(ps)) < p(X) < 6 = Cu(¥) (since dom(ps) C A), it follows that
C,(¥ss) > 0, so, exactly as in the paragraph following the statement of Claim
28.4, we have a contradiction.

So we can assume that A = X. Put ¢ = ¢, U= U, X0 = Ay. Notice
that p(X \ dom(@)) = u(X°) < 1u(X). Also notice that U = {Y;i}ier =
{wi|/ii}i€1a where A; C dom(%);) and dom(t);) \/L can be decomposed into
countably many Borel pieces, on each of which v; can be written as a @LI{p}-
word. We now “project” everything to X° and repeat this construction in X0°.
More precisely, note that for every € X (= A) there is a unique N(z) =n >
0 with ¢~"(z) € Ag. Put mo(z) = ¢ "(x). Notice that mo|(X \ dom(p)) is a
bijection of X \dom(@) with X© p-a.e. If 6 : C — D isin [[E]], we associate to it
an L-graph [, (0) = {mn,m(0) }n,men, with m, , € [[E]X°]] defined as follows:
Decompose C' = Un,meN Cpm, D= Un,meN Dy, m into pairwise disjoint Borel
sets so that 8(Cym) = Dy and N(z) = n for ¢ € Cypm, N(y) = m for
Yy € Dy . Put mp i (0) = ()"™0¢", with domain (¢)~"(Ch,,m) and range
()™ (Dom).

Now consider XY, p|X?, E|X° &° = [[,(?) = |,k [1o(¥r), where
b ={pr)rer, ¥° =T1o(¥) = Lies [1o(v:), with & = {¢i}ies. Then E|X° is
aperiodic (after dropping a null set) and u|X? is an (E|X°)-invariant ergodic
measure. Also 2° = LW is clearly an L-graphing of E|X°, since #LI{@}U¥
is an L-graphing of £ and [],(¢) is an L-graph whose maps are the identity
on their domain. We now claim that Cyx0(£2°) = Cyx0(E|X"). Indeed,
Chixo(2%) = Cul®) + ColF) = Cu(E) — Cul{@}) = Cu(E) — plong(3) =
Cu(E) — (m(X) — u(X%) = Cyuxo(E|X?), since X, is a complete section
for E a.e. Finally, C,xo0(#°) = C.(¥) = Cu(E) — [Cu(®) + Cu({@})] =
Cul®) — Cu{P}) = Cl) — ulrmg($)) = Cul®) — (1(X) — (X)) = p(X°).
So E|Xo, u|X°, 2o = d° LW satisfy all the hypotheses that E, X, 2 = oW
satisfy in the present case (C,(¥) > pu(X)), so we can repeat this construction
in X° now to obtain ¢° € [[E|X°]],¥° with #° L {¢°} U¥° an L-graphing
of E|X° with cost C, xo(E|X?), PO = Uier U men(Tn,m (¥i)] Ai n,m) for
appropriate Borel sets A; ,, ;, € dom(my,, (¥;)), and Borel X' C X° of pos-
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itive measure (playing the role of X° = Ay in X) with u(X°\ dom(¢°)) =

p(X1) < 1u(X°). Then we pull them back to X as follows: Define ¥, =

Wil Upmen @ (Aisnm)} = {¥i]Ao,i}. Let ¢o 2 ¢ extend py by adding to
its domain all z € X \ dom(@) with m(z) € dom(#°) and letting @o(x) =
¢° o mo(2). Then notice that p(X \ dom(@g)) < Fu(X). Also @ U {¢o} L @y
is an L-graphing of E and has cost C,(FE), since C, (& U {po} U &) =
Coup (20) + C ({31 + oy {2+ o, (89) = Copx,y (B X0) +Cra({3}) =
Cou(E) — (u(X) — p(X0)) + 1(X) — u(Xo) = Cy(E). Finally, dom(ts;) \ Ao,
can be decomposed into countably many Borel sets on each of which ; can
be expressed as a @ U {@gg} word. Then we repeat the construction within
X' and pull everything back to X° and then back to X to obtain @; D @
and ¥, = {vi|A1 i }ier, where Ag; DO Aj,, etc. This way inductively we con-

struct @o € @1 € ++- € @, C ... in [[E]] with p(X \ dom(y)) < s p(X)
and @07 @1, ‘e ,41/7“ ... with i’n = {7;2'|An,i}i€[a where dOm(lZ)l) 2 Aoﬂ' 2
A1; DDA D ..., PU{PT U ¥, L-graphs F with cost C,(F) and
dom(%);) \ Ay; can be decomposed into countably many Borel pieces on each
of which 1; can be expressed as a @ U {¢,,} word. Finally put ¢ = J,, n, so
that p(dom(yp)) = p(rng(p)) = w(X), and thus after dropping a null set, we
can assume that ¢ € [E], and let ¥' = {4;|(,, An,i}ier. This clearly works,
ie., 2 = dU{p}LW' is an L-graphing of F a.e. of cost C\,(E), ¥’ = {¢;| A} }icr,
with A =1, An,i € dom(v;), and we can decompose dom(¢;)\ A} into count-
ably many Borel sets on each of which v; can be expressed as a @11 {¢}-word.

#

A careful inspection of the proof of 28.3 shows that, with some simple
modifications, it can be also used to give the proof of the following version of
28.2 for infinite costs.

Theorem 28.5 (Hjorth [H]). Let E be an aperiodic countable Borel equiv-
alence relation and let p be an E-invariant ergodic probability measure. If E
is treeable and C,(E) = oo, then E is induced by a free Borel action of Fs
a.e.

Proof. Fix an L-treeing ¥ = {¢;}32, of E with C,(¥) = co. By decom-
posing the domain of each ; into countably many pieces, we can assume that
the domain and range of each v; are disjoint. Then inductively, using the
method of proof of 28.3 (for the case § > u(X)), we construct L-treeings of E
a.e. {£2;}22,, such that:

i) 2=V,

i) 2, = {p1,02,...,0:} U, for each i > 1, where p; € [E],¥; =
{viz1]| Al |, Yiga]AlL,, ...} for some Borel sets A’ contained in the do-
main of 1, for i < n, and such that A5t C A? for i + 1 < n, and the
domain of each ; can be decomposed into countably many pieces on
each of which ; can be expressed as a {¢1, ..., ¢; }-word.
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One observation that is needed here is that the proof of 28.3 shows that,
in the notation of the statement of 28.3 in the case 6 > u(X), if some ; has
disjoint domain and range, then we can assume that 1; C .

It is now clear that {¢1, 2, ... } provide a free action of F, that generates
E ae. .

We conclude this section with an application of 28.3.

Recall from [DJK], 3.4 that one has the following version of the Glimm-
Effros Dichotomy for countable Borel equivalence relations. Let Ey be the
following equivalence relation on 2N:

zEoy & InVm > n(xm = ym).
Also denote by g the relation of Borel isomorphism. We have then:

Theorem 28.6. (Glimm-Effros Dichotomy, see [DJK], 3.4) For any
countable Borel equivalence relation E on X, exactly one of the following

holds:

(I) There is a Borel set A C X with Ey 2p E|A:
(II) E is smooth.

It is now natural to wonder whether there is a dichotomy for the strength-
ening of (I), where one requires that A is E-invariant.

Problem 28.7. Prove or disprove the following dichotomy:
For any aperiodic countable Borel equivalence relation F on X exactly one
of the following holds:

(I) There is a Borel E-invariant set A C X with Ey &g E|A.
(II) There is a free Borel action of Fy on X such that Ef C E.

Since Ej is hyperfinite and admits an invariant probability Borel measure,
it is clear that (I), (II) are incompatible.
Now it is not hard to see that alternative (I) above is equivalent to:

(I)) There is an E-invariant probability measure g on X such that E is
hyperfinite p-a.e.

Indeed, (I) = (I)’ follows from the just preceding remarks. Conversely, if
(I)" holds, then we can use, for example, [DJK], 9.3 to conclude that there is
Borel E-invariant A C X with Ey &g F|A.

In relation to this problem, we note that one can show the following, which
provides a weaker affirmative answer to 28.7 and also shows that 28.7 is true
in case F is treeable.
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Proposition 28.8 (Kechris-Miller). Let F be an aperiodic countable Borel
equivalence relation on X. Then one of the following holds:

(I) There is an invariant probability measure p such that C,,(E) = 1.
(II) There is a free Borel action of Fo on X such that Eg; C E.

Corollary 28.9. The dichotomy 28.7 holds, when E is treeable.
This follows immediately from 22.2.

Remark 28.10. Note that in 28.8, (I) and (II) are not incompatible, as any
FE induced by a free Borel action of F x Z with invariant probability measure
satisfies both these conditions.

Proof of 28.8. We will make use of the following lemma, which was also
proved independently by M. Pichot.

Lemma 28.11. Let E be a countable Borel equivalence relation on X, G a
graphing of E and Ty C G an acyclic graph. Then there is an acyclic graph
T withTy €T C G and C,(T) > C,(E), for every E-invariant probability
measure 1 with C,,(G) < oo.

Proof. Consider the standard Borel space [X]<> of finite subsets of X
and its Borel subset

C={A={ai,...,a,} € [X]=> : there is a permutation
mof {1,...,n} such that ar(1),...,ax@),arq) is a G — cycle).

We call the members of C' simply G-cycles. Define a graph H on C' by
(A,B)e H< A# Band ANB # 0.

We claim that there is a Borel Rg-coloring of H, i.e., a Borel map ¢: C' — N
with (4, B) € H = ¢(A) # c¢(B).

Granting this, let C,, = ¢~ }({n}). Now inductively define G, as follows:
Go = G, and G,,41 is obtained from G, by considering all G, -cycles A, with
A € C,, and cutting off one edge in G, \ 7y connecting two vertices in A.

Then G = Gy 2 G; O --- O 7y and since ¢ is a coloring, each G, is a
graphing of E. Thus, for any E-invariant probability measure p with C,,(G) <
00,C(Go) = Cu(G1) = -+ > Cu(E). Put T = (), Gn, so that Cu(T) =
lim, C,(Gn) > C,(E). It is clear that 7 is acyclic, since if A is a T-cycle,
then A € C,, for some natural number n, thus A is not a G,i-cycle, a
contradiction.

We now prove the claim: Fix a Borel ordering < of C' and a countable
sequence of Borel involutions {g,} on X such that zEy < In(gn(z) = v)
(see 1.1). For A € C, write A = {a1,...,a,} with a1 < -+ < a,. Let ¢(4) =
7({gi; }i<ij<n), where g;; is least in the enumeration {g,} such that g;;(a;) =
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a;, and 7 is an injection of the set of finite sequences of the form {g;;}1<i j<n
from {g,, : m € N} into N. If AHB and, towards a contradiction, ¢(4) =
¢(B) = m({gij}), then A = {a1,...,an},B = {b1,...,b,}, for some n, and
a; = bj forsome 1 <4,j <n.Ifi=j, then A = B, a contradiction. Otherwise,
say i < j. Then a; = gij(a;) = gij(b;) = g7;(bi) = bi, 50 by < bj = a; < aj, a
contradiction. =

Now the preceding lemma implies

Lemma 28.12. Let E be an aperiodic countable Borel equivalence relation,
and p an E-invariant probability Borel measure. If C,(E) > 1, then there is
an acyclic Borel graph T C E with C,,(T) > 1. If F' is the equivalence relation
generated by T and p is E-ergodic, then we can choose T so that p is also
F-ergodic.

Proof. By Zimmer [Z], 9.3.2, let Ey C E be an aperiodic hyperfinite
Borel equivalence relation such that if moreover y is E-ergodic, then p is also
Ey-ergodic. Let 7y be a treeing of Ey. Let G O 7y be a graphing of E. Let
7o =Go € Gi C ... besuch that |J,, G, = G and C,,(G,) < co. Let E, be the
equivalence relation generated by G,, so that By C By C ... and |J, E, = E.
If C,(Ey,) =1, for all n, then, by 23.5, C,,(E) = 1, a contradiction. So there
is some n with C,(E,) > 1, and then by 28.11 there is an acyclic graph 7,
with 7o C 7,, C E,, and C,(7,,) > Cu(Ey) > 1. Take 7T =T,,. -

We are now ready to complete the proof of 28.8.

If £ admits no invariant probability measure, then, by Nadkarni’s Theorem
(see [DJK], 3.5), E is compressible. Then, by [DJK], 2.5, there is a Borel
subequivalence relation F° C E which is smooth and aperiodic. Clearly then
F is induced by a free Borel action of F». (In fact by 2.3, 3.17 of [JKL], E
itself is induced by a free Borel action of F».) Thus alternative (IT) holds.

So we can assume that F admits an invariant probability measure. Con-
sider then the Ergodic Decomposition Theorem 18.5. If for some e € £ETg, we
have C.(F) = 1, then (I) holds. Else for all such e, C.(E) > 1, and thus by
Lemma 28.12, and its proof, we can find an acyclic Borel graph 7. generating
a subequivalence relation F, C F|X., with ¢, = C.(F.) = C.(7;) > 1. Fix n,
so that ne(ce — 1)+ 1> 2, and let S, C X, be a Borel set with e(S.) = 1/n,
(this is possible, since e is clearly non-atomic).

Let e/ = :(lgj). Then

Co (E|Se) =nece — (Me — 1) = nelce — 1) +1 > 2.

So by Theorem 28.2, there is a free Borel action of F; on an (FE|S,)-invariant
Borel set Y. C S, with ¢/(Y.) = 1, such that E}fg C E. Next let Y =
Ye,Yy,..., Y be a partition of X, into Borel sets of e-measure 1/n.. By
shrinking Y., if necessary, we can assume that there are Borel injections ¢ =
identity on Yo, 5 @ Yo — Y5, ... 00 Yo — Y with o;(x)Ex; see 16.3.
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Let Z. = U=, ¢¢(Ye), so that e(Z.) = 1. Moving the action of F5 on Y.
to each Y;°,¢ > 2, using ¢;, we see that there is a free Borel action of Fj
on Z. with Eﬁj C E. By shrinking Z., if necessary, we can assume that it
is E-invariant. Let Z = {J,ce7, Ze- Then Z is an E-invariant set which is
Borel, since the construction of Z, from e is done in a Borel way. Moreover
the union of the actions of F» on each Z. gives a free Borel action of F5 on Z
with Ef C E. Since e(X \ Z) = 0, for each e € EIp, clearly X \ Z is p-null,
for each E-invariant probability Borel measure pu, so, by Nadkarni’s Theorem
(see [DJK], 3.5) E|(X \ Z) is compressible, so, as before, E|(X \ Z) contains a
subequivalence relation induced by a free Borel action of F; on X \ Z. Thus it
is clear that there is a free Borel action of F5 on X producing a subequivalence
relation of E, i.e. (IT) holds. -

Remark 28.13. We would like to thank G. Hjorth for suggesting the use of
restrictions instead of subequivalence relations, that we had originally used,
in the proof of the preceding result.

From the ergodic decomposition argument, used in the preceding proof, it
is clear that Problem 28.7 is closely related to the following measure theoretic
version, which has been also considered earlier by Gaboriau.

Problem 28.14. Prove or disprove the following dichotomy:
Let E be a countable Borel equivalence relation and p an FE-invariant,
ergodic probability measure. Then exactly one of the following holds:

(I) E is hyperfinite, u-a.e.
(IT) There is a Borel equivalence relation F' C E which is induced by a free
Borel action of Fy, p-a.e.

This can be considered as a “dynamic” version of the so-called “von Neu-
mann Conjecture” (actually due to Day): Any countable group I is either
amenable or contains Fy. (This conjecture was disproved by Olshanskii in
1980.) Note again that the argument in the proof of 28.8 shows that this is
true if (I) is replaced by the weaker “C,(E) =17

29 Cost of a Group

Let I" be a countable group. We define its cost, C(I"), by
C(I') = inf{CL(E)},

where E ranges over those equivalence relations, with invariant probability
measure i, which are induced by a free Borel action of I" on a standard Borel
space. This definition is not vacuous since every countable group I" admits a
free Borel action on a standard Borel space with invariant probability measure.
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This is clear if I" is finite. So assume I is infinite. Consider then the shift action
of I on 27 g-z(h) = x(g~'h), and restrict it to its free part, i.e., the Borel
T-invariant set {x € 27" : g-x # x, Yg # 1}. If u is the usual product measure
on 27, with 2 = {0,1} having the (3, 3)-measure, then p is I-invariant and
concentrates on the free part.

If I" is finite with cardinality |I"|, then, by Section 20,

cr=1-—.
I
If I is infinite, then, by 21.3, C(I") > 1.
Next notice that, by 18.5, we also have

C(I) = nf{CL(E)},

where E ranges over those equivalence relations, with FE-invariant, ergodic
probability measure u, which are induced by a free Borel action of I" on a
standard Borel space.

We now verify that C(I") is attained.

Proposition 29.1 (Gaboriau). For any countable group I', there is a free
Borel action of I' on a standard Borel space X with invariant probability
measure pi such that C(I') = C,(E7).

Proof. Let E,,, X,, u, be such that E,, is induced by a free Borel action
of I' on X,, with invariant probability measure p,, and C,, (E,) — C(I).
Consider the free action of I" on X =[], X,, given by

and the product measure p =[], ptn,. Clearly it is invariant under this action.
Also let E = E7 be the induced equivalence relation. It is enough to show
that

Cu(E) < Gy, (En),

for each n. Take, without loss of generality n = 0. Let &9 = {¢;}jes, ¥j :
Aj; — Bj, be an L-graphing of Ey such that, again without loss of generality,
on its domain Aj, ¢; is equal to x — g;, -« (v € Aj), for some i; € I. Then
Wy = {1}, where ¢; : A; x ]~ Xn — Bj x[],,~1 Xn, is given by

Yi(xo, 21, Ty ) = (Gi; - %0, iy - T1y e Giy Ty )

is an L-graphing of £, and C,,(%) = >_, po(A;) = Cu(®o). Thus Cy(E) <
C,.(®o) and so C,(E) < Cp, (Ep). -
Remark 29.2. From 18.5 it is also clear that in 29.1 such an action can be
found so that u is also ergodic.



Cost of a Group 109

Denote by GROUP the standard Borel space of countable groups. We next
consider the descriptive complexity of the cost function.

Proposition 29.3. For each r € R, the set {I' € GROUP : C(I') < r} is
analytic.

Proof. Consider the shift action of the free group F with Ry generators
on RF>: g.2(h) = x(g~'h). Let Es be the corresponding equivalence relation.

There is clearly a Borel function F' : GROUP — Power(Fs) such that
F(I') is a normal subgroup of Fuo, Foo/F(I") 2 I'. Also fix a map I' — mp
such that 7y : Foo — I' is a surjective homomorphism with ker(mp) = F(I').

Suppose now I' € GROUP acts in a Borel way on a standard Borel space,
which without loss of generality we an assume to be a Borel subset of R.
Then define f : X — R~ by f(x)(9) = nr(g~!) - z. Clearly f is a Borel
bijection between X and an E.c-invariant Borel set Y (= f(X)) and 2EXy <
f(@)Exf(y), since f(rr(g)-z) = g- f(x), for any x € X. Moreover, if the
action of I" on X is free, then for each y € Y, if Stab(y) is the stabilizer of y
(in the shift action), then

Stab(y) = ker(np) = F(I).

Finally, if g is an Ep -invariant probability measure, f.u is an E-invariant
probability measure, C,,(E3 ) = Cy. ,(Ex), and by the above f.z concentrates
on the y € RF> with Stab(y) = F(I"). Conversely, if v is a probability measure
on R~ which is E-invariant, and, letting Sp = {x € R~ : Stab(z) =
F(I')}, we have v(Sr) = 1, then clearly E|Sr is induced by a free Borel
action of I', since I' & F/F(I'), and of course Cy,(Ex|Sr) = Cy(Ex). Tt
follows that

C(I)=mf{C,(Fx):veIp,_ & v(Sr)=1},
SO
CI)<reidwelp (v(Sr)=1& C,(Ex) <),
so, by 18.1, {I": C(I") < r} is analytic. -
As a corollary
{r:cr)=1}
is analytic. The following questions however are open.

Problem 29.4. Is the function I — C(I") Borel? Is the set {I": C(I") = 1}
Borel?

We will now give an alternative definition of C'(I"), motivated by some
concepts in probability theory, which are discussed, for example, in Pemantle-
Peres [P2].

For a fixed countable group I', denote by GRAPH the standard Borel
space of graphs on (the vertex set) I'. Then I" acts on GRAPH by
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g- G= G/>

where (z,y) € G' & (¢ 'z, 97 y) € G.

We will consider I'-invariant probability measures on GRAPHp. If p is
such a measure, we can think of it as defining a random I'-invariant graphing
of I' or just random graphing of I'. If u concentrates on the Borel I'-invariant
set CGRAPH of connected graphs on I', we call u a random connected
graphing of I

For example, if {7;};cr is a set of generators for I' and C' is the corre-
sponding Cayley graph

gCh < Ji(gr = h),

then C is a fixed point of the I'-action on GRAPH, thus the Dirac measure
d¢c concentrating on {C'} is a random connected graphing on I'. So we can
think of random connected graphings as generalizations of Cayley graphs.

If 11 is a random graphing of I', we define its expected degree, d,, to be %
of the average degree of 1 (the identity of I") in a graph, i.e.,

4= [ da(1) du(c).

Note that instead of 1 we could have used any fixed element v € I', since
[ dett) du(@) = [ draty) du(G)
~ [ de dutc),

by the I'-invariance of p.
We now have

Proposition 29.5. For any countable group I,
C(I') =inf{d, : p is a random connected graphing of I'}.

Proof. Suppose I acts freely and in a Borel way on the standard Borel
space X and G is a graphing of E5. Define the Borel map ¢g : X —
GRAPH by

where

(9,h)eG(z) = (g-x,h-2) €G.

Let v = (¢g)s«pt- Then v is a random connected graphing of I'. Moreover
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C.l6) = 5 / G| du(x)
—5 [ 1o @) € ) duto)
_ %/Hg (2,9 2) € G}| du(z)

:%/ngLmeQ@mdM@

:%/@@ummw

- %/dg(l) (G)

=d,.

Conversely, consider a random connected graphing v of I'. We would like
to reverse the above steps, but unfortunately the action of I" on GRAPH is
not necessarily free v-a.e. Instead, we use the following argument of Lyons:

Fix a free Borel action of I" on Y with invariant probability measure p.
Let X = CGRAPH x Y and put on X the measure u = v x p. Now I acts
on CGRAPH[ as before, so it acts on X by ¢g- (G,z) = (¢ G,g - x). Since
the action of I" on Y is free, it follows that the action of I" on X is free. Let
E = E. We define a graphing G of E as follows: Fix (G,z), (H,y) € X,
with (G,z)E(H,y). Then there is unique g € I" with g - (G,z) = (H,y), or
g-G=H, g-x=y. Put

(G,2)G(H,y) < (1,97 ") € G.

It is easy to see that G is a graphing of E. We also have

1
Cu(©) = 3 [ 16ic.ol dn(G.2)

:%/%umﬂﬁ@@

=d,.

Thus we have shown that d, is equal to C,(G), where G is a graphing of
an equivalence relation E induced by a free Borel action of I" with invariant
probability measure u, and so d, > C,(E).

This completes the proof of the proposition. -

Note that 29.5 gives immediately another proof of 29.3. Note also that it
can be used to give another proof that C(I") > 1 for all infinite I":

The argument comes from the proof of Theorem 6.1 in Benjamini, Lyons,
Peres, and Schramm [BLPS].
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According to the so-called Mass Transport Principle, if f : I' x I' — [0, 0]

is [-invariant, i.e., f(z,y) = f(yz,vy), Vy € I', then Vy € I'(35cp f(7,6) =
> ser f(6,7)). This is clear, since

D) =) f(r )
oer ser’
= Z f(17 E)
eel’
=Y f(1,67)
éer
= £(6,657")
éer

= Zf((;/y)

ser

It follows that if F: I' x I' x GRAPH — [0, 0] is Borel and I'-invariant,
ie., F(z,y,G) = F(yz,vy,v - G), Yy € I', then for any random graphing f,

ﬂ%@Z/F@%GMMQ

is I'-invariant, so Vy € I,
[ 3 F0.8.6) du(@) = [ 3 F(5.2.6) duG).
5 s

Assume now p is a random connected graphing of I'. If u({G : dg(1) =
oo}) > 0, clearly d,, = co > 1. So we can assume that dg(1) < oo p-a.e.(G),
and so dg(v) < oo, pra.e.(G), in other words we can assume that p concen-
trates on locally finite connected graphs. Define then F(zx,y, G) as follows:

1, if G is connected, (z,y) € G, and when the edge

F( G) (z,y) is removed, the connected component of x
x7 ) = . .
4 is finite.

0, otherwise.

Clearly F is I'-invariant.

Notice that F(x,y,G) = 1 for at most one y. Also there are at most
dg(z) — 1 many y such that F(y,z,G) = 1. Consider then the difference
Az, G)=A=3% F(z,y,G)=>_, F(y,z,G). (These sums are clearly finite.)
Ifdg(z) =1, A=1=2—dg(x). dg(z) > 2 and there is y with F(z,y,G) =
1, so that Zy F(z,y,G) = 1, we have, as Zy F(y,z,G) < dg(z) — 1, that
A>1-(dg(xz) —1) =2 —dg(x). Finally, if dg(z) > 2 and F(z,y,G) = 0,
for all y, then }° F(z,y,G) < dg(z) — 2, so again A > 2 — dg(x). Thus in
any case
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ZF(m,y,G)—ZF(y,x,G) > 2—d(;(l'),

Y Yy

thus, integrating over u (for z = 1), we get
0>2—2d,.
or
d, > 1.

Finally, we say that a countable group I" has fized price if C(I") = C,(E)
for every E induced by a free action of I" with invariant probability measure
w. The following is open:

Problem 29.6. Are there countable groups that do not have fixed price?

30 Treeable Groups

For a countable group I', denote by TREE, the Borel I'-invariant subset of
GRAPH consisting of all trees on (the vertex set) I'. We say that p is a
random treeing of I if u is a random graphing of I" and u(TREE[) = 1. We
say that I' is treeable if it admits a random treeing (this terminology comes
from Pemantle-Peres [P?]). The proof of 29.5 now shows the following.

Proposition 30.1. Let I' be a countable group. Then the following are equiv-
alent:

(i) I' is treeable.
(ii) There is a free Borel action of I' on a standard Borel space X with
invariant probability measure p such that E3 is treeable yi-a.e.

We call I' strongly treeable if for every free Borel action of I" on a standard
Borel space X with invariant probability measure u, the equivalence relation
EF is treeable u-a.e.

Remark 30.2. Gaboriau [G2] uses the terminology treeable for what we call
here strongly treeable and anti-treeable for what we call here not treeable.

The following is an open problem.
Problem 30.3. Is every treeable group strongly treeable?
We next consider the following analog of 19.1.

Proposition 30.4. Let I' be a countable group. If v is a random connected
graphing of I' such that d, = C(I") < oo, then v is a random treeing.



114 Costs of Equivalence Relations and Groups

Proof. Consider X = CGRAPH XY, u =vxp, E,G as in the second part
of the proof of 29.5. Then C,,(G) = d, = C(I') < Cu(E), so C,(G) = C,(E)
and G is a treeing p-a.e. So, by Fubini, let A CY be a ['-invariant subset of
CGRAPH such that v(A) = 1 and for every G € A there is some © € YV
with G|[(G,x)]g a tree. Now it is easy to check that G|[(G,z)]g = G, so G is
a tree for G € A, thus ¥(TREEp) = 1, and v is a random treeing. =

We also have analogs of 19.2.

Proposition 30.5 (Gaboriau). Let I' be a countable group and E a count-
able Borel equivalence relation on a standard Borel space X induced by a free
action of I with invariant probability measure p. If T is a treeing of E, then
Cu(T) = C(I'). In particular, every strongly treeable group has fized price.

Proof. Let & = {¢;} be an L-treeing of E such that each ¢; : A; — B; is
of the form ¢;(z) = g, - «, Vo € A;, for some g; € I', and C,(®) = C,(T) =
C,(E). Let also F' be a countable Borel equivalence relation on a standard
Borel space Y induced by a free action of I" with invariant probability measure
v. We have to show that C,(®) < C,(F).

Consider the product action g - (z,y) = (92,9 -y) of ' on X x Y. It
is free and has invariant measure p X v. Moreover if ¥ = {1;};cr, where
Y+ Ai XY — B; x Y is given by ¢;(z,y) = (g; - ¢, - y), then ¢ is an
L-treeing of Epr Y. So

Cu(®) = Cpxry(¥) = Cpuxr (ER).
But, as in the proof of 29.1, Cy,x, (E7 ) < O, (F), and we are done. -

Proposition 30.6. Let I' be a countable group and v a random treeing of I .
Then C(I') =d,,.

Proof. As in the proofs of 29.5 and 30.4, from v we get a free Borel action
of I on a standard Borel space X with invariant measure p and a treeing 7°
of E¥ such that C,,(7) = d,. By 30.5, d, = C,,(T) = C(I). .

Thus for a countable group I" with C,(I") < oo, I is treeable iff inf{d,, : p
a random connected graphing of I'} is attained. Moreover, for every treeable
group I" and every random treeing v of I" and random graphing p of I', d,, <
d,, i.e., a random treeing has the smallest possible average degree of any
random connected graphing.

Finally note the following.

Proposition 30.7. If I' is a treeable countable group and A < I' is a sub-
group, then A is treeable.

Proof. Immediate from the fact that a subequivalence relation of a tree-
able equivalence relation is treeable. B

Problem 30.8. Is 30.7 true for strong treeability?
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31 Cost and Amenable Groups

A countable group I" is amenable iff it admits a left-invariant finitely additive
probability measure defined on all subsets of I". We have

Theorem 31.1. Let I' be a countable group and let I' act in a Borel way on
a standard Borel space.

i) (Ornstein-Weiss [OW]) If I' is amenable, then for any probability
measure u on X, E% is hyperfinite p-a.e.

ii) (Folklore) If the action is free, p is a I'-invariant probability measure
and E%X is hyperfinite p-a.e., then I is amenable.

Corollary 31.2. Let I' be an infinite countable group. Then the following are
equivalent:

(i) T is amenable.

(ii) T is strongly treeable and C(I') = 1.

(i11) C(I") = 1 = inf{d,, : pr is a random connected graphing of I'} and this
inf is attained.

() I is treeable and C(I") = 1.
Moreover, every amenable group has fized price.

Proof. (i)=(ii) follows from 31.1, and 26.1 ). (ii) =(iii) follows from 30.6.
(iii)=(iv) follows from 30.4, and (iv)=-(i) from 30.5, 27.12, and 31.1. The last
assertion follows from 30.5. =

Corollary 31.3. Let I' be an infinite countable amenable group. Let p be a
random treeing of I'. Then every tree on I' has at most two ends, p-a.e.

Proof. From 31.1, 22.3, and the proof of 29.5. .

We conclude this section by giving an alternative proof that the cost of
an infinite amenable group is 1, which avoids the use of 31.1 i). It is based on
the results and methods of Benjamini-Lyons-Peres-Schramm [BLPS].

Let I' be an infinite countable amenable group. We want to show that
C(I') = 1. First, by 32.1 below (which follows immediately from the results
in Section 23), we can assume that I" is finitely generated. Fix a finite set of
generators for I, {~1,...,7}, and consider the corresponding Cayley graph
C. Applying 5.3 of [BLPS] to the action of I" on C we see that there is a
random treeing p of I" such that for p-a.e. G, G is a spanning tree of C (i.e., a
tree on the set of vertices I with edges contained in those in C). In particular,
I' is treeable. It remains to show that d, = 1.

Let us note first the following general fact about trees:

Let G be an infinite locally finite tree on the set of vertices V' and let
X CV be a finite set. Denote by 0gX the set of edges (a,b) € G with a € X
and b € X. Then there is 0 < ex < 1 such that
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> vex da(v) _9_ |06 X |
| X| | X|

(1 — 26X).

To see this, consider the graph G|X and let us denote its connected com-
ponents by Xi,...,X,,. We have

3 doy (@) = 3 depx, (v) = 2/X:| - 2

veX; vEX;

(since G|X; is a tree), so adding over ¢,

> dgx(v) = 2|X| - 2n.

veX
But also
Z da(v Z daix (v) +0X],
veX veX
SO
Z’UEX dG(U) _ |8GX‘
| X| \X | X]

But n < |0 X|, so if ex = % < 1, we have

> vex da(v) 106 X|
LweX TGV g (1 - 2ex).
X X
In particular,
d
Z’UGX G(/U) _9 S S‘aG'X| )
| X| | X|
Since I is amenable, fix a Fglner sequence {X,,} for I', i.e., a sequence of

finite subsets X,, C I' such that for each g € I, % — 0. In particular,

applying this to g € {y1,...,7k}, we see that if we view X, as a set of vertices
in the Cayley graph C, we have

|aGXn‘/|Xn| —0

for every spanning tree G of the Cayley graph C.

Now

2d, — 3 = Zaexs ] 26() d(G)

" | X
ZWEX dG(FY) >

[ (=%

But Z ( )
YEXn _ | < 3106 Xal
‘ X 2’—3 X,

asn — 00, s0d, =1
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32 Generating Subgroups

Let I' be a countable group, I; < I, ¢ € I, a family of subgroups of I" and let
(I : 1 € I) be the subgroup generated by J, I5. If I' = (I : i € I), for any
Borel action of I' on a standard Borel space X, if £ = Eff, E; = Effi, then

E:\/Ei.

il
Thus from Section 23 we have the following

Proposition 32.1 (Gaboriau).

(i) If I' = (IN,I%) and I, Iy have fized price, then C(I') < C(I) +
C(I3).

(ii) If I' = (I'1,I5,...) (a finite or infinite list), (", I’ is infinite and each
I, has fixed price, then

CI)-1<) (CIy) - 1).

In particular, if C(I,) = 1 for all n, then C(I') = 1 and I" has fized
price. Also, if Iy, C I'nyq, so that I' = U, I'n, and C(I,) — 1, then
C(I') =1 and I" has fized price.
(iii) If I' = (I, Is,...), (, In = To is amenable, and each I}, has fized
price, then
C(I) = C(Iy) < Y (C(I) = C(To)).

n

33 Products

Let I" be a countable group and I, 5 < I' two subgroups. We say that I, I
commute (setwise), in symbols I'1O7 s, if I'1 s = I 17, or equivalently I Is is
a subgroup of I', namely (I'1, I2) (here INI5 = {g1g2 : ¢1 € I1, g2 € 2}, and
(I, I3) is the subgroup generated by I, I%). If I' = I'1 15 (so that I101%),
then for any Borel action of I" on a standard Borel space, if E; = Eff , then
E0F,. So from Section 24 we have:
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Theorem 33.1 (Pavelich [P], Solecki).
i) If I' = II5 and I, I» are infinite and have fixed price, then

In particular, if C(In) = C(Iz) = 1, then C(I') = 1 and I' has fized
price.

ii) If I' = (I, Is,...) (a finite or infinite list), where each I is infinite,
has fized price, C(I;) =1, and I;0; 41, then C(I') = 1 and I has fized

price.

There are examples of groups I, Is, I" with I' = I I, [[": I;] = oo, for
i = 1,2, such that C(I'1) = 1 and C(I") > 1. Take for instance I' = F» = (a, b).
Consider the homomorphism ¢ : Fy — Z which sends a to 0 and b to 1. Let
I = (b) and Iy = ker(p). Then It I5 = I', but as we will see in Section 36,
C(I") = 2. Note however that, as I'; is a normal subgroup of infinite index in
I, it is isomorphic to F so, again, as we will see in Section 36, C(I%) = oo.
The following remains open.

Problem 33.2. Let I" = I'1 I and assume that [I" : I;] = oo, and C(I;) <
00, 1=1,2.Is C(I') <min{C(I1),C(I2)}? Is it even true that C(I") = 1?7

The next result is a somewhat stronger version of a result of Gaboriau, who
proved the second assertion assuming that I' contains an element of infinite
order.

Theorem 33.3 (Gaboriau). Let I, A be infinite countable groups. Then
C(I' x A) = 1. If moreover I' contains an infinite subgroup which has cost 1
and fized price, then I' X A has fized price.

Proof. If F is generated by a free action of I" and F' by a free action of A,
then E x F is generated by a free action of I' x A, so C(I" x A) =1 follows
from 24.9.

We now prove the last assertion. Consider a free action of I" x A on a
standard Borel space with invariant probability measure p. Let F' = El)fx A
We have to show that C),(F') = 1. Fix an infinite subgroup ¥ C I" which has
cost 1 and has fixed price. We will view I', A as subgroups of I" x A.

Let E = E2X, so that clearly E<IF. Let also By = EX, so that C,,(E;) = 1
and F; is aperiodic. Now FV E; = EgXA, so B = E§ < E§><A =FV E;.
Thus, by 24.11, C,(F) = 1. .

Corollary 33.4 (Pemantle-Peres [P?]). Let I' and A be infinite countable
groups. Then I' x A is treeable iff both I' and A are amenable.

Problem 33.5. Let I, A be countable infinite groups. Does I x A have fixed
price?
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34 Subgroups of Finite Index

The main result is the following:

Theorem 34.1 (Gaboriau). Let I', A be countable groups with I' < A. Then
if [A: T is finite,
C)—-1=[A:T)(C(4)-1).

Proof. The inequality C(I') — 1 < [A : T)|(C(AQ) — 1] follows from 25.3
(when I', A are infinite - the finite case is obvious).

For the inequality C(I") — 1 > [A : I'|(C(A) — 1), consider a free Borel
action of I" on a standard Borel space X with invariant probability measure
. We now consider the induced action of A. Let T be a transversal for the
left-cosets of I''in A with 1 € T. Thus [T| =n=[A:I]. Say T = {t1 =
1,t2,...,t,}. Consider the action of A on T given by §-t = the unique element
of T in the coset 6tI". Let also p(d,t) = (§-t)" 10t € I'. Let Y = X x T. The
induced action of A is the action of A on Y given by

0 (x,t) = (p(0,t) - x,0 - t).

Let v be the normalized counting measure on T : v(A) = %. Then it is easy
to check that p X v is a A-invariant measure on X x T'. Also it is easy to check
that the action of A is free.

Identify X with X; = {(x,1) : € X }. This is consistent with the I"-action
since for v € I', v (z,1) = (v-z,1). Now X is a complete section of EY as
t=1(z,t) = (p(z,t7 1) -z, t71 - ) = (p(z,t71) - 2, 1) and the intersection of X
with every E)-class is a single E3 -class. Thus EX|X = E¥ and (ux v)|X =
£ So, by 7.1,

Cruxw(ER) = Cu (ER) + (px )Y\ X)

Cu(EF)

n—1
n + n ’

or 1(Clux(EX) = 1) = C,o(BX) — 1. Thus C(I') — 1 > n(C(A) — 1). 4

The following is a consequence of the proof of 34.1.

Corollary 34.2. Under the assumptions of 34.1, if A has fized price, so does
I'. If I is treeable, so is A.

Proof. The second assertion follows from the easy fact that if E is a
countable Borel equivalence relation, S is a complete Borel section and E|S
is treeable, then so is F. =

It is also easy to check that if I"'<J A is a finite normal subgroup of A, then
|[T|(C(A) —1) = C(A/I') — 1, and that A has fixed price iff A/I" does.

Problem 34.3. Under the assumptions of 34.1, if I" has fixed price, does A
have fixed price?
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35 Cheap Groups

An infinite countable group I is cheap if C(I") = 1, i.e., has the smallest
possible cost. Otherwise we call I' expensive. We summarize below some basic
facts concerning cheap groups that we established earlier.

Proposition 35.1. i) Fvery infinite amenable group is cheap, treeable and
has fized price. Conversely, every cheap treeable group is amenable.

ii) A group generated by a sequence of cheap fized price subgroups with
infinite intersection is cheap and has fixed price.

iii) A group generated by a sequence of cheap infinite subgroups, with the
property that each member of the sequence has fixed price and commutes
with the next one, is cheap and has fized price.

iv) The product of two infinite groups is cheap.

v) Any group that has finite index over or under a cheap group is cheap.

Proof. i) is included in 31.2. ii) is part of 32.1, and iii) of 33.1. iv) is in
33.3 and finally v) in 34.1. =

We additionally have the following criterion.

Proposition 35.2 (Gaboriau). Let I' be a countable group and N < I an
infinite normal subgroup. Then for any I with N < I'" < I' which has fized
price, C(I') < C(I'"). Any countable group that contains a cheap normal
subgroup of fixed price is cheap and has fized price.

Proof. Immediate from 24.10. =

Corollary 35.3. Any countable group with infinite center is cheap and has
fixed price.

One can also prove the following generalization of 35.2 and an observation
of Furman.

Proposition 35.4. Let I' be a countable group and N < I' an infinite sub-
group of I', which is almost normal in I', in the sense that I' is generated by
elements ~y such that y"*N~yNN s infinite. Then for any I'" with N < I" < T
which has fized price, C(I') < C(I""). Thus if N is cheap and has fized price,
the same holds for I'.

Proof. This is similar to 24.10, using the full version of 24.7. Let I" =
(v0,71, - .- ), where vi_lN’yi N N is infinite. Consider a free Borel action of I’
on a standard Borel space X with invariant probability measure u. Let G,
be the union of the graphs of z +— ;- z,4 = 0,...,n, and their inverses,
and let E, the subequivalence relation they generate. Note that if v; - a = b,
there are infinitely many v € N such that if v-a = a/,7; -’ = V', then
for some v/ € N,v -b =1V (any v € v, ' N+; N N satisfies this). So G,,, EX
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satisfy the hypotheses of 24.7. Thus, for any € > 0, we can find G/, C G,, with
C.(G)) < 5=, so that for any graphing G’ of E7\ we have that G, UG’ is a
graphing of E,, V E3,. Choose now G’ with C,,(G') < C,(ER,)+e= C(I") +e.
Then G'UlJ,, G, = G graphs Ef with cost < C(I")+e+Y, 5= = C(I")+3e.
So C(E) <C(I). —1

Another generalization of 35.2 is the following:

Theorem 35.5 (Gaboriau). Let I' be a countable group and assume I" con-
tains a normal subgroup N Q" with fized price, such that N, I'/N are infinite.
If N has finite cost, then I' is cheap.

Proof. Fix a free Borel action of I" on X with invariant probability mea-
sure u and a free Borel action of A = I'/N on Y with invariant probability
measure v. Let w : I' — A be the canonical homomorphism with kernel N.
Consider the action of I' on Z = X X Y given by

v (2,y) = (v -z, 7(y) - y)-

It is free and preserves p = pu x v. We will show that C,(EZ) = 1.

Let R be an aperiodic hyperfinite subequivalence relation of EY, induced
by a Borel automorphism T of Y. Find {Y,,}, a partition of Y into Borel sets,
and {v,} in I" such that for y € Y,,,T(y) = w(vn) - y. Put 6, = T|Y,. Let
Zn, =X xY, and let ¢, (2) = v - 2, for z € Z,. Let R’ be the equivalence
relation on Z induced by {¢,}. Clearly C,(R’) = 1.

Now fix € > 0. Since C(N) = C,(E%) < oo, find an L-graphing {¢; }ien
of EZ with 3, C,({¢i}) < co. Then choose M large enough so that we have
>i=m Co{ei}) <e

Let A C Y be a complete Borel section for R with p(A) < ¢/M. Then
Z' = X x A is N-invariant and p(Z’) < e/M. Since {¢;|Z'}ien is an L-
graphing of Eﬁ/, we have

Cozr(BE) €30 Cznliel 2')

<M p(Z')+ Y Co{pi})

i>M
<€+ e=2e.

Claim 35.6. E{ VR D E%.

Proof. Suppose (z,y)E%(z',y'). Then there is § € N with § -z = 2’ and
w(0) -y =y ,s0y =y Find ny,...,n; and €1,...,¢; € {1} such that
Ot ... 05 =yo € A. Let v =75 ...k, so that 7(7) -y = yo, since O, (u) =
7(n)-u for u € dom(8,,) =Y,,. Thusv-(z,y) = (v-z,7(y)-y) = (y-z,y0) € Z’
and, since also ¢7) ...k - (2, y) =L ok (@) = (@,y) = (v 2, 00),
we have (x,y)R'(v-x, yo). Similarly (6-z,y) R (y0-z,y0) € Z'. Finally if ¢’ € N
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is such that 6’y = 4, we have &' - (y-z,y0) = (0’ -z, 7(8") - yo) = (7 - z, yo).
So
(@, )R (v ,90) EF (46 - 2, 0) R (8 - 2, y) = (',y/),

and we are done. =

Now clearly C,(E% V R') <1+ 2¢. Since EZ < EZ, it follows from 24.10
that C,(EZ) < C,(EZ V R') <1+ 2¢, 50 C,(BE) = 1. N

Note that it is necessary in the preceding theorem to assume that N has
finite cost: Take I' = F3 and let 7 : F» — Z be an onto homomorphism with
kernel N. Then N, I'/N are infinite and N has infinite cost, being isomorphic
to the free group with infinitely many generators, while C(I') = 2 (we use
36.2 here).

We will finish this section by applying the preceding results to show that
the groups SL,,(R), where R is an infinite countable commutative ring with
identity, are cheap and have fixed price, in most but not all cases. These
facts, noted by Pavelich, generalize results of Gaboriau, who showed that
SL,(Z), n > 3, is cheap and so is SLa(R), when R is the ring of algebraic
integers in a real quadratic extension Q(\/E), d €N, d>2,dsquare free.

If R is a commutative ring with identity 1, SL,(R) is the group of n x n
matrices with entries in R and determinant 1. We denote by E,,(R) = (e;;(r) :
1 <i4,5<mn,i#j r € R) the subgroup of SL,(R) generated by the
elementary matrices e;;(r), where e;;(r) is the n X n matrix (axe) € SL,(R),
with agr = 1, a;; = 7, age = 0 for all other (k,¢). Gaboriau has shown
that E,(R) is cheap, when n > 3. This can be seen as follows: Note that if
I;; = {e;j(r) : € R) is the subgroup of E, (R) generated by e;;(r) € R, then
I;; = (R,+), so I; is infinite abelian, thus has cost 1 and is of fixed price.
Now I; commutes (pointwise) with Iy, if ¢ = k or j = ¢. If n > 3, we can
enumerate all {I;} in a sequence I, I5,...,Iy so that I;000; 1. Then, by
33.1 (ii), E,(R) is cheap and E,(R) has fixed price.

Now it is a theorem of algebra that E,(R) <SL,(R), if n > 3, so SL,(R)
is cheap and has fixed price, if n > 3, by 35.2.

We now consider Ez(R), SL2(R). First, in general, F5(R) is not a normal
subgroup of SLy(R) but, under certain conditions, satisfied by many rings in
practice, we actually have that F3(R) = SLa(R). For example, this is true if
R is a Euclidean domain, a semi-local ring, or the ring of algebraic integers
in a real quadratic field extension Q(\/E), d €N, d> 2, dsquare free. Call
such rings nice.

Next comes the question of whether F3(R) is cheap. Again (as we will
see soon for R = Z) this may not be true in general, but it holds under the
condition that R has infinitely many units. This is because F3(R) is generated
by the subgroups,
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U:{(SUT1>:ueR*, reR}
L:{(;{u?l):uER*, T‘ER}

Now U, L are solvable, thus amenable, so are cheap with fixed price, and UNL
is infinite. So by 32.1(ii) we are done.

Thus we have that if R is nice and has infinitely many units, then SLo(R)
is cheap and has fixed price. In particular, if SL2(R) is not amenable (e.g., if
R D Z), then it is not treeable.

For example, if R is the ring of algebraic integers in a real quadratic
extension Q(v/d), d € N, d > 2, d square free, then R is nice and, by a
theorem of Dirichlet, R has infinitely many units, so SLo(R) is cheap and has
fixed price (Gaboriau). Also if R = Z[3], the ring of dyadic rationals, R is
nice (it is a Euclidean ring) and has infinitely many units, so SL2(R) is cheap
and has fixed price (Pavelich [P]), thus it is also not treeable (Kechris [K1]).

Finally, we note that the hypothesis that R has infinitely many units is
important, since a result of Gaboriau, that we will see in the next section,
shows that SLo(Z) = Zg *z, Z4 is not cheap, having cost (1 —1/6) + (1 —
1/4) — (1 —1/2) = 1+ 1/12 (Z is clearly nice, being a Euclidean domain).

Problem 35.7. Let R be a countable infinite Euclidean domain. Is it true
that SLa(R) is cheap iff R has infinitely many units?

36 Free and Amalgamated Products

From Section 27 we have:

Theorem 36.1 (Gaboriau for finite families). Let I' = x%, I; be the
amalgamated product of {I;}icr over an amenable group A. Assume each I
has fized price and finite cost. Then

and I' has fixed price. In particular, if I' = Iy xa I, where I, I's have fized
price and finite cost, and A is amenable, then I' has fixed price and

C(I') = C(I) + C(Iz) = C(4),

and if I' = I * I, where I, I5 have fized price and finite cost, then I" has
fixed price and
C(IN) =C(Ih) + C(I).

Proof. Immediate from 27.6. -
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Corollary 36.2 (Gaboriau). C(F,) = n, forn = 1,2,...,00, and F,, has
fixed price.

Consider free Borel actions of two groups I, I on standard Borel spaces
X1, Xo. Let El)“i be the corresponding equivalence relations. They are Borel

isomorphic if there is a Borel bijection f : X; — X, such that xEl)flly &
F@)ER f(y).

Corollary 36.3 (Gaboriau). If n # m (n,m = 1,2,...,00), then no free
Borel action of F,, with invariant finite measure gives an equivalence relation
isomorphic to an equivalence relation given by a free Borel action of Fy,.

It should be pointed out here that each F), has a free Borel action on
some X,, with EF " hyperfinite. (For example, one can consider any free Borel

action of F, on some space Y, with invariant finite measure, so that EF

not smooth, and use the Glimm-Effros Dichotomy (see [DJ K}) to find a Borel
invariant set X,, C Y, for which Ef::\Xn = Ef;z is hyperfinite.) Then each
EQ‘L is hyperfinite and does not admit an invariant finite measure (by 31.1

ii)). Thus all E?:L are Borel isomorphic (see [DJK], 9.1). So the hypothesis in
36.3 about invariant finite measures is crucial.

Theorem 36.4 (Gaboriau). For each ¢ > 1, there is a countable fized price
group G, such that C(G.) = c¢. Such a G, can be taken to be either strongly
treeable or not treeable.

Proof. Consider F» and the products F» x Z,. By 20.1, C(Fs X Z,,) =
1+22-1)=1+421 Thus C(Fs x Zyn) =1 427"

Ifc— 1,take G1 =Z. If 2> ¢ > 1, write c = 1+ 27k 427k o+ where
1< ko <k <ka... Let G = x5 (Fy X Zgr;) (here Z = (a) is viewed as a
subgroup of Fy = (a,b)). Then C(G,) =1+ > (1 +27%)—1)=c. Ifc > 2
and 1 <c—n<2,let G. = F, x Ge_p,.

We will now find groups H. with C(H,.) = ¢, which are strongly treeable.
For ¢ = 1, we again take H; = Z. If we have found H, for 1 < ¢ < 2, then
we take for ¢ > 2, 1 <c—n<2, H. = F, *H._,. So assume 1 < ¢ < 2
and let ¢ = 1+ Zz 155, € € {0,1}. We will find two sequences of groups
Io, I, ..., A9, Aq,... such that all I3, i > 1, and 4;, i > 0, are finite, I is
strongly treeable of fixed price, and if we let Hy = Iy, Hpy1 = Hp V Tyt
then A, C H, N Iyi1, Hpp1 = Hy x4, Ty, for n > 0, and C(H,) =
1+, 5 7 Vn >1. Now Hy € Hy C ... and we let H. = |J,, H,. Then, by
27.17, H, is strongly treeable, has fixed price, and C(H.) = im C(H,) = c.
(Note that each H,, has fixed price by 36.1.)

We take Iy = €, Zon and I3, = Zon, if n > 1. We also take A, =
Ziytni1)—cpia- Then C(Hy) =1+ G, and assuming C(Hy,) =1+ 3, 5, we
have C(Hyi1) = C(Hy) + C(Tng1) = C(An) =1+ 3,0, 5 + (1= gaer) —

€nt1
(1 - 22n+1 ) =1 + Zz<n 2, ;Zii =1 + Zi§n+1 7
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We finally find not treeable groups K. with C(K.) = ¢. It is enough to
consider 1 < c¢ < 2. Let K1 = Fy X Z. Forc>1,ﬁxnwithd:c—2in >1
and let K, = (Fo X Z X Zan) *7,, Gq. -

Gaboriau [G2], VI.16, has also shown that for each ¢ > 1 we can find a
fixed price group of cost ¢, which is moreover finitely generated.
We also have a converse of 36.1.

Theorem 36.5 (Gaboriau). Let I' = (I,I5,...), A =TI NIy, for any
iv # i2, and assume A is finite, each I'; has fixed price, and ) ,[C(I}) —
C(A)] < oo. If C(I') = C(A) = X_,(C(I;) — C(AQ)), then I' = ', I;.

Proof. This follows from 27.16. =

Gaboriau has given a counterexample to show that 36.5 fails if A is not
finite (in his example A is actually Z?2, hence amenable). This is as follows:
I' =SL3(Z), It = all matrices in SL3(Z) that fix (1,0,0), I = all matrices
in SL3(Z) that fix (0,1,0), and A = I'y N I =2 Z2. Then as in Section 35 we
can see that Fl = <F171, Fl,g, F1,3, F1,4>, where F17i|:|F1,i+17 and each Fl,i is
infinite, with fixed price, and C'(I'1;) = 1, so, by 33.1 (ii), I} is cheap and so
is I'y. Thus C(SL3(Z)) =1 = C(I'1)+ C(I2) — C(A). However SL3(Z) cannot
be written in a non-trivial way as A x¢ B (i.e., with A # C' # B), by a result
in group theory, see Serre [S], 6.6.

37 HNN-extensions

Let I" be a countable group, A C I'" a subgroup and ¢ : A — I an injective
homomorphism. Let

Tn = Txpn = (L tt10t = p(0), § € A},
be the HNN-extension of I" (relative to ¢).

Theorem 37.1 (Gaboriau). If I' has fized price and finite cost and A is
amenable, then I'ya has fized price and

C(Ia) = C(I) +1 - C(A).

Proof. Consider a free Borel action of I, o on X with invariant probability
measure . Put f(z) = t-2. Let X be another (disjoint) copy of X, with z +— Z
be the identification map and let ji be the copy of i in X. There is also a copy
of the action of 'hhon X : g7z =g¢g-2. Nowlet Y = XU X, let v =p+
and consider the following equivalence relations on Y:

R1 = the equivalence relation generated by El)f and x — T.
Ry = the equivalence relation generated by Ef and = — f(z).

Rs =EX UEX ) = EX UEYX, ,,.
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The characteristic property of I'.a (Britton’s Lemma) is that if 1 =
Yot vt ...t yy,, with n > 0, ¢; € {1}, v € I', we must have some
1<m<n-—1with €, = =1, ym € A, €ny1 = +1 or else €,, = +1, v, €
©(AQ), em+1 = —1. Using this it is easy to check that

R= R1 *Rs R2
so, as Rj3 is clearly hyperfinite and Ry, Re have finite cost (see below),
CV(R) = CV(Rl) + CV(RQ) — CV(R;;)

Notice that X, X are complete sections for R, Ry, Re, v|X = wv| X =
ik, R|X:E1){A7 Ri1|X = E¥, Ro|X = EX, so0
Cy(R)=Cu(Ef ) +1
Cu(Ry) = Cu(BY) +1
CulRa) = Cu(EX) + 1.
Also X, X are Rs-invariant, so
CV(R3) = CU\X(R3‘X) + CV\X(RQo‘X)
= 2C,(EX).

So
Cu(BY ) +1=Cu(BEX) + 14 Cu(EX) +1-2C,(EX)

or

CN(EI){A) = CM(EI)"{) +1- CM(EZ{)
=C(I)+1-0C(A). -

By using the same method one can also prove a converse to 37.1.

Theorem 37.2 (Gaboriau). Let G = (I,t) be a countable group, A < I,
t=YAt C I'. If I’ has fized price and finite cost, A is finite, and C(G) =
C(I)+1-C(AQ), then G=Tya.

38 A List of Open Problems

We collect here the open problems that were mentioned earlier in this chapter:

18.2 Let E be a countable Borel equivalence relation on X, Ig the standard
Borel space of E-invariant probability measures on X . Is the function

eIy — Cu(E)
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Borel?

24.4, 24.5 Let Fy, E5 be commuting aperiodic countable Borel equivalence
relations on X, let E = FE1 V Es, and let p be an E-invariant probability
measure on X.

If C,(E1), Cu(E2) < oo and each E-class contains infinitely many E, -
and infinitely many Es-classes, is it true that C,(E) < min{C,(E,),C,(E2)}
or even that C,(E) =17

25.5 Let E C F be aperiodic countable Borel equivalence relations on X and
let p be a finite F-invariant measure. If [F : E] = n is it true that

Cu(E) = p(X) = n(Cu(F) — u(X))?

27.3 (Gaboriau) Let Ey, Es be countable Borel equivalence relations, let E =
E1 V Ey, Es = E1 N Ey and assume that Bh Lg, FEo. Let p be a finite E-
imvariant measure. If E3 is hyperfinite is it true that

Cu(Ey xg; E2) = Cu(Er) + Cu(E2) — Cu(E3),

even if one of C,(E1), C,(F2) is co?

28.7 Prove or disprove the following dichotomy:
For any aperiodic countable Borel equivalence relation E on X, exactly
one of the following holds:

(I) There is a Borel E-invariant set A C X with Fy 2p E|A.
(II) There is a free Borel action of Fy on X such that Ef, C E.

28.14 (Gaboriau) Prove or disprove the following dichotomy:
Let E be a countable Borel equivalence relation and p an E-invariant,
ergodic Borel probability measure. Then exactly one of the following holds:

(I) E is hyperfinite, p-a.e.
(II) There is a Borel equivalence relation F C E which is induced by a free
Borel action of Fy, u-a.e.

29.4 Is the function I' € GROUP +— C(I") Borel? Is the set {I" € GROUP :
C(I") =1} Borel?

29.6 (Gaboriau) Are there countable groups that do not have fized price?
30.3 (Gaboriau) Is every treeable countable group strongly treeable?

30.8 (Gaboriau) If I' is a strongly treeable countable group and A < T is a
subgroup, is A strongly treeable?

33.2 Let I' be a countable group I, I < I' and I' = I'NI5. Assume that
[I": [] = o0 and C(I}) < oo, fori=1,2. Is C(I') < min{C(I),C(I2)} or
even C(I') =17
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33.5 (Gaboriau) Let I', A be countable infinite groups. Does I' X A have fized
price?

34.3 (Gaboriau) Let I', A be countable groups with I' < A. If [A: I'] is finite
and I has fized price, does A have fized price?

35.7 Let R be a countable infinite Fuclidean domain. Is it true that SLa(R)
is cheap iff R has infinitely many units?
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